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Motivations et buts initiaux

Contexte

En 2017, Pierre Delplace, Brad Marston et Antoine Venaille publient un article dans Science intitulé
Topological origin of equatorial waves, dans lequel ils dévoilent un lien entre les isolants topologiques,
ces matériaux conducteurs d’électricité qui n’auraient pas dû l’être, et les ondes océaniques piégées
à l’équateur. Ce pont conceptuel entre physique quantique et physique des ondes dans les fluides a
révélé une structure abstraite commune des équations régissant ces problèmes très différents. Cette
structure commune est caractérisée par la topologie, qui a été employée dans les années 80 pour ex-
pliquer ce problème de conductivité anormale de certains matériaux, une prouesse récompensée par
le prix Nobel de physique en 2016. Etonnamment, un emploi semblable est tout aussi possible sur le
problème des ondes équatoriales, et révèle l’origine topologique d’ondes particulières de cette région
du globe.
Cette étude pionnière a ouvert un champ disciplinaire, car beaucoup de questions surviennent alors :
qu’apprend-t-on des ondes de leurs propriétés topologiques ? Quels sont les ingrédients nécessaires
pour qu’un problème d’ondes dans un fluide exhibe de telles propriétés, et dans quelles situations
va-t-on les trouver ? Un nombre d’études s’en est suivi, s’attaquant à ces questions.

Amener la topologie en astrophysique

Le but général de cette thèse a été de pointer la lumière de la topologie vers un nombre de prob-
lèmes d’ondes dans des fluides astrophysiques, une direction qui n’avait pas encore été explorée
jusqu’alors, et deux questions se posaient. La première a été d’identifier si effectivement, certaines
ondes dans certaines situations astrophysiques sont soumises à des contraintes topologiques sous-
jacentes. On dira alors que ces ondes sont topologiquement non-triviales, dans un sens défini et dé-
taillé en Chapitre II. Les travaux de cette thèse sont particulièrement orientés vers les ondes dans les
intérieurs planétaires et stellaires, dans lesquels la richesse des structures, des processus dynamiques
et thermodynamiques est connue pour générer des problèmes d’ondes aux propriétés très variées,
potentiellement propices aux propriétés topologiques. La seconde question générale de cette thèse
a été d’établir ce qui pouvait être appris des ondes et des objets dans lesquels elles se propagent
grâce à leurs propriétés topologiques. Autrement dit, qu’apprend-on quand on conclut que certaines
ondes sont topologiquement non-triviales ? De plus, est-ce que ces propriétés sont détectables ou
mesurables avec les outils d’observation actuels ? Les outils de la topologie permettent de conclure
sur la localisation spatiale, la robustesse aux perturbations, et souvent l’unidirectionnalité de cer-
tains modes appelés modes topologiques des ondes. S’ils sont identifiés, les propriétés uniques de ces
modes peuvent aider à comprendre une phénoménologie particulière des objets où ils sont trouvés.
Par exemple, les modes topologiques identifiés par Delplace, Marston et Venaille, sont connus pour
se propager dans l’océan, à l’équateur, uniquement vers l’Est. Ils ne peuvent pas se propager vers
l’Ouest, et cette propriété est à la base du phénomène El Niño, cette vague de chaleur générée en
Asie qui se déplace vers les Amériques. La topologie des ondes est un moyen générique d’étudier si
des ondes peuvent générer ce genre de phénomènes.
Les ondes dans les fluides astrophysiques sont étudiées depuis longtemps, car elles sont un excellent
moyen de sonder les objets stellaires comme les étoiles et les planètes, mais aussi car elles jouent des
rôles dynamiques cruciaux. Les instabilités linéaires, le transport d’énergie et de moment cinétique
sont autant de processus qui participent à l’évolution et à la forme des étoiles, des disques d’accrétion
et protoplanétaires, des galaxies, des planètes et des atmosphères. Toutes les communautés scien-
tifiques qui étudient tous ces objets étudient les ondes qui s’y propagent. Puisque la topologie des
ondes est une technique d’analyse complémentaire encore non-exploitée, qui peut révéler des pro-
priétés uniques de certains modes, développer cette analyse contribuera à l’avancement de notre
compréhension d’un nombre de phénomènes dans tous ces objets.
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Chapter I

Waves in planets and stars

Résumé

Ce premier chapitre introduit dans un premier temps l’étude des ondes se propageant dans les
planètes et les étoiles. Sur Terre, l’atmosphère et l’océan sont parcourus par des ondes acoustiques,
des ondes de gravité et des ondes inertielles, qui sont impliquées dans un nombre de processus
géophysiques et climatiques. L’intérieur de la Terre a été révélé par des ondes similaires, grâce au
développement de la sismologie. Dans une seconde partie, le domaine de la sismologie des étoiles,
l’astérosismologie, est présenté. Il est montré avec plus de détails comment ces ondes servent de sondes
pour osculter l’intérieur des étoiles, qui serait autrement inaccessible. Elles donnent accès aux profils
de densité, pression, température, taux de rotation d’un grand nombre d’étoiles, et notamment du
Soleil, et depuis peu à des estimations de l’amplitude du champ magnétique dans certains cœurs.
Les techniques d’observation sont résumées, avant qu’il soit montré comment les études théoriques
sont habituellement menées. Le chapitre se termine sur une discussion des études numériques des
ondes dans les intérieurs stellaires.

This thesis is a contribution to the theory of wave propagation in geophysical and astrophysical
fluids. The study of waves in fluids started in the 18th century, with some key steps found in the
works of D’Alembert [1], Lagrange [2], Laplace [3], Kelvin [4], Boussinesq [5], Rayleigh [6], Stokes [7],
then Lamb [8] and Lighthill [9]. Waves constitute many phenomena that humans have seen, heard
and felt propagating in their environment, should it be in the air, water or ground. This chapter starts
by discussing these phenomena on Earth, in the atmosphere, in the oceans and in seismology. It then
introduces the fascinating field of asteroseismology, the study of waves in the interiors of stars which
are a source of periodic variability of their luminosity. The chapter ends by presenting the various
ways waves are usually studied and described in stellar physics. It aims at providing the global
picture in which this thesis fits, and bring the motivation of the work presented in this manuscript.

I.1 Waves on Earth

The epitome of a wave in everyone’s mind is the ocean wave. The disturbances of the surface of water
when the wind blows on the sea, or when a rock is thrown in a lake, form these vertical periodic
displacements of the surface moving away from their source. Those are surface gravity waves, as they
exist because the surface of the water is being pulled down by gravity. Many other types of waves
are found propagating through parts of the Earth, each type having its own restoring force, opposed
to the disturbance and making it vibrate.

I.1.i Atmosphere and ocean

The atmosphere and the oceans of the Earth have many properties in common as they are both the
large fluid parts of the surface of the Earth. They are both relatively compressible, stratified and fol-
low the daily rotation of the planet. These three properties impose three different forces with various
relative strengths acting on the flows happening inside them, in addition to gravity: buoyancy, pres-
sure forces and the Coriolis force.
These forces govern most geophysical fluid dynamics. From large-scale flows like the Jet Stream

9



I. Waves in planets and stars

Figure I.1: Waves occur naturally in Earth’s fluids. Left: Ocean waves in the Gulf of Mexico1. Mid-
dle: Gravity waves seen in the clouds near Auckland Islands2. Right: Shock wave emitted
by the eruption of Hunga Tonga3. It was heard 9000 km away.
1Credits: Chris Linder, Woods Hole Oceanographic Institution. 2Credits: Jeff Schmaltz, LANCE/EOSDIS Rapid Response.
3Credits: NOAA/NESDIS.

and the Gulf Stream to the weather difference between two neighboring cities, all atmospheric and
oceanic motions obey the balance of these forces [10]. In particular, each of these three forces allows
for the propagation of one type of wave. If compressibility dominates, the wave is an acoustic wave. If
buoyancy is the main restoring force, a gravity wave is found, either an internal gravity wave if it prop-
agates in the bulk of the fluid or a surface gravity wave if it’s only propagating at its surface. They have
no relation with gravitational waves, which are disturbances of the metric of spacetime in extremely
violent astrophysical events and will not be studied in this thesis. The third force is the Coriolis force
and is entirely due to Earth’s rotation. This force acts as a deviation to the right in the northern hemi-
sphere and to the left in the southern hemisphere, making clockwise or anticlockwise vortices. The
associated waves due to this force are inertial waves, as they are restored by a non-inertial force in the
rotating frame.

If a fluid is both buoyant and rotating, the two kinds of waves it should support are internal grav-
ity waves and inertial waves, and they mix into one kind known as gravito-inertial or internal waves.
Such waves are found in the atmosphere, for example in pictures from satellites as on Figure I.1.
These internal waves are easily visible as they make the air go up and down, changing its temper-
ature. The colder air makes water vapor condensate in small droplets and forms clouds, making
apparent long white ridges along the crests of the wave.

Acoustic waves are just as familiar as they are our primitive source of communication. Natural
phenomena also produce sounds on terrestrial scales, albeit not very often. It does happen for punc-
tual, violent events like volcanic eruptions or meteors crashing. A volcano eruption is the liberation
of high-pressure material into the atmosphere. This huge pressure difference causes a shock wave,
which is a blast of high amplitude acoustic waves. They travel much faster than internal waves, at
a speed of 1200 km/h. The loudest sound ever recorded in human history is actually a blast wave
from the eruption of the Krakatoa volcano, in Indonesia in 1883. The shock wave traveled seven
times across the globe, and it is estimated that it was emitted with an intensity 310 dB [11]. In Jan-
uary 2022, the Hunga Tonga volcano erupted in the Pacific ocean, and satellites have been able to
observe it. Figure I.1 shows a picture where one can see the blast wave as a white disc centered on
the volcano.

This special type of large-scale horizontal acoustic waves emitted by eruptions have a special name:
they are Lamb waves [12, 13, 14]. They are propagating close to the ground, in the first 10 km of
altitude, and are detected after these violent atmospheric events. For instance, a Lamb wave was
conclusively detected after the Hunga Tonga eruption [15]. We will come back to these particular
wave modes in Chapter II.

For the violent events presented above, acoustic waves are active processes of the physical system,
as they transport a significant amount of energy, acting like a pressure relief valve. But when they
have small amplitudes, acoustic waves have another use in geophysics, specifically in oceanography

10



I. Waves in planets and stars

Figure I.2: Acoustic waves can be used to probe the ocean. Left: A sonar mapping the seafloor1.
Right: Acoustic rays propagate in the SOFAR waveguide between emitter and receiver,
probing the profile of speed of sound2. The spatial inhomogeneity of sound speed causes
mirages-like effects of acoustic waves.
1Credits: NOAA Ocean Exploration. 2Credits: Discovery of Sounds in the Sea, dosits.org.

where they are used only as probes. A sonar can be used to determine the topography of the seabed
using the reflection of the sound on it, as illustrated on Figure I.2 (left). The technique of acoustic
tomography amounts to sending pulses through the ocean and measuring the time delay between
emitter and receiver. The propagation equations can then be used to infer the profile of the sound
speed in the ocean [16]. This technique is used for instance to probe a particular region of the ocean
called SOFAR, where there exists of minimum of sound speed at about 1 km below the surface. It acts
as a waveguide as can be seen on Figure I.2 (right), a phenomenon which has been used to commu-
nicate without having messages reaching the surface where boats could intercept them during WWII.

A second important event due to waves on Earth is El Niño [17, 18]. It is a recurrent phenomenon
involving a heat wave emerging in southern Asia, traveling eastward along the equator and reaching
the Americas. It lasts for a few months overall, and happens every few years in a non-periodic
pattern. This eastward propagation is supported by Kelvin waves, which are gravito-inertial waves
trapped at the equator and propagating only eastward. We will come back to these special waves in
Chapter II.

I.1.ii Seismology

Tapping on a wall tells you right away if it is hollow from the sound it makes. That is the essence of
seismology: the vibrations caused by earthquakes travel through the inner regions of the Earth, and
reach back the surface. With a theoretical understanding of this propagation one can deduce a great
deal of the structure of these regions [19, 20, 21].
Being an elastic medium, the interior of the planet is able to support the propagation of waves which
are different from those found in the atmosphere and the ocean. P-waves are supported by the com-
pression of the medium, and as such are analogous to acoustic waves. They deform the material in
the same direction as they propagate. S-waves have their name as they deform the material in the
orthogonal direction of their propagation, in a motion of shear. These two classes of waves are funda-
mentally different, and for example have two different velocities of propagation. P-waves propagate
faster and reach the detectors first.
Earthquakes regularly cause shocks in the crust of the Earth and launch these waves in all direc-
tions, as drawn on Figure I.3 (left). P-waves propagate fast and follow certain trajectories, S-waves
are slightly slower and follow other trajectories. Upon entering a new layer with a change in the
medium of the interior of the planet, the waves are partially or totally reflected and transmitted,
leading to a spray of perturbations across the globe from only one source. All these paths arrive at
certain destinations and take a certain time to arrive, and seismologists use this data to deduce the
position and nature of the layers which caused these paths.

Modern seismology started in the 19th century when Scotland was hit by a series of earthquakes
which caused European scientists to study prediction methods and build sensitive seismometers
[22]. The first long-distance detection was in 1889 when a seismometer in Germany recorded an
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Figure I.3: Seismic activity reveals the internal structure of the Earth. Left: The time delay and posi-
tion at the reception of waves emitted from an earthquake highly depend on the internal
layers1. Right: The Earth may oscillate coherently as one or several of its normal modes,
here obviously exaggerated2.
1Credits: Seismology page of Wikipedia. 2Credits: Harvard seismology department.

earthquake in Japan. From then on, the increasing quality of seismometers lead to a rapid develop-
ment of seismology and a series of inferences on the interior of the planet. In 1906, separate arrivals
of waves were interpreted from the presence of an iron inner core. In 1909, Mohorovičić discovered
a discontinuity in the velocity of the waves and deduced that it is the interface between crust and
mantle [23]. In 1926, it is understood that the region under the mantle dubbed "outer core" must be
liquid [24]. The great advances of seismology laid the groundwork for the theory of plate tectonics.
These advances were achieved with the support of theoretical studies of elasticity waves developed
at the same time, built on the foundational works of Navier who in 1822 defined the notion of stress
tensor [25] and Poisson who found the two types of polarizations of elastic waves in 1838 [26]. At
the end of the 19th century, Rayleigh [27] and Love [28] provided the first theoretical descriptions of
seismic waves, with the important additions of two surface waves named after them. In 1904, Lamb
gave the first theoretical seismogram [29]. After that, the theoretical studies were joined by the data
from seismometers.
Today, the two major motivations for seismology studies are societal and economical. Indeed, there
are some attempts at designing methods to predict earthquakes (like the VAN method [30]) or at
least estimate seismic hazard, in order to prevent the thousands of deaths they cause every year [20].
The economical interest in seismology is in engineering, either in the sense of earthquake-resistant
buildings construction, or in the sense of prospection for oil or natural gas. There is a third applica-
tion of seismology, which is military monitoring. This aims at detecting nuclear bomb tests, as the
associated explosions can be detected with seismometers anywhere around the globe.

This strategy of studying the trajectories of the waves through the planet is the natural way of
working with these perturbations. The excitation mechanism is a point source at the focus of the
earthquake, which is very small compared to the size of the Earth. Therefore the emissions of per-
turbations are well localized in space, and trajectories are well defined and can be followed precisely.
However, a complementary description can be used, in the form of standing waves, otherwise known
as normal modes which are global harmonic oscillations of the planet as shown on Figure I.3 (right)
(chapter 8 of [20]). This mathematically equivalent formulation of linear perturbations characterizes
the problem in a different way, looking for the resonances frequencies of the Earth as a body, just
like a bell has its own frequencies. The excitation mechanism does not matter much in this problem,
it will simply input power in some modes and not in others. The first normal modes of oscillation
of the Earth were detected after the Great Chilean earthquake, on 22 May 1960. With its magnitude
of 9.5, it is the most powerful earthquake ever recorded and it has excited large-scale oscillations of
the globe [31]. The data here is the exact value of the resonance frequencies. One can then adapt a
model of the inner regions of the planet to match these frequencies. It is a second way of inferring
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the internal structure of the Earth by using seismic activity.

Seismology has provided an immense amount of information on the structure of our planet. It
seemed only natural than one could exploit wave activity in other bodies of the sky to probe their
interior as well, leading to several fields of extraterrestrial seismology [32].
In 1969, among other instruments the Apollo 11 mission installed a seismometer on the Moon [33].
NASA still has an interest in future lunar seismology missions, for instance as a part of their Devel-
opment and Advancement of Lunar Instrumentation (DALI) program.
Seismic studies of other planets started fifty years ago, when the Viking mission (NASA) put the first
seismometer on Mars in 1978 [34] and the Venera mission (Soviet Union) put one on Venus in 1982
[35]. Today, the InSight mission (NASA) measures the seismic activity of Mars since 2018 [36]. We
only have seismic data on one of our non-neighbors planets: Saturn. Thanks to its rings in resonance
with its oscillation modes, the Cassini mission has been able to provide astronomers with the fre-
quencies of a few modes of Saturn [37, 38]. Regarding Jupiter, the light we see reflected by its surface
does show oscillation modes [39], but the uncertainties are too great to be used in practice to infer the
Jovian inner structure.

I.2 Asteroseismology

The Sun, our closest star, serves as a unique reference in the quest to understanding stellar evolution.
Its measured parameters such as radius, mass, luminosity or the surface abundance of each element
have become reference units for astronomers. Its proximity allows us to get high precision observa-
tions and use it as a laboratory to test physical processes and build a coherent description of stellar
structure and evolution. Its study not only provides crucial data and insights on the life cycle of stars,
but also offers broader insights for astrophysics as stars are the building blocks of galaxies and hosts
of exoplanets. In 1962, a five-minute oscillation was seen perturbing the surface of the Sun [40]. This
perturbation was explained a few years later as being a standing acoustic wave [41] leading to the
start of helioseismology, and asteroseismology, the study of waves in stars [42, 43, 44].
But interestingly, the Sun was not the first star we noticed that had a variable luminosity. In fact,
hundreds of thousands of stars were classified as variable stars at the time of the detection of the 5-
minute solar oscillation. Letting the events of novae aside, the first recording of a star with changing
luminosity was in 1596. Fabricius saw the brightness of Mira Ceti decline over a few months, and
decades later it was established that the brightness was periodically changing every 11 months. In
the 18th century, it was discovered that the luminosity of δ Cephei was also oscillating. After that, with
the increasing quality of telescopes and number of astronomers came a systematic classification of
variable stars, which demanded explanations. Naturally, among the possible causes standing waves
were discussed, and their study finds its roots in the seminal paper of Cowling in 19411 [45, 46, 47].
The first textbook on stellar oscillation modes was written by Ledoux and Walraven in 1958 [42], who
provided more details on the history of variable stars.
At the time, variability was not yet used for seismology purposes. The main application of the study
of variable stars is the discovery of a relation between luminosity and oscillation period of Cepheids,
the stars with close similarities with δ Cephei. This law was discovered in 1912 by Leavitt [48] and
provided a crucially important tool to measure galactic distances. Indeed, it is easy to measure the
oscillation period and the brightness received on Earth from the light emitted by a Cepheid. From
the luminosity-period law, one deduces how much the brightness decreases when the light travels to
the Earth and obtains the distance traveled. Cepheids are thus standard candles, allowing for precise
distance measures. They were used by Hubble for two major discoveries: in 1924 he found that the
stars in Andromeda are much farther than the ones of the Milky Way, which implies that Andromeda
is a second galaxy and not a part of the Milky Way [49]. In 1929, Hubble measured the distances of
a set of galaxies and combined the measures with the data of their velocities to obtain the famous
Hubble law which shows that the Universe expands [50].

1Even though investigations of nonradial perturbations were started by Rosseland and Pekeris in previous years.
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I.2.i Waves as stellar probes

Since the 70s, stellar oscillations have been studied for seismic purposes, i.e to access the insides of
stars. Helioseismology has revolutionized our understanding of the Sun. The detection of standing
acoustic waves, or p-modes, granted access to the solar interior. These oscillation modes reveal the
Sun’s internal structure and dynamics, enabling us to infer what they are from seismic data. These
methods, known as seismic inversions, allow one to obtain a precise model of the star’s interior based
on observed oscillation frequencies. For instance, we now know for sure that the Sun is mainly made
of two layers, the radiative zone in the inner 70% of the radius, and a convective zone in the outer
30%, and rotates around itself. Inversions have been particularly effective at probing the location of
the interface between the radiative and convective zones, the rotation profile throughout the solar in-
terior [51], the helium abundance in the convective envelope and the efficiency of chemical diffusion
[52]. All of this was possible because the exact frequencies of acoustic modes depend on all these
features of the solar structure and dynamics.
Thanks to the high precision data from space telescopes and ground based networks, the develop-
ment of inversion methods has revealed most of the Sun’s internal structure (outer 90 % of the total
radius) and rotation profile (outer 80 %) (see the detailed review by [53]). Many of the aspects of
the interior of the Sun are thus constrained, and consensual models like model S [54] or any other
Standard Solar Model [53] can be compared to the results of these inversion methods to reveal its
shortcomings.
Recently, inertial and Rossby waves, driven by solar rotation, have provided new insights into su-
peradiabaticity and turbulent viscosity in the deep convection zone [55] and on the Sun’s latitudinal
differential rotation [56]. Nevertheless, these modes are confined to the convective envelope, leaving
the core inaccessible to current helioseismology.
To date, constraints on the solar core solely come from neutrinos, which have recently revealed the
Carbon-Nitrogen-Oxygen cycle and provided insights into stellar metallicity and energy produc-
tion [57]. The key target of helioseismologists has then been the detection of solar internal gravity
waves, or g-modes, which are buoyancy-driven waves in the Sun’s interior. Despite decades of study
[58, 59], g-modes remain undetected in the Sun. While some claims of detection exist [60, 61], none
are confirmed [62, 63]. Their detection is difficult due to their small surface evanescent amplitude
and overlap with solar granulation noise [64], and seems out of reach of current instruments and
techniques.

Helioseismology has been incredibly successful at shedding light on the Sun’s interior, which trig-
gered the systematic search of waves in other stars. Today, variable stars are classified according
to their pulsations characteristics [65]. A star can be a Slowly Pulsating B star (SPB), a ZZ Ceti, a
delta Scuti (δ Sct), a Cepheid (β or δ Cep), an RR Lyrae (RR Lyr), or a gamma Doradus (γ Dor). It
can be solar-like, a Red Giant or a White Dwarf. All these classes gather similar stars with simi-
lar pulsations characteristics, determined mainly by the mass and the age of the star, as shown on
Figure I.4. These classes differ by the types of modes appearing: we can see p-modes, g-modes or
r-modes depending on whether compressibility, buoyancy or rotation dominates in the uppermost
layer of the star. The pulsation class also characterizes the main excitation mechanism of the waves,
be it stochastically driven by a convective motion [58, 66] or by an mechanism involving the opacity
[67, 68]. These are the two main driving mechanisms of waves in stars. The former is a by-product of
turbulent convective motion, stochastically compressing the stellar fluid and imposing shear against
the stably stratified zone next to it, thus generating acoustic waves and buoyancy waves. The latter
is known as the κ-mechanism as κ is the notation for the opacity of the fluid, and the process is the
following: at the particular region where the temperature is close to the temperature of ionization, a
small compression will adiabatically heat the fluid, which will further ionize. This will significantly
increase its opacity, blocking some of the radiative flow which will further heat the fluid. Therefore,
a compression releases heat: it is a heat engine. The perturbations are thus able to draw energy from
the medium through this mechanism, which drives waves who take the energy away.
Through this extensive classification and study of the pulsations of our neighbors, asteroseismol-
ogy has been able to measure with unparalleled precision masses, radii, ages, and rotation rates of
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hundreds of stars around us in the Milky Way. To this day, no other approach is able to match its
precision. This is a leap forward in the understanding of formation and life cycle of stars.
But the work is not over, even on the single case of the Sun. A global understanding of angular
momentum transport and mixing of elements is yet to be achieved, as it requires observational con-
straints for the innermost 10-20% of the Sun’s radial layers [69, 70]. Unfortunately, the core of the
Sun remains beyond reach. The main reason for that is that the non-radial acoustic modes used
for inversion are refracted before reaching the core, where their horizontal wavelength becomes in-
finitesimally small, keeping them out of the innermost core region.
For similar reasons, the evolution, structure and amplitude of the solar magnetic field is almost totally
unconstrained, even though we know it must exist and reach approximately 1 G in its intermediate
layers [71]. It may be a lot larger in the core. This value seems low, as a recent survey shows that stars
are born with magnetic fields of around 104 G [72]. They should thus dissipate it, and its unclear how
and where the magnetic energy goes. In the later stages of the lifetime of a low mass star, it becomes a
Red Giant. Recently, asteroseismology has been able to measure magnetic fields of 104-105 G in their
cores by using perturbations of dipoles modes [73]. Complementarily, it has been suggested that the
surprising absence of these dipole modes in other Red Giants could be explained by even stronger
core magnetic fields, of about 105-107 G [74, 75]. This seismic technique was also applied to a main-
sequence SPB star which suggests a similarly strong core magnetic field of 5× 105 G [76]. Therefore,
it seems that stellar magnetic fields are very diverse and change a lot during the lifetime of the stars.
A precise characterization of the magnetic field of the Sun would provide a crucial reference point
for the advancement towards a theory of stellar magnetic fields.
Questions are also still open regarding the solar cycle, its circulation currents, and the properties of
its convective zone, and their possible interactions. These phenomena determine the repartition of
energy in the star, causing the turbulent motion on the solar surface and solar storms which directly
affect life on Earth and determine the possibility of life on other planets. Therefore, a comprehen-
sive picture of solar weather is needed to predict stellar storms in other stellar systems, an especially
relevant parameter for the search of life on exoplanets. Convection, and its efficiency at penetrating
the radiative zone [77], may also explain a mixing and a burning of certain elements [78] and the
excitation of bursts of gravity waves [79]. All these unknown features of the Sun will be probed in
the future by seismology.

The study of normal modes is also pursued in neutron stars and black holes, as they can provide
data on physics which cannot be accessed in laboratories. Indeed, the oscillations of a neutron star
highly depend on the equation of state of the fluid it is made of. Establishing the equation of state of a
neutron star would provide important insight in the phase transitions occurring at extreme densities
of matter where general relativity, quantum chromodynamics, superconductivity and superfluidity
all come into play [80, 81, 82]. Oscillations of neutron stars are thus a gold mine of data for fun-
damental physics, as their exact frequencies will be signatures of these phenomena. Similarly, the
frequencies of normal modes of black holes are now data measured by gravitational waves detectors.
These modes are excited by merger and compose the gravitational waves signal. They are investi-
gated today as they could bear information on quantum gravity physics, should their frequencies
deviate from the predictions of pure general relativity [83, 84, 85, 86].

I.2.ii Waves as stellar active processes

Asteroseismology is the use of waves for probing purposes. In this case, these propagative perturba-
tions in the fluid are seen as such: probes, motions which are small and only capable of obeying the
large-scale structure and flows. While there is indeed an immense difference in the amount of energy
put in the waves compared to the total energy of the large-scale structure of the star2, this does not
mean that the behavior of waves does not affect the star. And in that sense, waves are not just probes
but active dynamical processes of the star’s evolution.
Research on such processes of feedback of the waves is not asteroseismology in the proper sense. The

2The variations of light curves show oscillations of a few 101 mmag in magnitude, yielding the rough estimate
Ewaves/Estar ∼ ∆I/Istar ∼ 10−2.
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Figure I.4: Internal structures of stars are very diverse, affecting the propagation of waves, especially
selecting which waves reach the surface and make its brightness vary (by about 1%)1. The
convective zone (swirls) may be outside or inside, depending on the star’s mass. Dashed
curves are acoustic waves, solid curves are internal gravity waves.
1Courtesy of Lisa Bugnet, from [87].

questions tackled are rather along the lines of: where does the energy put in the waves come from?
Does it empty a specific energy reservoir? How and where do the waves deposit their energy? As
they propagate, do they transport more than just energy? Can they redistribute angular momentum?
Can they carry chemical elements and help the mixing in non-convective regions, where stratification
prevents vertical mixing? These questions are conceptually very different from those asked by aster-
oseismology, as the point here is not to observe the wave on the surface anymore, but understand its
dynamical role in the star.

The main property of a wave is its ability to propagate, making it a prime candidate for transport-
ing a variety of physical and chemical quantities. As stated in I.2.i, important questions regarding the
rotation of stars remain open, and it has been suggested that internal gravity waves may affect their
rotations by transporting angular momentum [88, 89]. When excited by turbulent plumes at the top
of the radiative zone and propagating downwards, internal gravity waves may deposit their angular
momentum and slow the rotation of the core, as it is required to explain the observed rotation rate of
the core of subgiant stars [69, 90]. This is one possible mechanism involved in the long-sought global
theory of angular momentum transport in stars.
A second important quantity transported by internal gravity waves is thermal energy. This transport
by internal waves has been especially studied in massive stars (M ∼ 5M⊙), where the convective
zone is in the core. The waves are then excited from the core to the surface. High-resolution simu-
lations have shown that they dissipate close to the surface, and therefore deposit energy responsible
for an additional heating [91, 92], further confirmed by [93]. Should it last, a wave-induced local
heating is bound to contribute to the evolution of the star, by possibly shortening its lifespan. For
instance in another context, local heating due to damping of internal gravity waves have been shown
to generate a local convection zone in Red Giants during helium flashes [94].

Waves in stars are linear, i.e they have sufficiently low amplitudes such that their governing equa-
tions are linear in the perturbed fields. And linear waves are not efficient to transport chemicals
elements in stars [95]. Transport of elements by waves is much more efficient when they are non-
linear, as they may interact or break. The breaking of internal wave have been studied as a possible
mechanism for mixing of elements in the ocean [96], and is still an active field of research in oceanog-
raphy and atmospheric science. The fact is that waves in stars are very linear, and require particularly
strong excitation mechanisms to reach amplitudes where they may break, and possibly mix elements
inside the stably stratified regions in the star [9, 59, 97]. Tidal forces exciting such strong trains of
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internal gravity waves which could later break have been investigated for the possibility of distribut-
ing angular momentum close to the core [98, 99].
Nonlinearity is famous for making analytical traction more difficult. Another interesting mathemat-
ical difficulty arising in physically relevant wave problems is the case of attractors, which have been
shown to appear in inertial waves propagating in rotating shells [100, 101]. Attractors are singular
solutions of the wave problem confined to a razor-thin width, existing due to the hyperbolic char-
acter of linear incompressible inviscid inertial wave equations. These solutions are regularized to a
non-zero width when introducing viscosity ν, but have the striking property of having a constant
dissipation rate when taking the inviscid limit ν → 0 [102]. This result suggested a possible very lo-
calized deposition of energy by the attractor, even when viscosity is asymptotically low which is the
case in stellar interiors and atmospheres, leading to further numerical investigation [103, 104, 105].
However, the importance of this phenomenon compared to other stellar internal processes is still to
be determined.

I.2.iii Observations

Long gone are the days of naked-eye observation of variable stars. The synergy of theory and obser-
vations of stellar oscillations lead to great advances over the last few decades, and we are now at a
state where the open questions concern vibrations undetectable without instruments. The trained eye
can discern variations of a star’s brightness of 0.1 mag; current instruments have a µmag precision
[106]. The causes of 0.1 mag variations are now common knowledge, and the objects of current re-
search are orders of magnitude fainter. Furthermore, complementary observational data is obtained
by spectroscopy, the study of the wavelengths composing the light emitted by the star’s surface.
The photometric approach measures the intensity of the light coming from the star, with sufficient
precision so as to see its variations. The surface of a star changes its luminosity if there are changes
of temperature, it is thus a thermodynamic signature of the wave. The data obtained is a light-curve
I(t), as the one shown on Figure I.5 (top right). The spectroscopic approach decomposes the light
coming from the star with a spectrometer to obtain a time-dependent spectrum Iλ(λ, t). If the surface
vibrates with some radial velocity, the Doppler effect makes the position of the peaks in Iλ oscil-
late. It is thus a kinematic signature of the wave. Because of this fundamental difference between
the photometric and the spectroscopic measures, the noise in the data is different. The spectroscopic
observations are less noisy, making higher signal-to-noise ratio and leading to detections of more
modes [107]. However, as spectroscopy decomposes the light into its components, more light is
needed for this technique, i.e. bigger telescopes. This mostly prevents this approach for space-based
instruments, which have other advantages. This explains why most space telescopes with asteroseis-
mic purposes have photometric instruments, and most ground-based instruments for asteroseismic
purposes are spectrometers.
Most stars have a variability of the order of the minute, or the hour. Theoretically, this means that a
few hours of exposition is enough to capture a few oscillations and measure frequencies. However,
actually using these frequencies as seismic constraints demands a precise determination which re-
quires months-long datasets3. Several independent observations can be patched together into a long
dataset, but the patching introduces defaults into the Fourier transform of the signal, limiting the
accuracy of this technique. The only way to obtain useful precise datasets is to have continuous, long
observations. Regardless of looking at the Sun or other stars, the day-night cycle is an obstruction,
as is the weather, and scheduling. There are two solutions: either a network of ground-based obser-
vatories, coordinated to form an uninterrupted observation, or space-based instruments on board of
satellites. Both solutions are implemented, for helioseismology and for asteroseismology missions.
But a third solution takes advantage of the 6-month-long nights occurring at the poles in winter, pro-
viding uninterrupted exposure as well. This is a recent proposal by the SIAMOIS project [108].

Helioseismology observations are mostly made by two ground-based networks of solar observa-
tories, and two satellites. The Birmingham Solar Oscillations Network (BiSON) is made of 6 obser-

3The Sun rotates approx. once every 24 days. Its rotation can only be deduced by observing waves for at least one rotation,
i.e one month.
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Figure I.5: Left: a picture of Sun from the Big Bear Lake Solar Observatory, Jan 2025. Eruptions can
be seen, but waves are not visible without data treatment1. Top right: The brightness of
Gamma Doradus. This light curve is an observation by the space telescope TESS in 20182.
Bottom right: power spectrum of the Doppler velocity data over the whole solar disc.3
1Credits: GONG [109] (https://gong.nso.edu/). 2Adapted from the Gamma_Doradus_variable page of Wikipedia.
3Credits: BiSON [110].

vatories across the globe, performing spectroscopic observations and providing acoustic modes data
[110]. The Global Oscillation Network Group (GONG) is also made of 6 solar observatories perform-
ing spectroscopic measures, providing acoustic modes data and magnetograms of the solar surface
[109]. The first satellite was the Solar and Heliospheric Observatory (SoHO) (ESA/NASA), launched
in 1995 with three missions: space weather and solar wind, for which it has two instruments; solar
chromosphere and corona (6 instruments); and helioseismology with 3 instruments. These instru-
ments are GOLF [111], MDI [112] and VIRGO [113]. The first two are spectrometers, and VIRGO is
photometric; this has the immense advantage of comparing the two approaches in identical condi-
tions. The second satellite was the successor of SoHO, named Solar Dynamics Observatory (SDO)
(NASA) and was launched in 2010 with the mission of studying the solar magnetic field and solar
winds. The only instruments serving for helioseismology purposes is HMI, the more efficient ver-
sion of MDI (which has since stopped operating). SDO provided stunning images and videos of the
activity of the Sun4.
Asteroseismology observations are mostly provided by space telescopes onboard satellites. This
means that most data is photometric. One project of a ground-based network of 8 observatories
is currently under development, the Stellar Oscillation Network Group (SONG) [114]. They will be
equipped with photometers for high-precision asteroseismic measures of a few select stars. An addi-
tional mission is to detect exoplanets around these stars. Until now, asteroseismic observations have
been performed by 6 space telescopes. In chronological order of launch, they are WIRE (NASA, 1999),
MOST (Canada, 2003), CoRoT (ESA, 2006), Kepler (NASA, 2009), BRITE (Canada-Austria-Poland,
2013), and TESS (NASA, 2018). Depending on their instruments, some are focused on cool dwarfs
and sub-giants, while others observe every kind of stars. A new spacecraft is under development:
PLATO, currently in its late stages of development by ESA. It is planned for launch in 2026, with
a main mission of exoplanets detection. It will focus on solar-like stars, sub giants and red dwarfs,

4https://en.wikipedia.org/wiki/Solar_Dynamics_Observatory
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looking for rocky exoplanets in the vicinity of one million stars. Asteroseismology is its secondary
mission.
CoRoT [115] and Kepler [116] brought asteroseismology to a new level, by providing a catalogue of
data on thousands of stars. The amount of data generated by PLATO will be a similar leap.

For any other star than the Sun, the surface is not resolved, meaning that telescopes and instru-
ments cannot distinguish its spatial extension. The light curve I(t) is the total contribution of light
emitted by the solar disc, averaged by the reduction into a single point in the sky. Unfortunately for
asteroseismology, this means that oscillations modes with a fine horizontal structure will contribute
to zero in this averaged light curve. All of the information about modes with more than ∼ 2 or 3
node line at the surface will be excluded and cannot reach us, and only the modes with the longest
horizontal wavelengths will be detectable. For the Sun however, its proximity lets us see the whole
disc, and one can obtain the intensity of the light for every point of the surface. This means that a lot
more modes are detectable. These difficulties of mode visibility on distant stars are equally present
in spectroscopic measurements.

I.3 How to study waves?

The amount of manpower and investments put in the instruments and networks listed above proves
that the study of waves is astronomers’ best way into stellar interiors. In order to be able to interpret
the data, we need a theoretical understanding of wave propagation, providing definitions, predic-
tions, and signatures of these vibrations. Waves being a fundamental concept in physics and all its
domains, textbooks and careers have been devoted to their study. This section provides an overview
of the various ways waves in astrophysical and geophysical fluids manifest and are usually studied.
Waves in stellar interiors are in the linear regime, due to the huge amount of energy of the equilib-
rium state. This section and the rest of this thesis is thus restricted to linear waves; no blast wave,
shock wave or soliton shall be considered.

Let us start with the prototypal example of waves: the acoustic wave. In an homogeneous com-
pressible fluid in its rest frame, small adiabatic perturbations in velocity, pressure and density satisfy

∂tv
′ = − 1

ρ0
∇p′, (I.1)

∂tρ
′ = −ρ0∇ · v′, (I.2)

p′ = c2sρ
′, (I.3)

where c2s ≡ Γ1

(
∂P
∂ρ

)
S

is given by the equation of state of the fluid. v′, p′ and ρ′ are the Eulerian
perturbations of velocity, pressure and density, and the equations are the linearized conservation of
momentum, mass and entropy. This third equation is thermodynamical and represents the fact that
the oscillation do not exchange energy with the medium. It is instantaneous as it involves no time-
derivative, and we interpret that p′ and ρ′ are redundant variables in the dynamical evolution. We
use it to remove ρ′ from the second equation and obtain the 2× 2 system

∂tv
′ = − 1

ρ0
∇p′, (I.4)

∂tp
′ = −c2sρ0∇ · v′. (I.5)

This system entirely governs the evolution of acoustic waves. Removing v′ reduces the system to the
famous D’Alembert equation

(∂tt − c2s∆)p′ = 0, (I.6)

whose solutions show the propagation of the pressure disturbances. Indeed, the formal solutions
of D’Alembert in 1D are p′ = f(x − cst) + g(x + cst): the two patterns f(x) and g(x) propagate
through space as time evolves to the right and to the left respectively, with velocity cs. The velocity
of propagation is an interesting quantity, as it depends on the temperature and the composition of
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the fluid. Therefore, measuring cs by analyzing the time needed by waves to travel is a way to infer
composition and temperature. This is the essence of tomography, particularly used in oceanography
to map the temperature and salinity of the oceans [16] (see Fig. I.2). The measure is the time taken by
an acoustic wave between an emitter and a receiver. This technique is implemented in oceans where
we have access; it is obviously impossible to use it in asteroseismology as we have no way of having
local emitters nor local receivers on stars, even the Sun. However, other techniques relying on the
propagation on acoustic waves have been developed for the Sun, together they form the field of local
helioseismology [117, 118].
But the main point about waves in stars is looking for standing waves. Standing waves are particular
solutions of the wave equation where the perturbation is separated in its time and space dependen-
cies. For instance, for Equation (I.6), they are the solutions of the form p′(t,x) = a(t)b(x). For linear
waves, a(t) can only be a harmonic function a(t) = cos(ωt + ϕ), such that standing acoustic waves
are the solutions of

∆b+
ω2

c2s
b = 0. (I.7)

This equation must be provided with boundary conditions on b. Indeed, standing waves do not
propagate: a perturbation p′(t,x) = cos(ωt)b(x) is a global oscillation in every part of the fluid si-
multaneously, each part simply oscillating as cos(ωt). It is global and thus involves the perturbations
at the boundaries and depend on what they are. Equation (I.7) is known as a Helmholtz equation.
Along with boundary conditions, it provides the set of normal modes of oscillation of the body con-
sidered. Normal modes, global oscillations and standing waves are synonyms. This set is discrete,
and each of this mode has its own frequency ω called eigenfrequency. The set of eigenfrequencies of
a star is the central tool of asteroseismology, as it is highly dependent on its structure. In this simple
example above, the eigenfrequencies are only given by cs and by the geometry of the cavity where
the fluid wave is placed. But in a star where every quantity is inhomogeneous, the standing wave
equation involves the profile cs(r), the pressure gradient dP0

dr , the rotation rate Ω(r, θ) and any other
quantity to which the waves are sensitive. All those quantities have an influence on the solutions
b(x) and thus on the frequencies of the normal modes. This is the essence of the approach of astero-
seismology.
Looking at waves as propagating perturbations in a body or as normal modes of oscillations of the
body is fundamentally different, and leads to very distinct mathematical characterizations, numeri-
cal studies and observational techniques. In this thesis, as the majority of the helio and asteroseismic
communities, I focused on the study of normal modes.

Before discussing waves in inhomogeneous fluids, I wish to define two fundamental quantities
of the waves obtained in a local viewpoint, i.e in a small spatial region of the fluid small enough
to approximate that it is homogeneous. Taking Equations (I.4)-(I.5) in 1D and performing Fourier
transforms such that p′(t, x) = p′ei(ωt−kx), the system becomes

ω

(
v′x
p′

)
=

(
0 1

ρ0
k

c2sρ0k 0

)(
v′x
p′

)
. (I.8)

This form of equation involving a matrix is generic, as the waves are linear. The matrix yields all the
essential information of wave propagation, by its eigenvalues and its eigenvectors.
Indeed, the eigenvalues relate ω to k: it is the dispersion relation of the waves. In this example, one
obtains

ω = ±cs|k|. (I.9)

There are two solutions because it is a 2 × 2 matrix, as two fields are involved, velocity and pres-
sure. This is clearly generic: there are as many dispersion relations as there are perturbed fields (after
removing the instantaneous equations). In this manuscript, this number will often be called the num-
ber of wavebands in the system, as it is the number of curves ω(k) when tracing all the eigenvalues
in a ω − k diagram. This term of wavebands comes from condensed matter physics, where an elec-
trically isolating material has a valence band and a conductive band of electrons, determined by the
eigenvalues of the Hamiltonian [119, 120]. The Schrödinger equation in condensed matter physics is
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the analogue of Equation (I.8), where the unknown is the presence probability density wavefunction.
The concepts from condensed matter physics slightly colors the language used in this thesis.
Complementary information is found by analyzing the eigenvectors. Each waveband has its eigen-
vector. The eigenvector of the chosen waveband relates the amplitudes p′ and v′x. For instance, the
band ω = +csk is the band of right-propagating waves which has the eigenvector

(
v′x
p′

)
= A

(
1

csρ0

)
, (I.10)

where A can be any non-zero complex number (with the appropriate dimension). At this point, A
has no physical meaning as the waves are linear; they can have any amplitude with no repercussion
on the dynamics. The eigenvector provides the information on the relative amplitude and phase of p′

and v′x. Indeed, one has
p′/v′x = csρ0. (I.11)

csρ is then the relation between the amplitudes, and the fields p′(t, x) and v′x(t, x) are always in phase
because it is a real number. For right-propagating waves, pressure maxima are positive maxima of
the velocity vx.
This information on the relations between the several perturbed fields is the polarization of the wave.
This information is given by the eigenvectors of the matrix in the dynamical equation. Many results
of this thesis are the consequences of the role of polarizations on the waves in inhomogeneous media.

I.3.i Analytical approaches

Analytical derivations have managed to provide approximate expressions of the frequencies of os-
cillations of stars [42, 43, 44]. These expressions give a physical understanding of the determination
of the positions of the modes in the star and as well as their frequencies, in the form of quantitative
relations. These relations allowed for the easy formulation of inverse problems: how to quantitatively
determine the features of the star, from the set of oscillation frequencies measured by telescopes ?
Here is recalled the main analytical approach used in asteroseismology, its approximations and the
principal laws it yields. Many steps of calculations and details are skipped, as the aim is rather to
highlight the most well-known route in order to clearly put this thesis in perspective with it after-
wards. A complete and almost exhaustive course on the theory of asteroseismology is found in the
lecture notes of J. Christensen-Dalsgaard [121].
Before studying the linear perturbations of a star, one needs to describe the equilibrium state to be
perturbed. For simplicity, consider a non-rotating, non-magnetic star, which is a self-gravitating
fluid. It is free of any external influence like accretion or tides, its normal modes are therefore its free
oscillations. The background state is the solution to

0 = −∇P0 − ρ0∇Φ0, (I.12)
∆Φ0 = 4πGρ0, (I.13)

∇ · F0 = ρ0ϵ0. (I.14)

The first equation is the hydrostatic equilibrium, the second is the gravitational Laplace equation. The
third equation is the conservation of energy: F0 is the energy flux, and ϵ0 is a source of energy mostly
due to nuclear reactions. These occur in the core so that ϵ0 is negligible in most layers. One needs to
describe the transport of this energy through these layers up to the surface where it is radiated away.
In radiative zones, this flux is dominated by radiation where photons have very short free paths, and
the diffusion approximation is appropriate, where F0 = −16σT 3

0
3κρ0

∇T0 (σ is Stefan-Boltzmann constant,
κ is the opacity). The system of equations is closed by adding an equation of state f(P, ρ, T ) = 0 re-
lating P0, T0, ρ0. In convective regions, the transport is dominated by convective motions; the energy
flux is difficult to write down and is usually modeled by Mixing Length Theory (MLT) [122]. The
microphysics of the stellar fluid are crucially important as they determine the opacity κ and the EOS
f = 0, through the mean molecular weight, the ionization fraction, phase transitions, etc.
A simple way of by-passing the difficulties of thermal transport and equation of state is to postulate
a simple relation between P0 and ρ0 in the form of a power law: P0 = Kργ0 . These models are called
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polytropic, and the value of γ represents a particular model: γ = 0 is an incompressible medium,
γ = 1 is an isothermal one, γ = 3 is a good model of a radiative zone, γ = 4/3 models an ultra-
relativistic White Dwarf. A choice of γ is a choice of structure. It is in no way related to the adiabatic
exponent Γ1 =

(
∂ lnP
∂ ln ρ

)
S

.
Many good numerical codes solve these equations with tabulated values of κ and EOS to provide
accurate models of stellar equilibria. The most well-known is MESA [123], which actually solves the
evolution of the equilibrium during the life of the star. From now on, I will consider that the equilib-
rium state is given, and that it is spherically symmetric as the star is non-rotating and non-magnetic
such that nothing can break this symmetry.

Linear perturbations of the resting state of a star follow

∂tv
′ = − 1

ρ0
∇P ′ +

ρ′

ρ20
∇P0 −∇Φ′, (I.15)

∂tρ
′ + ρ0∇ · v′ + v′r

dρ0
dr

= 0, (I.16)

∆Φ′ = 4πGρ′. (I.17)

The viscosity term is omitted as it is negligible, the main dissipation term for waves in stars being
thermal diffusivity and turbulent dissipation. This system needs to be closed by an energy equation
representing the energy transfer between the perturbation and the background. These transfers are
very small in most regions of the star; indeed, the thermal diffusivity time is τKH = GM2

R /L ∼
107 years, while the oscillations periods are of the minute or hour (Section I.2). It is thus a very
good approximation to assume that the waves keep their energy: the perturbations are adiabatic
transforms. A Lagrangian perturbation of pressure δP and density δρ has δP = Γ1

P0
ρ0
δρ = c2sδρ, as

a fluid Lagrangian particle has constant entropy under adiabatic transforms. In Eulerian form, this
equation reads

∂tP
′ + v′r

dP0

dr
= c2s (∂tρ

′ + v′r
dρ0
dr

). (I.18)

Equations (I.15)-(I.18) govern all perturbations of the star. Equation (I.17) is often an obstacle to an-
alytical traction, as it is a non-local interaction. Fortunately, it has been noted that it is often very
reasonable to neglect Φ′, i.e assuming that the perturbation is not self-gravitating. The is the Cowling
approximation [47], which holds true as soon as the mode has a few nodes in the radial or the angular
direction [124, 125]. This approximation is used throughout this thesis.

Investigating standing waves amounts to looking for solutions of the form ρ′(r, θ, ϕ, t) ∝ cos(ωt)
and find which values of ω make it possible to have a solution. It is particularly convenient to
generalize the solution to its complex form with ρ′ = Re(eiωtρ′(r, θ, ϕ)). Furthermore, as none
of the background quantities depend on the angles, one can always separate the perturbations as
ρ′(r, θ, ϕ) = ρ′Y m

ℓ (θ, ϕ) where Y m
ℓ is a spherical harmonic. In other words, the radial and horizontal

are separable, and the horizontal direction is easily dealt with as there is not background horizontal
gradient. The real perturbation is thus of the form ρ′ ∝ Re(ρ′(r))Pm

ℓ (θ) cos(ωt−mϕ): the radial and
co-latitudinal dependencies are given by ρ′(r) and the Legendre polynomial Pm

ℓ , the perturbation
pattern being standing in these two directions. The pattern however travels in the ϕ direction. In the
following, symbols distinguishing real from complex perturbations are not underlined.
In order to obtain analytical constraints on the frequencies ω, a sensible strategy is to de-couple Equa-
tions (I.15),(I.16),(I.18) into a single ODE of high order on a single perturbed field. This technique is
motivated by the fact that many ODEs have been studied extensively and for which solutions are
well known. For this aim, one removes ρ′, v′θ and v′ϕ from the equations and obtains

dv′r
dr

+
(2
r
− 1

Γ1HP

)
v′r =

iω

ρ0c2s

(L2
ℓ

ω2
− 1
)
P ′, (I.19)

dP ′

dr
+

1

Γ1HP
P ′ =

ρ0
iω

(
ω2 −N2

)
v′r. (I.20)
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We defined the pressure scale height HP ≡ −1/d lnP0
dr , the Lamb frequency squared L2

ℓ ≡ c2s ℓ(ℓ+1)/r2

and the Brunt-Väisälä or buoyancy frequency N2 ≡ g( 1
Γ1

d lnP0
dr − d ln ρ0

dr ). g = dΦ0
dr > 0 is the local

gravity field. Lℓ/cs is the horizontal (angular) wavenumber.
Let us assume that the radial wavelengths are short compared to r and HP so as to remove the
associated terms in the left hand sides. One then obtains the desired single ODE

d2v′r
dr2

+
1

c2sω
2

(
ω2 − L2

ℓ

)(
ω2 −N2

)
v′r = 0. (I.21)

The form of this final equation allows for an analysis. Indeed, defining K2 ≡ 1
c2sω

2

(
ω2 − L2

ℓ

)(
ω2 −

N2
)
, this equation can be seen as an harmonic oscillator d2v′r

dr2
+ K2v′r = 0 when K2 > 0, and an

evanescence equation when K2 < 0. This tells us about the propagativity of waves of various fre-
quencies in the regions of the star. For instance, a wave of frequency ω can only propagate if ω > Lℓ
and ω > N or if ω < Lℓ and ω < N . The former is the region where acoustic waves propagate, the
latter is the radiative zone where internal gravity waves propagate. The relation between K and ω
can be seen as a dispersion relation.
Furthermore, as K2 is a function of r, Equation (I.21) may rather be seen as a Schrödinger equation
of a particle of energy 0 in a potential well Vω(r) ≡ K2(r). This is the equivalent of the Helmholtz
equation (I.7) in an inhomogeneous medium. A famous procedure provides an approximated solu-
tion for modes varying rapidly in this medium, i.e. when K ≫ d lnK

dr . This is a situation where the
well Vω is deep. This is the Jeffreys-Wentzel-Kramers-Brillouin (JWKB) method, which then provides
the solution

v′r ∼ ei
∫ rKdr. (I.22)

This method is particularly useful, as it provides the expression of the eigenfunctions of perturba-
tions. It is then straightforward to impose boundary conditions, which are going to constrain the
frequencies ω to take discrete values. For instance, demanding that v′r is 0 at some radii r0 and r1
amounts to have sin(i

∫ r1
r0

Kdr) = 0, i.e
∫ r1
r0

Kdr = nπ. This is a quantization condition providing the
eigenfrequencies ωn.
Special care must be taken at the turning points of the wave, where K2 = 0, as the condition
K ≫ d lnK

dr is obviously violated. One must connect the JWKB solution to the evanescent solution on
the other side of the turning point. On this other side, the solution is usually an Airy function, and
smoothly connecting the two imposes the addition of a reflection phase named a Maslov index [43].
Furthermore, the approximation of having no term in 1/HP is also violated at the turning points.
These two effects correct the quantization law.
In any case, this method is extremely powerful, as it provides both the eigenfunction of perturbations
and the eigenfrequencies ωn. This is the basis for famous laws on p-modes and g-modes frequencies.
Duvall’s law [126] says that frequencies ν = ω/2π of p-modes are

ν =
(
n+

ℓ

2
+ α

)
∆ν, (I.23)

where ∆ν =

(
2

∫ R

0
dr/cs

)−1

, (I.24)

where α is a correction term accounting for Maslov indexes and the effect of HP .
Tassoul’s law5 [127, 128] provides the equivalent relation for g-modes, whose periods P = 2π/ω must
follow

P =
2π2(n+ 1

2)√
ℓ(ℓ+ 1)

(∫ r2

r1

N

r
dr

)−1

. (I.25)

r1 and r2 are the bounds of the radiative zone where N > 0. This law is relatively unaffected by HP

corrections, as they are mostly important at the surface.
These two laws state that p-modes are approximately uniformly spaced in frequencies, and g-modes
are approximately uniformly spaced in periods. In both laws, the integral is a reminiscence of the

5This law was actually found the year before by H. Shibahashi from Tokyo University.
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Figure I.6: Numerical calculation of the normal modes of a standard model of the Sun1. Left: Os-
cillation frequencies of the Sun against harmonic degree, called the dispersion relation of
normal modes. Right: Perturbations in the star of a p-mode and a g-mode. Top: g-mode of
order n = 19, degree ℓ = 4. Bottom: p-mode of order n = 10, degree ℓ = 60. ξr = −ivr/ω
is the Lagrangian radial displacement.
1Adapted from the textbook [106].

integral of the JWKB solution.
An important limit to this technique is that it intrinsically rests on a high n approximation. Indeed,
n being the radial order of the mode, it counts the number of radial nodes of the perturbation, hence
short wavelengths are high n modes. It is however applicable to any degree ℓ. In Chapter VII, I
will construct an alternative technique which instead provides eigenfrequencies for any n including
lowest order modes. This technique rests instead on a high ℓ limit.

It seems however that low order, low degree modes demand a full solution of the oscillation equa-
tion. Such solutions can only be reached analytically in idealized models. A classical model is the
polytropic atmosphere for which P0(z) = Kρ0(z)

1+1/m, considered to be infinitely deep and under
a uniform gravity field g, the top of the atmosphere being at z = 0. Solving for the hydrostatic
equilibrium yields ρ0(z) = ρ(− z

H )m and K = ρgH/(m + 1) where ρ and H are constants. One
has N2 = (m − m+1

Γ1
) g
−z and c2s = Γ1gH

m+1
−z
H . The background quantities of this model are all power

laws, which is why one ends up with a solvable equation for standing waves. Under the Cowling
approximation, a wave of the form v′r = v′r(z)e

i(kx−ωt) is a solution when

m+ 1

Γ1

(
ω2

gk

)2

− (2n+m)

(
ω2

gk

)
+ (m− m+ 1

Γ1
) = 0, (I.26)

for n a strictly positive integer [129]. Here, the horizontal wavenumber represents the harmonic de-
gree through k =

√
ℓ(ℓ+ 1)/R. There are two solutions: the largest is the frequency of the p-mode

with radial order n, the smallest is the g-mode of order n. This solution was first found by Lamb
[29]. A n = 0 solution must be added which satisfies ω2 = gk. This mode is called the f -mode for
fundamental mode. In this model, all standing waves are found exactly. However, an important
ingredient has been removed in this ideal setup: the sphericity of the star. There is also no interface
between convective and radiative zones, nor phase transition in the structure.
A second ideal model allows to explore an effect of self-gravity, as it lets one find analytical solutions
without using the Cowling approximation. It is the problem of the free oscillations of an incompress-
ible ball of fluid of mass M , at rest under its own gravity. The density is constant for r < R equals to

24



I. Waves in planets and stars

ρ0 = M/4
3πR

3 and zero outside. Solving Poisson’s equation yields g = GM
R3 r and the hydrostatic equi-

librium gives P0(r) = 3GM2

8πR4 (1 − ( rR)
2). Incompressible perturbations (while keeping perturbations

of the gravitational potential Φ′) are found decomposed on spherical harmonics as f(r)eiωtY m
ℓ (θ, ϕ),

and are solutions when

ω2 =
GM
R3

2ℓ(ℓ− 1)

2ℓ+ 1
. (I.27)

There is only one branch of solutions (n = 0) as there is no internal buoyancy which could support
g-modes, nor compressibility for p-modes. There is thus only the f -mode which can perturb the in-
compressible ball. This result was found by Kelvin when he was still Thomson [4]. The interesting
difference with the f -mode from the previous model is that here, the frequency is zero for both ℓ = 0
and ℓ = 1, while in the polytropic atmosphere it is only ω = 0 for k = ℓ/R = 0. This means that a
dipolar perturbation is not pulled back by any restoring force when accounting for self-gravity. This
is the consequence of a symmetry of the problem: the star is isolated in space, and should therefore
be able to uniformly travel in any direction through any change of reference frame. This symmetry
under a galilean boost imposes that there is no energy difference in having this velocity. Thus, any
push of the star will not be pulled back. The dipolar, n = 0 mode is exactly this push, which must
have ω = 0.
This is the main consequence of the Cowling approximation. This is particularly striking when solv-
ing for the normal modes of the Sun with and without this approximation: the ℓ = 1, n = 0 mode is
seen plunging to zero frequency through the whole band of g-modes [130].

The point of analytical methods on the theory of wave is to provide an understanding of their
behavior. The goal is to precisely know how the structure of the star and the process in it impact the
frequencies and amplitudes of the modes. This understanding is vital to interpret the observational
data, as wave identification is sometimes difficult. A recent example occurred 3 years ago when
vorticity waves on the surface of the Sun were reported, with an undetermined nature [131].

I.3.ii Numerical approaches

A number of numerical codes can solve the linear problem without the need for idealized models.
The harmonic solutions eiωt of Equations (I.15)-(I.18) can be computed for any model of stellar inte-
rior. At the time of the development of the theory of asteroseismology [43, 44], the low computational
performances represented a challenge to obtain accurate codes of linear oscillation modes. Today, the
efficiency and accuracy of the available methods make them indispensable. They provide the data
shown on Figure I.6, which is the oscillation spectrum and some eigenfunctions of modes of a model
of the Sun. Spherically-symmetric models of stars are the numerical data of P0(r), ρ0(r), cs(r), etc,
and are called 1D models. This is what MESA or any 1D stellar evolution code computes. Determining
the frequencies of a numerical 1D model is a job for a numerical code, the most widely used being
GYRE [132]. It is already interfaced with MESA, such that it is quite easy to produce a model of star
and compute its normal modes. This is the starting point to design quantitative inference methods:
one can either fit a 1D model until its numerical modes match the frequencies (seismic inversion), or
simulate different evolutionary histories of the star from its birth until its numerical modes match
the frequencies (forward modeling). A considerable body of work developing accurate inversion tech-
niques is still being developed [133], notably by investigating the use of deep learning techniques
(see for example [134, 135, 136]).

When one has a good understanding of a star and the behavior of the waves in it, numerical codes
computing normal modes frequencies are the only way to obtain quantitative estimate and accurate
inversions. However, this situation is a late stage of stellar modeling. Indeed, this point is reached
when one has a good guess of the internal structure of the star and a good guess of the types of waves
detected at its surface.
However, several phenomena are simplified in 1D models, for instance rotation, convection, over-
shooting, and magnetic fields. The reason is that the first two need a full hydrodynamical simula-
tion, and the third breaks spherical symmetry. Therefore, the interaction with the waves need to be

25



I. Waves in planets and stars

investigated in the full non-linear problem. With the development of high performance codes and
computing clusters, fully compressible hydrodynamical simulations of the interiors of stars have
emerged in the last decade. These codes shed a new light on wave-flow interaction and provide
experiments on which a global understanding of wave excitation, transport and dissipation can be
built. Among these codes are found MUSIC [137, 138, 92], DEDALUS [139, 93] or SLH [140], which
can compute the 3D flow with full compressibility and self-gravity, and offer the possibility of stellar
MHD simulations.
These simulations allowed in the past for experiments on specific mechanisms first studied theo-
retically. For instance, a possible explanation for the absence of some dipolar modes in some RGB
stars was given by [74] on simple theoretical arguments. The anisotropic structure of a strong mag-
netic field in the core would disperse any incoming dipole g-mode, and prevent it from going back
to the surface and construct a standing wave. A numerical experiment was performed by [75]
with DEDALUS which found good agreement of their results with this dispersive mechanism, giv-
ing strength to its probable role in RGB stars.

Overall, the numerical approach to the study of waves has two aims: performing quantitative infer-
ences from observational data, and providing controlled realistic experiments to confront theoretical
studies. The point of theoretical studies is to give an understanding and intelligible explanations of
the behavior of waves. The goal is to provide physical interpretations in order to make educated
guesses of stellar interiors. It is these guesses which constitute the starting point of quantitative in-
version methods, which can only come later.
The level of precision of current asteroseismic observations is such that the limiting factor in inter-
pretation is the uncertainty on the theory. The theory of waves in stars is the aim of this thesis, whose
current frontiers are many. For instance waves in magnetized stars, in highly deformed fast rotating
stars, or in relativistic neutron stars are current active fields of research.
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Chapter II

Wave topology

Résumé

Les concepts de la topologie des ondes sont introduits dans ce chapitre. Trois objets mathématiques
sont définis et présentés, la phase de Berry, la courbure de Berry et le nombre de Chern. Ces objets, utilisés
d’abord en matière condensée pour expliquer certains phénomènes de conduction électrique anor-
male, sont discutés ici dans un contexte d’ondes dans les fluides avec un accent sur les résultats
connus en ondes géophysiques. La phase et la courbure de Berry sont des objets géométriques, et le
nombre de Chern est un nombre entier de nature topologique. Le principe fondateur de la topologie
des ondes est la correspondance bord-volume, qui montre que ce nombre topologique oblige l’existence
de certaines ondes aux propriétés spéciales dans le fluide étudié. Le chapitre se termine par une re-
vue de ces ondes dites topologiques, qui ont été identifiées et étudiées dans des domaines divers de la
physique, historiquement d’abord en matière condensée puis en acoustique, élasticité, physique des
plasma, ondes géophysiques, photonique, matière active, chimie et informatique quantique. Cette
quantité d’études dans ces domaines d’effets topologiques a eu lieu dans les deux dernières décen-
nies.

The aim of this chapter is to introduce the essential concepts and tools of wave topology. It is
presented how the Berry phase, the Berry curvature and the Chern number are quantities naturally
arising from the equations governing the evolution of waves in astrophysical and geophysical fluids,
even if their role in this context was revealed only recently with the first study in 2017 [141]. It is
then shown how these quantities shape the propagation of waves. The cornerstone of wave topology
is the bulk-boundary correspondence, a principle introduced in the third Section. The fourth and last
Section reviews the recent application of wave topology in geophysics, and provides an overview of
the fast advances of topology in various disciplines of physics.
The kind of topological physics discussed here was developed in the context of condensed matter
physics. The majority of the literature on this topic thus adopts a quantum perspective, with aims
directed towards quantized electrical transport. Instead, this Chapter proposes an introduction to
topological physics from a fluid dynamicist standpoint.

Some results presented in this chapter have been published in From ray tracing to waves of topological
origin in continuous media, Venaille, Onuki, Perez, Leclerc, SciPost Physics 2023 [142].

II.1 Eigenvalues, eigenvectors and Berry

Let us consider a generic form of time-evolution linear equation

i∂tX = Ĥ(r, ∂x)X, (II.1)

where X is a vector containing real or complex functions. In fluid dynamics, Equation (II.1) would
be the system of linearized equations where time derivatives are isolated in the left-hand side, with
X typically containing the values of the fields perturbed by the waves, such as velocity, pressure,
density, temperature, ... In quantum physics, Equation (II.1) is the Schrödinger equation, and X is
the wavefunction of the system. In condensed matter, it is the wave function of a particle, which
could be a fermion, a boson, a photon. For instance, calculations of the conductivity of a crystal solve
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for the wavefunction of an electron in a lattice.
Here, r is a parameter which may vary with time t or space x, representing inhomogeneity of the
medium in which the wave propagates. It may be a cutoff frequency, a strength of magnetic field, a
rotation rate, or any other external quantity relevant for the waves.
Importantly, we shall assume that the operator Ĥ governing the dynamics is self-adjoint with respect
to a scalar product ⟨·, ·⟩ for certain boundary conditions, such that Ĥ† = Ĥ. This important condition
restricts the discussion to the realm of Hermitian topology, which concerns the first three Parts of this
thesis. Part IV discusses waves in non-Hermitian problems, which behave significantly differently.
The form of Equation (II.1) is sufficiently general to describe many different wave problems relevant
for astrophysical research. Indeed, it will be shown in the other Chapters that with this equation,
one can discuss compressible or incompressible waves, including stratification, rotation, and plane-
parallel or spherical geometries in such a form. Non-adiabaticity, diffusion and dissipation do also
fit in this form, but break hermiticity of Ĥ, and shall only be discussed in Part IV.

Let us take as a first approach the simple sub-case of constant r, to try to generalize it to varying
r afterwards. As Ĥ does not depend explicitly on t and x, one may look for solutions in the form of
plane wavesX ∝ ei(ωt−kx). In that case, one has

ωX = H(r, k)X, (II.2)

which is simply an eigenvalue equation of a matrix, whose dimensions are given by the number of
perturbed fields. Let us label by q this number, which is the dimension of X and H is thus a q × q
matrix. This matrix is Hermitian by virtue of the hermiticity of Ĥ, such that it is diagonalizable with
real eigenvalues Ωi(r, k) for i = 1...q. When choosing a value of i between 1 and q, the label of an
eigenvalue which is continuous in the parameter space, we say that we chose a waveband. The case
of acoustic waves in a 1D homogeneous medium discussed in Section I.3 had q = 2, and Ω1 = −cs|k|
and Ω2 = +cs|k|.
One has then obtained ω = Ωi(r, k), the dispersion relation for each waveband, and may for instance
study the influence of r on the frequencies of the waves. Furthermore, each eigenvalue comes with
its eigenvector Xi(r, k). As introduced in Section I.3, X = Xi(r, k) are the polarization relations of
the waveband i.

From these results, one can calculate Ωi(r, k) and Xi(r, k) for all r and k, and map the parameter
space with all the values. Now, what happens to a wave X(x, t) when r is not constant, and varies
with time? Specifically when r varies more slowly than the period of the wave?
In the static case, with r = r(0) = r(t), a wave of the waveband i with wavenumber k evolves with
time as

X(x, t = 0) =Xi(r, k)e
−ikx 7→

t
X(x, t) =Xi(r, k)e

−ikx+iΩi(r,k)t. (II.3)

Expectedly, it starts from being polarized as Xi(r, k), and ends at being polarized as Xi(r, k), with a
total phase given by the time evolution Ωi(r, k)t, sometimes called the dynamical phase.
Then, if instead r evolves slowly from r0 to r1 during the propagation, an intuitive guess would be
that the final state of the wave is

X(x, t = 0) =Xi(r, k)e
−ikx 7→

t
X(x, t) =Xi(r1, k)e

−ikx+i
∫
Ωi(r(t),k)dt. (II.4)

That would represent that the wave ends atXi(r1, k), with a total phase picked up by the accumula-
tion of the dynamical phase as the integral

∫
Ωidt, as a WKB solution would expect (see Section I.2).

Surprisingly, this is not quite right. Upon solving Equation (II.1), one finds that the solution is instead

Xi(r1, k)e
−ikx+i

∫
Ωi(r(t),k)dteiϕB , (II.5)

with ϕB = i

∫ r1

r0

X†
i · ∂rXi dr. (II.6)

The total phase picked up is the accumulation of dynamical phase plus a second term ϕB, which
depends only on the path followed in parameter space, and is independent on the time taken to
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follow it. It is thus called a geometric phase, or Berry phase.
Written in a more generic manner, whenX starts from an eigenvector of the waveband i and evolves
following slowly a path Γ in a parameter space spanned by a, it picks up an additional phase

ϕB = i

∫

Γ
X†
i ·∇aXi da. (II.7)

It will be shown that the quantity X†
i · ∇aXi is non-zero when the waves propagate in a medium

where some symmetry is broken, such as time-reversal or mirror symmetries. It is however zero in
simple cases, in nonrotating, nonmagnetic, homogeneous media.
In the example above, a = (r, k)⊤ spans a 2D parameter space. The parameter space contains
wavenumbers and external parameters. In all the cases discussed in this thesis, the parameter space
will be three-dimensional.

The appearance of this geometrical phase is a subtle phenomenon of a parametrized linear eigen-
value equation. First noticed in 1956 by Pancharatnam who studied interference of light beams in
different states of elliptic polarizations [143], it was also identified in molecular physics in 1958 by
[144] who studied coupling between electronic and vibrational modes. A unified description of this
effect on slow changes of an eigenvector was given by Berry in 1984 [145], who discussed it in quan-
tum physics context. From this point, the geometrical phase or Berry phase attracted a considerable
amount of attention in all fields of physics [146], sought after in quantum physics [147, 148], optics
[149, 150], molecular physics [151, 152], superconducting circuits [153], condensed matter [154, 155],
or rotating fluids [156, 157]. It became a center of interest of studies when the instrumental accuracy
was sufficient to isolate its effects.

This quantity can be measured when the system X comes back to its initial position in parameter
space. This observability condition is related to a gauge freedom which is discussed in the next para-
graph. It is thus imposed that the path Γ in parameter space must be closed for ϕB to be observable
and measured.
A simple way to produce such closed paths is for the medium to change periodically. For instance,
such a slow periodic change occur in nature in Foucault’s pendulum [156, 157]. The pendulum is ini-
tiated at mid-latitude on the rotating Earth, initially oscillating in the North-South direction. As the
day passes, the inertia of the pendulum makes the plane of oscillation rotate. After a time T = 24h
passed, the Earth came back to its original orientation, but the direction of oscillation did not come
back to the North-South direction, by the action of the Coriolis force. The pendulum now oscillates
at an angle ϕB = 2π(1 − sin θ) with the North-South direction, where θ is the latitude. This is the
direct consequence of the ideas presented above, imposing a geometric phase ϕB [157].
This suggests that inertial waves in rotating fluids are likely to exhibit effects linked to the Berry
phase, because rotation directly imposes a periodic change. It is indeed the case, and is the subject
of Section II.2 and both Chapters of Part II. Rotation is however not necessary for the Berry phase
to manifest in a wave problem. As stated above, this phase manifests when the medium slowly
changes and comes back to its initial configuration. Let us consider a wavepacket propagating in
a fluid that is static but inhomogeneous, made up of waves of a certain waveband i (for example
acoustic waves). The trajectory of the center of this wavepacket can be described in a phase space
(x,k) [158]. The position x(t) and wavenumber k(t) evolve with time following the wave equation
and trace the trajectory of the wavepacket, also called ray. Generically these trajectories are not closed
and fill a region confined between the turning points of the wave [159]; but certain solutions are pe-
riodic as they follow a close path in the phase space. These solutions are standing waves, coherently
oscillating throughout the fluid between their turning points, and they are the key object of study of
asteroseismology. Interestingly, the fact that their paths are closed implies that they intrinsically per-
form the slow periodic changes needed for the Berry phase to manifest. In regard with the notations
used above, the system would be the polarization vectorX in a parameter space a = (x, kx)

⊤. I will
come back to this effect in the next Section II.2 and in Chapter VII.

An important condition for the manifestation of non-zero Berry phase – and topology – is the ne-
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cessity for a symmetry to be broken [160]. Indeed, such effects have been noted first in systems where
time-reversal symmetry t 7→ −t was broken [161, 162], before being identified in models where other
symmetries are broken [163, 164]. In other words, waves in static homogeneous media can exhibit no
Berry phase.
But astrophysical fluids are generically neither static nor homogeneous. Rotation and magnetic fields
both break time-reversal symmetry and are commonly found in stars and planets. Self-gravity in stel-
lar interiors can only be balanced by a pressure gradient, which breaks the vertical mirror symmetry
between up and down. Hence, waves in stars and planets are likely to be subjects to Berry phase
related effects.

Before moving on to see what these effects are, the mathematical origin of the Berry phase is dis-
cussed here from the viewpoint of a gauge theory. Indeed, Equation (II.2) was presented as a para-
metric eigenvalue equation. At each point in parameter space a, the solution is an eigenvalue Ωi(a)
and its eigenvector Xi(a). However, as it is a linear equation, the eigenvector is determined up to
a complex multiplicative number. Imposing a normalization condition X†

i ·Xi = 1 leaves that this
complex multiplicative number is of norm 1. Therefore, one concludes that there is a degeneracy of
solutions, as the same physical solution is given by every vector of

{eiφXi(a)|φ ∈ [0, 2π]}, (II.8)

which is a 1D space, represented as a vertical orange line on Figure II.1 (middle). Physically, it must
be interpreted by the fact thatXi only contains relative amplitudes and phase differences between the
fields of the wave. A global change of phase of all the fields only amounts to re-defining the origin
of times t = 01.
This set of physically equivalent solutions must be seen as a fiber. For the waveband i, there is one
fiber for each point in parameter space a: the set of solutions of H(a)X = Ωi(a)X for this particular
value of a. The fiber is said to be above the parameter space. Together, all the fibers for all the points
a form a fiber bundle.
Going back to the example of acoustic waves in 1D homogeneous media, for the waveband Ω+ =

+cs|k| we selected the eigenvector Xi =

(
1

csρ0

)
, but we could have chosen Xi =

(
eiπ/7

csρ0 e
iπ/7

)
as a

representative of the fiber {
(

eiφ

csρ0 e
iφ

)
| φ ∈ [0, 2π]}.

In terms of gauge theory, this freedom of choice of a representative is gauge choice, with respect to the
U(1) symmetry. U(1) is the group of complex numbers of norm 1, under which the physical solution
Xi is invariant. These considerations reveal that linear eigenvalue equations are embedded in a
gauge theory framework. When formally solving for Xi(a) for all a and selecting a representative
vector, one performs a gauge choice at each point a. Changing the selected eigenvector as

Xi(a) −→
∼
Xi(a) = eiφ(a)Xi(a) (II.9)

is a gauge transformation. We stress that the gauge choice is mathematical, and one must keep
in mind that only gauge-invariant quantities are physical, i.e quantities that do not depend on the
gauge choice. Among those, one finds

• The dispersion relation ω = Ωi(a),

• The energyX†
i ·Xi =

∼
Xi

†
·

∼
Xi = 1,

• Relative amplitude and phase between components. For instance f and g are the first two

components, f/g =Xi,1/Xi,2 =
∼
Xi,1/

∼
Xi,2,

• The Berry phase ϕB on a closed path, as we will show below.

1Xie
−ikx+iΩit and Xie

−ikx+iΩit+iφ = Xie
−ikx+iΩiτ are the same wave, the second being measured with a time coordinate

τ = t+ φ/Ωi which is only a translation in time.
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X(0)

X(t) X(0)

X(t)

π

π/2
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a1

X(0)
X(t) φB

Figure II.1: Transport of a vector X in a fiber bundle. Left: At each point in the parameter space
a, one can arbitrarily choose the global phase of the eigenvector eiφXi (orientation of
orange vectors). A system initiated alongXi at the starting point and slowly transported
at an end point will not be aligned with Xi there. Middle: the vector X(t) follows
a parallel transport on a curved space, the fiber bundle (orange grid). The connection
of this parallel transport is A, emerging from the symmetry of invariance under global
phase change. Right: the parallel transport-induced phase ϕB is independent on the
choice of orientation of eigenvectors Xi (orange) when the path is a closed loop. In that
case, it is physically observable and is called the Berry phase.

On the other hand,

• The vectorXi ̸=
∼
Xi,

• The gradients ∇a

∼
Xi = ∇ae

iφ(a) +∇aXi ̸= ∇aXi,

are not gauge-invariant. This last point is the root of the manifestation of the Berry phase. Indeed,
when X follows a path Γ, the vector follows a parallel transport with respect to the gauge [165]. In
essence, it implies that a gauge-dependent term must be added to ∇a in order to obtain a gauge-
invariant gradient. This term is generically called the connection, and we are dealing here with the
Berry connection

Ai ≡ iXi
† ·∇aXi. (II.10)

One checks that indeed (
∇a +

∼
Ai

) ∼
Xi = (∇a +Ai)Xi, (II.11)

making for a gauge-invariant gradient.
One is free to make the selection on each fiber of the eigenvectorsXi(a) at each point of the param-

eter space. This amounts to choosing all the orange arrows on Figure II.1 (left), representing these
eigenvectors, each one being able to be rotated freely. This is a local choice at each point. However, if
an initial state (in blue) is chosen along one such orange eigenvector and evolved through time when
following a path Γ (blue dots), it will be transported on a curved space, the fiber bundle (orange
grid). Because of the curvature of the fiber bundle represented on Figure II.1 (right), it will rotate,
and arrive at the end point with a certain phase φ. It thus ends with a certain angle with the orange
arrow at the end point (Fig. II.1 (left)).

The Berry connection Ai is not gauge-invariant and therefore cannot be measured. Indeed,

∼
Ai = i

∼
Xi

†
·∇a

∼
Xi = −∇aφ+Ai. (II.12)

Therefore, as it is an integral of this quantity, the Berry phase is not gauge-invariant on any path Γ
but only on closed paths. Indeed, this is the only condition to have

ϕB =

∮

Γ

∼
Ai da =

∮

Γ
Ai da (II.13)
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for an arbitrary choice of φ, as the difference between
∼
Ai and Ai is a gradient, contributing to zero in

a closed loop integral. Therefore, physical consequences of the Berry curvature can only be studied
on situations like the one on Figure II.1 (right).

II.2 Polarization relations influence on ray-tracing

Let us come to an actual wave problem in which a non-zero Berry connection and Berry phase have
been identified. In fluid waves context, a non-zero Berry phase have been found a few times [166,
167, 168, 169, 170]. Additionally, the topological analysis on the Chern number of [141] imposes a
fortiori that these geophysical waves also have non-zero Berry curvature because of the rotation of
the Earth, and manifested a Berry phase in close ties with Foucault’s pendulum. This Section shows
the direct consequence of the Berry connection has on these waves.

As it has been found in condensed matter, the Berry connection affects wavepackets by adding a
virtual magnetic field, which makes them deviate from expected trajectories [171, 172, 173]. See the
review on this effect in condensed matter physics [174].
Let us start by re-writing the Berry phase by using Stokes theorem, and formulate the close loop
integral as a surface integral as

ϕB =

∮

Γ
Ada =

∫

Σ
∇a ∧ A dΣ, (II.14)

where Σ is any surface whose boundary is Γ. We defined the Berry curvature

F i = ∇a ∧ Ai = i∇a ∧ (X†
i ·∇aXi), (II.15)

for each waveband i. Note that this expression with the wedge product is only applicable in a 3D
parameter space, which will mostly be the case in this thesis. However a general expression in any
dimension exists in the framework of differential forms [165].
This quantity is named Berry curvature because it is indeed a curvature in the differential geometry
sense, the curvature of the fiber bundle. This real vector field on the parameter space is gauge-
invariant. Indeed, under a gauge transformation, one has

F̃ i = ∇a ∧
∼
Ai = ∇a ∧ (Ai −∇aφ) = ∇a ∧ Ai = F i. (II.16)

It is therefore an observable quantity. Equation (II.15) illustrates that this quantity measures the vari-
ations of the polarization relations Xi, more specifically the way the orientation of Xi twists in the
parameter space. It therefore manifests in wave propagation in inhomogeneous media only.
In condensed matter, it has been found that the Berry curvature F affects the trajectory of wavepack-
ets of electrons in the semi-classical limit, seen as almost ballistic particles [175]. This semiclassical
limit of quantum physics is in correspondence with the ray-tracing approach of waves in fluids.

Ray-tracing in fluids amounts to determine the trajectory of a wave in the medium if the degrees
of freedom are reduced to only the position and impulsion of the center of mass of the wave. This ap-
proach accurately describes wavepackets of relatively small spatial extension. This technique is also
sometimes called geometrical optics as it rests on the same approximation, which disregards that the
perturbation is a wave and instead focuses on determining the path that it will follow. The interest
for asteroseismology lying in this approximation is that it is able to characterize the frequencies of
standing waves in stars and planets where eigenfunctions are non-separable, because of anisotropy
or non-spherical geometry, caused respectively by a magnetic field and by deformation owing to
fast rotation. It is close to the study of characteristics of the PDE governing the waves, for instance
Equation (II.1). See the book of Whitham [158] and the applications of these techniques for astero-
seismology [44, 159, 176].
Essentially, in the limit of geometrical optics, the coordinates of the center-of-mass of a wavepacket
of the waveband i in a phase space (x,k) satisfy the equations of Hamilton

dx

dt
= +∂kΩi, (II.17)

dk

dt
= −∂xΩi, (II.18)
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where the Hamiltonian is the dispersion relation Ωi(x,k). They are the phase-space equivalent of the
eikonal equation, and can be used to explain acoustic mirages as they show the effects of spatially
varying group velocity. Indeed, if a 2D (x, z) gas is stratified in temperature, the dispersion relations
of acoustic waves is Ω = cs(z)

√
k2x + k2z . Decoupling the ray-tracing Equations (II.17)-(II.18) yields

z̈ = −cs
dcs
dz + dc2s

dz (
ż
cs
)2, a nonlinear equation which for low angles kz ≪ kx simplifies into z̈ = − d

dz
1
2c

2
s .

In other words, the problem is reduced to a point-particle in a potential V = 1
2cs(z)

2, whose first
integral of motion is E = 1

2(ż
2 + cs(z)

2) which provides a simple description of the bending of the
trajectories, the turning point of acoustic waves when cs increases, and silent lightning storms [177].
No notion of polarization relations, fiber bundles or Berry curvature is involved in the establishment
and solving of these equations. Indeed, they are only involved in the first order correction to the ap-
proximation of geometrical optics. It may be seen as the first order correction of the wavepacket being
small but not totally reduced to a point. When it was found that there is a non-zero Berry curvature
in the polarization relations of shallow-water waves, [178] established the ray-tracing equations of
these waves using the semiclassical machinery of quantum physics, in order to obtain the first order
correction to geometrical optics. They did find that this correction involved the Berry curvature.
The derivations are quite involved and demand some manipulations. One key is the use of the
Wigner-Weyl transforms, two famous transforms of quantum mechanics [179]. The Weyl transform
is a quantization scheme, taking classical numbers like x and k to operators x̂ and k̂ = −i∂x with
appropriate properties for describing quantum mechanics. The Wigner transform is simply its recip-
rocal, taking operators to functions on a phase space (x, k). In fluid wave problems, the linearized
equations are expressed using differential operators, such that they are naturally formulated in the
"quantum" context. We are therefore interested in the Wigner transform, which will provide a formu-
lation of the wave equation in a phase space (x, k). In this context, the Wigner transform is a generic
formula to express the local propagation of waves in an otherwise inhomogeneous medium, provid-
ing their local polarization relations and local dispersion relation. For more details on the usefulness
of these transforms for fluid mechanics, see [180].

The wave problem studied by [178] is the following: assume that a thin layer of incompressible
fluid covers a rotating sphere under its centripetal gravity field g, with a hard impenetrable boundary
below and a free surface at the top. The model of shallow water waves considers the linearized
equations governing this problem in the limit of infinitesimally small height, i.e for wavelengths
much larger than the height h [10]. Considering a point at a particular latitude and writing the
coordinates as x for the West-East position and y for the South-North position with respect to this
point, the linear waves equation in the rotating frame can be written as

∂t



vx
vy
η


 =




0 f −g∂x
−f 0 −g∂y
−h∂x −h∂y 0





vx
vy
η


 . (II.19)

f = 2Ω · er is twice the projection of the rotation rate with the local vertical, and is called the Coriolis
parameter, while the variables vx, vy, η are the components of the velocity and the elevation of the
surface. The simple case of study of shallow water waves considers short propagation on the sphere,
which amounts to approximating f to a constant. This model is called the f -plane, as the sphericity
is thus neglected, and is the classical model of study of atmospheric and oceanic inertial waves as
presented on Figure I.1. When retaining a latitudinal dependence at first order of a Taylor expansion
as f = f0 + βy, the model is called the β-plane. The β parameter is essential for a number of phe-
nomena, among which the Rossby waves which do not propagate in an f -plane [10].
Upon adimensionalizing the variables with height as h and velocities as c =

√
gh, one obtains

∂t



vx/c
vy/c
η/h


 =




0 f(y) −c∂x
−f(y) 0 −c∂y
−c∂x −c∂y 0





vx/c
vy/c
η/h


 ≡ −iĤ



vx/c
vy/c
η/h


 . (II.20)

The differential operator Ĥ(y, ∂y, ∂x) describes all waves propagating in the model. It is a 3 × 3
operator, and its eigenvalues can be classified in three categories stemming from the three wavebands
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Figure II.2: Ray-tracing of shallow water waves in an inhomogeneous medium show a deviation
from pure geometrical optics, due to the intervention of Berry curvature1. The scalar
theory with f and β accounts for inhomogeneity in the dispersion relation but neglects
the deflection due to Berry curvature.
1Adapted from [178].

of its symbol: two Poincaré wavebands with positive and negative frequencies respectively, and the
Rossby waveband.
The Wigner-Weyl transforms propose a way to obtain the ray-tracing equations from Ĥ as a semi-
classical limit. Among the derivations needed, one calculates the Wigner symbol of Ĥ which is

H =




0 f(y) kx
−f(y) 0 ky
kx ky 0


 , (II.21)

a 3× 3 matrix function on the parameter space (y, ky, kx). Sometimes called microlocal analysis, this
approach is equivalent as a local Fourier analysis. The eigenvalues of H provide the local dispersion
relations of the waves, which read

Ωpoincaré = ±
√

k2x + k2y + f2, Ωrossby = 0. (II.22)

From there, [178] found that the center-of-mass (x, kx, y, ky) of a wavepacket solution of Equa-
tion (II.20) of small relative size ϵ with respect to the size of the variations of the medium f0/β satis-
fied the equations

dx

dt
= +∂kxΩ̄i, (II.23)

dkx
dt

= −∂xΩ̄i = 0, (II.24)

dy

dt
= +∂kµΩ̄i + ϵFy,ky

dy

dt
, (II.25)

dky
dt

= −∂yΩ̄i + ϵFy,ky
dky
dt

, (II.26)

where Fy,ky = i{X†
i ,Xi}y,ky is the Berry curvature in the (y, ky) phase space, which would be the first

component F · ekx of the Berry curvature F in a 3D parameter space (kx, y, ky). The Hamiltonian
of this system is Ω̄i = Ωi + ϵ i

2X
†
i · {H− ΩiI3,Xi}y,ky , with a correction at first order. We used the

Poisson brackets on the (y, ky) phase space {A,B}y,ky = ∂yA∂kyB − ∂yB ∂kyA. The curvature in the
x direction Fx,kx does not appear as it is zero because the x direction is homogeneous.
The form of Equations (II.23)-(II.24) is expected from the limit of geometrical optics. However, when
the first order ϵ1 is kept, the Berry curvature does appear in the ray-tracing equations in the (y, ky)
plane. We note that the Hamiltonian Ω̄i is also corrected at this order, and is not exactly Ωi the dis-
persion relation of the f -plane. The intervention of the medium’s spatial variations through β causes
the non-trivial corrections in ray-tracing the trajectories in the phase space (y, ky). For instance, the
Rossby waveband has Ωrossby = 0, but a non-zero Ω̄rossby which allows them to propagate when in-
cluding β.
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Through this derivation, [178] showed that the geometrical effects related to Berry curvature are
indeed involved in the dynamics of the waves. It corrects the well-known eikonal equation by mak-
ing the polarization relations of the waves intervene in the ray-tracing equations. It is an interesting
result showing that the trajectories and travel times of waves do not only depend on the dispersion
relation, which was also noted by Godin who wrote "knowledge of the dispersion relation is not
sufficient for calculation of the wave phase" [170]. They confirmed their analysis with numerical ex-
periments in a β-plane, by computing exactly the trajectory of a wavepacket of Poincaré waves and
comparing with the expected trajectories from geometrical optics with and without the Berry correc-
tion. Their results are showed on Figure II.2.

Their results suggest similar corrections in any ray-tracing of waves in inhomogeneous media,
which lead to the work presented in Chapter VII on acoustic waves in the Sun.

II.3 The Chern number and concept of spectral flow

Let us introduce a new level of mathematical concepts which characterize the topology of the fiber
bundle described above. The topology of this abstract space has direct consequences on the physics
of the waves through the so-called bulk-boundary correspondence presented below.

II.3.i Topology

A few years after the experimental discovery of the quantized conductivity of the Quantum Hall
Effect [181], Thouless explained it by invoking a topological argument in 1982 [161, 182]. Laughlin
showed in 1981 that the quantized Hall conductivity was a manifestation of a gauge invariance [183].
One year later, Simon explicitly linked the topological number of Thouless with the gauge invariance
at the roots of Berry’s connection [184]. With this insight he saw the link between the two, topology
and Berry’s curvature, as a manifestation of the Chern theorem [185]. This theorem states that the in-
tegral of the curvature of a fiber bundle is quantized by an integer number, the equivalent of its Euler
characteristic. This number is therefore called the Chern number, and characterizes the topology of
the fiber bundle. Through the Chern theorem, this number reads

C =
1

2π

∫

Σ
FdΣ, (II.27)

where Σ is any closed surface in the 3D parameter space. Again, other dimensions of parameter space
require the adaptation of this expression, which will not be required in this thesis. The fiber bundle on
which the Chern theorem is applied here is the set of equivalent eigenvectors {eiφXi(a)|φ ∈ [0, 2π]}
above Σ, i.e for all a in Σ. One notes the interesting property that Σ can be deformed continuously
without changing C, as the only way for an integer to be continuous is to be constant. This is true as
long as no singularity of F is crossed. See the gray sphere on Figure II.3 (right).

Going back to the expression of Equation (II.15), one sees that in a 3D parameter space F is the
curl of A, such that

∇a ·F = 0. (II.28)

This equation may be seen either as an incompressibility condition, or as a Maxwell-Gauss equation
in a vacuum. In any case, this implies that the flux through a closed surface Σ expressed as

∫

Σ
FdΣ (II.29)

can only be non-zero if the vector field is singular somewhere inside the enclosed region. If there is
a point where |F | = +∞, then this point is a source/sink, or equivalently a "point charge" of Berry
curvature radiating outward/inward from it, just as a point charge radiates an electrostatic field. The
term monopole is usually used, and such points of singular Berry curvature are dubbed Berry-Chern
monopoles. Then, Equation (II.27) must be seen as simply a Gauss theorem where C plays the role of
the charge. A difference with electrostatics is the additional condition that the charge C must be an
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a1

a2

Curvature

a1a2

a3

Figure II.3: Left: schematic representation of a fiber bundle with non-trivial topology with a 2D pa-
rameter space, here defining a Möbius strip. Similar to Fig. II.1 (middle). Here is repre-
sented the Riemannian curvature (green-yellow colormap), as the fiber bundle is a sur-
face. When the path Γ (blue) is tightened, the curvature of the surface increases because
of the topology of the Möbius strip which includes a twist. When tightened to a point, the
curvature would diverge to infinity. Right: in a 3D parameter space, one looks directly at
the Berry curvature vector field F , as the fiber bundle cannot be represented. The Chern
number of a singularity of F is obtained by calculating the flux of F through a closed
surface Σ enclosing it. This point is a Berry-Chern monopole.

integer because it is a topological equation, imposing the quantization of this number.

Before we see below and in Section II.4 what consequences this topological number has on the
physics of the waves, let us characterize where the monopoles occur in parameter space. This is
particularly important to establish which parameters are relevant in a topological analysis when
approaching a new wave problem.
For this aim, we use yet an other expression of the Berry curvature [186], which one obtains by
expressing the components F i = (Fi,a1 ,Fi,a2 ,Fi,a3) as

Fi,aλ(a) = i
∑

j ̸=i

1

(Ωi(a)− Ωj(a))2
ϵλµν(X

†
i · ∂aµH ·Xj)(X

†
j · ∂aνH ·Xi). (II.30)

In this expression, ϵ is the Levi-Civita tensor and j spans the wavebands other than i. This cumber-
some expression shows three things:

(i) the curvature in the aλ direction is given by the gradients of the matrix H in the other two
directions aµ and aν .

(ii) the curvature results from the interaction between the waveband i and the others j ̸= i.

(iii) the numerator is always finite as H is assumed to be a sufficiently smooth function of the pa-
rameters.

This last point reveals where the singularities occur, as they necessarily come from the denominator
going to zero. Therefore, Berry-Chern monopoles are located in parameter space where

Ωi(a) = Ωj(a). (II.31)

This condition states that singularities of Berry curvature occur at degeneracies of the frequencies
of waves from different wavebands. As we will see in the next section, this result is of great help
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when investigating a new wave problem, as one can start by investigating the dispersion relations of
the various waves propagating in the system, and look for crossings which suggest the possibility of
topological numbers.
This is also a way of establishing which parameters are relevant. Indeed, in order to find Berry-Chern
monopoles in a 3D parameter space, one needs to find 3 parameters (a1, a2, a3) which all can lift the
degeneracy. It is only in such a case that degeneracies will be points in this 3D space.

II.3.ii Bulk-boundary correspondence

The consequence of a non-trivial topology underlying a wave equation is given by the bulk-boundary
correspondence. It is the founding principle of wave topology, which relates the Chern number to par-
ticular spectral properties of waves.

In 1963, Atiyah and Singer established the Index theorem, an important piece of mathematics
which connects analysis and topology [187]. They proved an equality between two indices of elliptic
differential operators, one related to their eigenvalues (the analytical index) and the other related to
the topology of the bundle they span (the topological index). The theorem strikingly asserts that these
two integer numbers must be equal even though they characterize very different features of the op-
erator of interest. A few years later they applied this theorem to relate the spectral flow of an operator
to the Chern number [188], which is the application we are interested in here.
These two papers established these important results in a set of assumptions which does not quite
adapt for geophysical, astrophysical or quantum waves settings. In particular, it was established for
compact manifolds while many physical models require application in Rn, for which the index the-
orem was recently proved to hold by [189]. This paper is focused on application for physics, and is
therefore more accessible for physicists. Let us now present what a spectral flow is.

In the context of waves in fluids, a spectral flow is a particular phenomenon occurring in the dis-
persion relation of wave modes {ωn(a) |n ∈ N} discretized by boundary conditions and depending
on a continuous parameter a. For instance, in stars as shown in Figure I.6 (left), the parameter to be
varied is the horizontal wavenumber ℓ. For this discussion, we shall take an example from quantum
physics, the Dirac operator [186] which is only taken here as a formal illustration.
Let us consider the operator eigenvalue equation

ωX =

(
x −i∂x − iky

−i∂x + iky −x

)
X, (II.32)

with solutions of normal modes of finite energy
∫
X† ·X dx, i.e decaying at infinity. These solutions

correspond to standing waves in the x direction, travelling as cos(ωt− kyy) in the y direction.
This operator is simple enough so that de-coupling the two differential equations is tractable, and

one finds the spectrum of normal modes as ωn(ky) = ±
√

k2y + n+ 1 for n ∈ N, plus the additional
solution ω = ky. This spectrum is shown on Figure II.4. The special behavior of the red branch is a
spectral flow.
A spectral flow is the fact that, upon swiping the parameter ky, one or several branches of modes
transit from one waveband i to another j. More specifically, they follow the asymptotic behavior of
the wavebands i or j in the two limits ky → ±∞ respectively.
Now let us make a local approach of Equation (II.32). Using the Wigner transform, or equivalently
just replacing −i∂x by kx with the aim of solving for locally plane waves, one obtains the symbol

ωX =

(
x kx − iky

kx + iky −x

)
X, (II.33)

whose eigenvalues are Ω±(ky) = ±
√
k2y + k2x + x2. These two dispersion relations degenerate at

x = kx = ky = 0. Therefore, a Berry-Chern monopole is expected at the origin of the 3D parameter
space (x, kx, ky). Indeed, taking the waveband with positive frequencies i = +, one computes

F+ =
a

2|a|3 , (II.34)
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ky

ω

Figure II.4: A spectral flow of +1: one branch of modes transit from the lower waveband to the
upper waveband when ky is swiped from negative to positive values. This one mode is
responsible for the fact that no gap in frequency exists in this system.

where a = (x, kx, ky). The curvature is singular at the origin, radiating from a charge C+ = +1. One
also finds that C− = −1.

The index theorem can now be stated. For any waveband i of a differential operator, the analytical
index Ni is measured as the number of new modes between ky → +∞ and ky → −∞ counted alge-
braically. On the other hand, the Chern number of this same waveband is calculated by calculating
the topology of the fiber bundles in its symbol. The index theorem states that

Ni = Ci. (II.35)

In other words, the number of modes gained by the waveband i is equal to its Chern number.
In the spectrum on Figure II.4, one notes that the upper waveband has N+ = +1. The lower wave-
band has N− = −1. These numbers, necessarily integers, are solely counted in the spectrum. On the
other hand, one did indeed find that C± = ±1, in satisfaction of the index theorem. The situation is
summarized on Figure II.5.
It may seem surprising that the Chern number, characterizing a space of local eigenvectors, imposes
a number of global modes with such constraints on their eigenvalues. We propose the following
interpretation: as shown in Equation (II.30), a Chern number appears at local degeneracies of the
eigenvalues of different wavebands. Therefore, it manifests where the spectral gap is closed in the
local problem. It can thus be expected that if the gap closes in the local analysis, the gap in the spec-
trum of global modes will also be closed. Thus a branch of global mode must cross the frequency
gap. From this standpoint, the index theorem is then the statement that the gaps in the local and in
the global spectrum are either both closed or both open.

Now, what if this problem was deformed into an equation with the operator
(

f(x) −i∂x − iky
−i∂x + iky −f(x)

)
, (II.36)

with a modulation f(x) instead of simply linear variations x? The spectrum of global modes will be
deformed as well, but the spectral flow will remain as long as f increases past the value 0 at some
x [189]. Indeed, this is the idea of a continuous deformation, which preserves the spectral flow as
long as no additional degeneracy point f(x) = 0 is added or subtracted from the system. Indeed,
it is protected by the topological number Ci = +1. In a local analysis, the parameter space would
become a = (f, kx, ky), but the degeneracies and the monopole would be left unchanged. This is the
point of topology, which provides characteristics that are invariant under continuous deformations.
Of course, one can find non-continuous deformations that break the spectral flow, for example with
singular or non-differentiable modulation f(x). For instance, the equatorial shallow-water waves
with f(y) = βy host the Kelvin and Yanai waves with a spectral flow of +2, but in the wave spectrum
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with a step function f(y) = sign(y)f0 only the Kelvin wave is found, the Yanai wave does not cross
the frequency gap any more, such that the spectral flow is only +1 [190]. This fact is one of the main
interests of wave topology, which is able to assert the existence and number of modes of spectral flow
without solving for the modes or their eigenvalues.
However, the position at which the mode of spectral flow propagates will have to change, and follow
the deformation f(x). In the previous model with linear variations, the spectral flow branch with

ω = ky have the eigenfunctions X =

(
exp(−x2/2)

0

)
. This mode is localized close to where x = 0.

This is generic of topological modes, whose eigenfunctions are trapped close to the spatial position
of Berry-Chern monopole in parameter space (x = 0). Upon deforming the spatial profile of the
diagonal components in Equation (II.32) as x 7→ f(x), the degeneracy will be located at f(x) = 0,
which is where the mode of spectral flow will be trapped.
Such a point depends on the medium considered, and is sometimes called a topological interface. In-
deed, it is a this point of contact between the regions f > 0 and f < 0 that this mode is trapped. This
situation concerns many topological modes in fluid problems, as will be presented in Section II.4 and
the rest of this thesis. However, it may be so that the system studied has boundaries, for instance one
could solve Equation (II.32) in the domain x ∈ [1, 2] with some boundary conditions2. In this case a
careful analysis is warranted, as the role of boundaries and boundary conditions and their interaction
with topology is yet to be fully understood.

This behavior is quite striking, and is called the bulk-boundary correspondence. Degeneracies of
the bulk problem – or equivalently the local problem – are characterized by the Chern number, which
impose the existence in the global problem of a certain number of branches crossing the frequency
gap between the wavebands. These modes, called edge modes or topological modes, or sometimes zero
modes in the condensed matter community, are trapped in the medium as close as possible to the
Berry-Chern monopoles. If the medium is such that the monopoles are not localized inside of it,
the edge modes are trapped at the actual boundaries of the system. If the medium is such that the
monopoles are located at a particular position inside of it, this is where the edge modes propagate,
and this independently of the boundaries. It is as if the edge modes were repulsed by the bulk of the
system because of its topology, and put at the boundaries, in the absence of a better place to propa-
gate.
Going back to the quantum Hall effect, it has been identified that the quantized conductance was
performed by edge modes [191], which later on were linked to the Chern number of the bulk by
Hatsugai in 1993 [192]. The bulk-boundary correspondence was founded, stating the topology of the
bulk problem is responsible for putting propagating modes at the edge [193, 194].

Before moving on to review the literature on such modes, let us stress some fundamental differ-
ences between the perspectives of topological modes in fluid waves compared to topological modes
in condensed matter physics. In condensed matter, the crucial feature of these modes is that they
determine whether the material is gapped or gapless in terms of energy bands. The few edge modes
crossing the energy gap are connecting the valence band to the conductive band and directly explain
quantized transport, making the sample slightly conductive instead of an insulator. The fact that
the modes propagate at the edge of the sample is interesting but not important for transport. The
main source of interest is rather is the robustness of these modes to defaults in the crystal, which
is guaranteed by their topological protection. The quantized conductance is thus exact and default-
independent.
For fluid waves, there is no state-filling rule, statistics or Fermi level. Therefore, the property of filling
the frequency gap may only be interesting for mode identification, when identifying an oscillation
mode in what should have been a "forbidden" frequency band. But the more interesting feature of
the bulk-boundary correspondence is the boundary: topological physics tells you where modes are
going to be trapped spatially. In this thesis, this property was leveraged to predict that the f -modes
of stars should be localized deep inside the star for low degree ℓ as they acquire a nature of topo-
logical modes, which then lead to the unveiling of mixed f/g modes in the Sun. This is presented

2which should preserve the Hermiticity of the operator
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Figure II.5: Flowchart of the approach of wave topology . On the left, the problem of normal modes
of an inhomogeneous system. Among the branches of modes, N = 1 transits between
wavebands, constituting a spectral flow. On the right, the Wigner transform maps this
problem to a symbolic one in a phase space. The geometry of the fiber bundle of local
eigenvectors shows Berry curvature and a Berry-Chern monopole of charge C = 1, in
satisfaction of the index theorem. Would the operator problem be deformed, and the
diagonal terms change as x 7→ f(x), the spectral flow would be protected and guaranteed
by C, even though the normal modes computation would become untractable.

in Chapters V and VI. Furthermore, topological modes sometimes come with the unique property of
being unidirectional, as is the case in the example above on Figure II.4 where the mode of spectral
flow only propagates towards increasing y. This is true when time-reversal symmetry is broken, for
instance by rotation which causes the purely eastward propagation of the Kelvin and Yanai waves at
the equator. This non-reciprocal propagation is also a particularly interesting property which can be
analyzed by topology.

The methodology of wave topology is thus the following: for a given wave problem, one must
determine if time-reversal or mirror symmetry in one direction is broken. If that is the case, it is
likely that the fiber bundles will not be flat and some Berry curvature exists.
Then, writing the linear wave equation as i∂tX = ĤX , perform a local approach by employing
Wigner transform to obtain an equation ωX = H(a)X . The parameters a must be chosen so as
to have isolated degeneracies in the 3D parameter space. In that case, these are likely to be Berry-
Chern monopoles. Compute the eigenvectors of H and the Berry curvature of a given waveband
with Eq. (II.15), and look for singularities of F . Around these singularities, compute the flux of Berry
curvature through a closed surface to obtain the Chern number. If it is non-zero, some topological
modes must propagate in the inhomogeneous medium considered, with possibly unique spectral or
spatial properties.
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II.4 Topological waves

This Section aims at reviewing topological modes that had been identified in the literature by the time
this thesis started. Topological modes are the waves directly associated to a spectral flow, and/or a
Chern number. It will present in details two examples in geophysical fluid dynamics which consti-
tuted the basis of this thesis. It ends by going over topological waves which have been found in other
disciplines of physics, such as condensed matter, plasma physics, optics, ...

II.4.i The Kelvin and Yanai waves

In 2017, Delplace et al. found for the first time a Berry-Chern monopole in a problem of waves in
a geophysical fluid: the equatorial shallow water waves [10]. It is the same problem as presented
in Section II.2, but focusing on the equator. The equator is a particular latitude for this problem, as
it is the place where the Coriolis parameter f = 2Ω · er is zero. Therefore, rotation only enters the
problem as an inhomogeneity term f = 0 + βy. The wave modes trapped latitudinally and propa-
gating longitudinally in this situation were famously solved by Matsuno in 1966 [195], in the β-plane
approximation presented above. He found unsurprisingly three infinite countable sets of modes:
Poincaré with positive frequencies, Poincaré with negative frequencies, and Rossby waves. In addi-
tion to this triply infinite number of branches of modes, he found two branches which were neither
Poincaré nor Rossby: the Kelvin and the Yanai waves, with frequencies shown on Figure II.6. At the
time, this was a theoretical prediction which was confirmed by atmospheric detections afterwards.
These two waves have their own dispersion relations ω(kx) which depart from the behaviors of the
wavebands of Poincaré and Rossby, and constitute a spectral flow of N = +2 for the upper Poincaré
waveband. Indeed, the two branches of frequencies cross the frequency gap between the wavebands,
as shown on Figure II.6. This spectral flow, along the fact that the rotation of the Earth breaks time-
reversal symmetry, raised the question as to whether these modes are topologically protected, which
is what [141] found. Let us first explicitly show that time-reversal symmetry is broken by f . With the
notations introduced in Section II.2, the wave equation is

∂t



vx/c
vy/c
η/h


 =




0 f −c∂x
−f 0 −c∂y
−c∂x −c∂y 0





vx/c
vy/c
η/h


 . (II.37)

Time-reversal symmetry is the reversal of the direction of the variable t as a coordinate. In other
words, time-reversal amounts to change the sign of ∂t and the velocities vx and vy. Under this trans-
formation, the equation becomes

−∂t



−vx/c
−vy/c
η/h


 =




0 f −c∂x
−f 0 −c∂y
−c∂x −c∂y 0





−vx/c
−vy/c
η/h


 , (II.38)

yielding

∂t



vx/c
vy/c
η/h


 =




0 −f −c∂x
+f 0 −c∂y
−c∂x −c∂y 0





vx/c
vy/c
η/h


 . (II.39)

For non-zero f , one does not end up on the same equation. Therefore, the Coriolis force breaks
time-reversal symmetry. This is the key ingredient identified in condensed matter for unidirectional
topological modes to appear. What is interesting here, is that the equator is a point on the y axis
where f = 0. At this particular point, time-reversal symmetry is restored. The interface between the
Northern (f > 0) and Southern (f < 0) hemispheres is a point of contact between to domains where
time-reversal symmetry is broken. This is generic of the topological analysis: a discrete symmetry is
broken almost everywhere, and a point where it is locally restored is a degeneracy point in local dis-
persion relations, which thus becomes a topological interface where a topological mode is trapped.
[141] calculated that, in the parameter space (kx, ky, f), the Berry curvature of the waves was singu-
lar at the origin. This Berry-Chern monopole bears a charge C = +2 for the upper Poincaré waves,
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Figure II.6: Equatorial waves propagate in the ocean on Earth. Left: The currents of the pacific ocean
on May 27th, 2018 show waves trapped at the equator1. Middle: The Yanai and Kelvin
waves cross the frequency gaps between the wavebands2. Right: Their existence is im-
posed by the Berry-Chern monopole of charge C = +2 found in parameter space, assert-
ing that the equator is a topological interface3.
1Credits: database https://earth.nullschool.net 2Credits: [198] 3Credits: [141].

C = −2 for the lower Poincaré and C = 0 for the Rossby waveband. In agreement with the index the-
orem, these topological charges explain the spectrum found by Matsuno. Indeed, the lower Poincaré
waveband must lose two branches as kx increases from −∞ to +∞, the upper Poincaré gains two,
and the Rossby waveband gains as many as it lost. These exchanges of branches are realized by the
Kelvin and Yanai waves.

These results opened an avenue of research, as one wonders what could be the other consequences
of topological properties of waves in geophysical fluids. In the case of equatorial waves, the topo-
logical modes are trapped at the interface f = 0, and are therefore bulk modes of the atmosphere
and the ocean. However, it has been known for a long time that coasts are able to trap waves. These
coastal waves were found by Kelvin in 1880, who calculated that they were exponentially trapped
close to the coast, i.e the edge of an oceanic basin [196]. Under the light of the previous study, this
fact suggests a bulk-boundary correspondence between a Chern number and the actual edge of the
ocean, which is indeed what was found by [197]. In this model, a boundary is put at y = 0 in an f -
plane approximation of shallow water waves. Thus f is constant and the only inhomogeneity comes
from the existence of the edge. They found that the unidirectional edge modes at the coast found by
Kelvin were of topological origin from Berry-Chern monopoles of charge C = 1.

II.4.ii The Lamb wave

Shortly after establishing the topological origin of Kelvin and Yanai waves, the same team inves-
tigated another famous wave problem of geophysical fluid dynamics: the disturbances of a com-
pressible stratified atmosphere. When a non-rotating compressible fluid is in a gravity field g, an
equilibrium can only exist when a pressure force balances the weight in the hydrostatic equation

∇P0 = ρ0g. (II.40)

The gravity field imposes a pressure gradient in order to be balanced, which in turn imposes a den-
sity gradient by compressibility ∇ρ0

3. Therefore, as a rule, gravity imposes density stratification.
Two kinds of waves propagate in such a medium, the same which are found in stars: acoustic waves
and internal gravity waves. Interestingly, Lamb [12] found an edge mode in isothermal atmospheres,

3This would not be true in an incompressible fluid, which would have ρ0 = cst and a non-zero pressure gradient, and
only the pressure would be stratified. Incompressibility is never assumed for modelling atmospheres.
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subsequently called Lamb wave which was presented in Section I.1. This acoustic mode is exponen-
tially trapped at the bottom boundary of the atmosphere, close to the ground, which makes it able to
travel long distances. The existence of this boundary mode, in addition to the fact that vertical mirror
symmetry z 7→ −z is expected to be generically broken by gravity −gez and stratification, suggested
here a possible topological feature. In order to perform the topological analysis, the evolution equa-
tion of linear perturbations needed to be written down as a Schrödinger-like equation, which they
managed to obtain for 2D isothermal plane-parallel atmospheres. The equation for linear adiabatic
perturbations of this model reads

i∂t




∼
vx
∼
vz
∼
Θ
∼
p


 =




0 0 0 −ics∂x
0 0 iN −ics∂z − iS
0 −iN 0 0

−ics∂x −ics∂z + iS 0 0







∼
vx
∼
vz
∼
Θ
∼
p


 . (II.41)

This symmetric form, for which the 4×4 operator involved is Hermitian with respect to the canonical
scalar product, was obtained thanks to the change of variables

v′x, v
′
z 7→

∼
vx,

∼
vz = ρ

1/2
0 v′x, ρ

1/2
0 v′z,

p′ 7→ ∼
p = ρ

−1/2
0 c−1

s p′,

ρ′ 7→
∼
Θ = ρ

−1/2
0

g

N
(ρ′ − 1

c2s
p′),

(II.42)

where cs is the speed of sound, N is the buoyancy frequency (see Section I.2) and S is the combination
of terms

S =
cs
2g

(
N2 − g2

c2s

)
. (II.43)

Interestingly, both S and N break the vertical mirror symmetry. Indeed, both take a sign in Equa-
tion (II.41) under the transformation ∂z 7→ −∂z and v′z 7→ −v′z . Upon studying the symmetries of this
problem, [199] defined a new symmetry which they called stratification symmetry, which is closely
related to the vertical mirror symmetry. It is defined by the action of ∂z 7→ −∂z along with v′z 7→ −v′z
and

∼
Θ 7→ −

∼
Θ. This amounts to flipping the direction of the vertical axis while keeping identical buoy-

ancy. It is therefore broken by S ̸= 0 only. Indeed, under this stratification symmetry, Equation II.41
becomes

i∂t




∼
vx
∼
vz
∼
Θ
∼
p


 =




0 0 0 −ics∂x
0 0 iN −ics∂z + iS
0 −iN 0 0

−ics∂x −ics∂z − iS 0 0







∼
vx
∼
vz
∼
Θ
∼
p


 . (II.44)

Thus, non-zero values of S break this discrete symmetry, which is locally restored when S = 0.

This problem is 4 × 4, and exhibits four wavebands. Two acoustic bands, and two internal grav-
ity bands, each kind found with positive or negative frequencies. [199] found that, in the parameter
space (kx, kz, S) where N is considered an external fixed value, there are two Berry-Chern monopoles.
They are localized at (kx, kz, S) = (±N/cs, 0, 0) and bear charges C = ∓1 for the upper acoustic wave-
band. One thus concludes that the Lamb wave is a topological edge mode, protected by these charges.
Interestingly, these results suggest that if an atmosphere has a profile S(z) which changes sign some-
where in the bulk of the atmosphere, this region would be a topological interface. In such a situation,
a Lamb-like wave would be trapped at the altitude z∗ where S(z∗) = 0. Unfortunately, the models
of atmospheres considered by [199] showed that S < 0 in general. This is why Lamb waves are
always edge modes at the bottom boundary of atmospheres, and have not been seen to propagate at
mid-altitude.

As time-reversal symmetry is not broken in this problem, there is no net spectral flow. The Lamb
or Lamb-like waves are found in pairs of branches, as is shown on Figure II.7. They are still topo-
logically protected, but are not unidirectionally propagating. In a following study, [200] found that if
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Figure II.7: Atmospheric Lamb-like waves propagate across the frequency gap between internal
gravity waves and acoustic waves, as found by [199]. These waves propagate if an al-
titude where S = 0 exists in the atmosphere, as proved by the spectra of the two models
S(z) on the left1. Right: in the parameter space (kx, kz, S), two Berry-Chern monopoles
are found, with opposite charges ±1.
1Adapted from [199].

one would introduce a breaking of time-reversal symmetry with rotation in this problem, one could
eliminate one of the two Lamb-like branches to obtain a solitary unidirectional topological branch.

II.4.iii Topological modes elsewhere in physics

As presented above, topological modes have been identified first in the condensed matter community
in the 70s and 80s, explaining the quantized electrical transport of the Quantum Hall Effect discov-
ered experimentally in 1980 by Klitzing [181]. This breakthrough was rewarded by the 2016 Physics
Nobel Prize [161, 162, 201]. From there came an avalanche of engineering-oriented applications of
topological properties of materials. Let us now review the key references of the considerable litera-
ture on this subject in condensed matter, fluid dynamics, plasma physics, acoustics, elasticity, optics
and photonics, active and soft matter, chemistry, quantum computing, and modern developments
of the theory. The aim is to present the wide range of applications of topology across the fields of
physics, which motivated the investigation of its effects in astrophysical fluids.

After the successful explanation of the Quantum Hall Effect, topology in condensed matter gained
a new level of attraction in 2005 with the arrival of graphene, in which was experimentally observed
topology-protected modes [163, 164, 202, 203, 204]. This 2D material was readily adapted for the
application of Dirac’s equation. Generalizations to 3D materials came two years later [164, 205,
206], which unveiled a richer topological classification. From 2006 onward, experiments evidenced
topological modes in quantum wells and semiconductors of various compositions, by showing di-
rectly the spectral flow in the dispersion relations using angle-resolved photoemission spectroscopy
(ARPES) [207, 208, 209, 210, 211, 212, 213, 214, 215, 216]. Investigations on other broken symmetries
protecting topological modes were lead, such as the mirror symmetry [217], strain gradients [218], or
materials under time-periodic external parameters called Floquet topological insulators [219, 220].
Many reviews exist in the literature, in which more details can be found on topological insulators in
general [221, 222], on the theory of topology [223], on experimental realizations [224, 225], or on 3D
materials [206, 226].

As presented above, topology was applied to geophysical waves in 2017 [141], which triggered
other developments of topology in fluids. For instance, a difficulty arose when it was noted that a
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Chern number is well-defined on a compact space, which is the case of the Brillouin zone in materials.
In 2D fluids however, (kx, ky) is an unbounded space, so the Chern number can only be well-defined
as it was introduced in the sections above, as associated to a degeneracy point. Therefore in fluids and
in continuum media, a Chern number is attributed to such a degeneracy point. In lattices, the (kx, ky)
space is compact by periodicity, and a Chern number is attributed to the whole system. The bulk-
boundary correspondence can either be re-established by adding odd viscosity [227, 228], which then
attributes a Chern number per phase in the fluids and edge modes at interfaces as N = ∆Cleft−right.
Or one can compute directly the Chern number of the interface in a 3D parameter space, in the way
it was presented in Section II.3 and as [141] did. In the rest of this thesis, a 3D parameter space
will always be used to avoid such complications. The bulk-boundary correspondence for equatorial
waves was investigated from a mathematical standpoint by [190] who found what conditions make
it break. The role of boundary conditions in fluids has also been investigated, as they sometimes
appear to violate the bulk-edge correspondence [229].
Another specific difficulty of some waves in fluids is the incompressibility condition divv = 0 which
does not fit in a Schrödinger-like equation i∂tX = ĤX . This was studied by [230] who gives a gen-
eral way to still perform a topological analysis with such flows.
A unidirectional edge mode was found in rotating convection experiments and numerical simula-
tions [231, 232], which had the additional property of being particularly robust to deformations of
the boundary. These properties strongly hinted towards a topological mode, and the Chern number
associated to its origin was found soon after [233].

Studies of topological waves in magnetized plasma started mid 2010s, when a few independent
works found Berry curvature and Berry-Chern monopoles in linearized MHD equations [234, 235,
236]. After that, a number of different topological modes were found, starting with a gaseous plas-
mon polariton, propagating at an interface plasma-vacuum [237]. Simultaneously, the same team
found that Alfvén waves have a Chern number C = 1, associated with an edge mode observed in
tokamaks which propagates where the magnetic shear goes to zero [238]. An other topological mode
was found in plasma crystals recently [239], as well as a topological Langmuir-cyclotron wave in
magnetized plasmas identified previously in numerical simulations [240, 241]. Studies of extensions
to non-Hermitian situations are reported [242].
A comprehensive description of topology in plasma physics is found in the two reviews [243, 244].

The idea that topology could protect quantized, non-reciprocal emission of waves in condensed
matter suggested interesting applications in acoustic waves. Topological acoustics were demon-
strated first in 2015 by [245], [246] and [247] who all made the edge modes appear by breaking
time-reversal symmetry with airflows. Soon after, [248] and [249] imaged directly the spectral flow
of these acoustic edge modes, in two different types of sonic crystals. The theory of edge acous-
tic modes on curved surfaces was studied [250], as well as Floquet topological acoustics [251]. The
cause for the great attraction that followed is the one-way acoustic transport whose exceptional ro-
bustness to defaults and obstacles is guaranteed by topology. This field is oriented towards engi-
neering applications. It developed quickly in one decade, and already investigates non-Hermitian
extensions [252] and nonlinear topological modes (e.g. [253]). Several reviews on the topic can be
found [254, 255, 256].
Similar results have been found in elastic waves, first in 2009 when topological phonons were un-
veiled as modes of protein microtubes in cells [257], and later in filamentary structures [258], fol-
lowed soon after by the general theory of topological phonons [259]. Studies of such modes in meta-
materials [260, 261], phononic crystals [262], rotating media [263], optomechanical cavities [264] and
graphene [265] followed, also interested in the potential applications of one-way robust transport.
Various topological phonons were then found, and classified according to the broken symmetries
involved [266]. Up to this point, the topological modes were edge modes, until interface modes were
engineered by [267]. See these three reviews on topological elastic waves for more details and per-
spectives [268, 269, 270].

Topological modes of electromagnetic waves in crystals breaking time-reversal symmetry were
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II. Wave topology

predicted in 2008 [271, 272]. They were observed in experiments one year later [273], with the signa-
ture of topological modes: unidirectional with no backscattering. It attracted many following studies
of topological optics and photonics which took advantage of the one-way transport and its robust-
ness [274, 275, 276, 277, 278] and managed to directly image the electromagnetic edge modes [279].
In parallel, Floquet topological modes were also designed and observed where a periodic spatial
dimension plays the role of time [280]. Edge modes were then studied in 3D materials [281, 282].
Today, topological photonics is a full-fledged field of research oriented towards engineering appli-
cations, for instance the design of on-chip topological metamaterials [283] and topological lasers
[284, 285, 286, 287]. Some topological electromagnetic modes have particularly great robustness to
fabrication defaults [288].
More details on topological photonics in the reviews [289, 290, 282].

It is now clear that topological waves appear in any medium where some symmetry is broken,
which is often the case in active and biological materials. In 2016, [291] showed that self-propelled
bacteria could be directed by controlling topological defects of anisotropic media, the topological
charges acting as attractors and repellers. They were not Chern numbers, and this study did not
involve topological waves. One year later however, [292] designed an active liquid breaking time-
reversal symmetry in which a topological sound wave propagated, opening the way to the role and
applications of such waves in active matter. Colloidal particles and chiral grains [293, 294], dissi-
pation by active processes [295, 296], and active metamaterials [297, 298] all manifest topologically
protected sound edge modes. They even have been observed in bacterial colonies [299].
[300] presents a comprehensive review of the role of topology for active matter research. An exten-
sive presentation of the role of topology in soft and biological matter in found in [301], which shows
that topological numbers other than the Chern number are relevant, for instance linking numbers .

The suggested applications of topology reached the chemistry community, who saw interesting
opportunities for materials chemistry [302, 303, 304] and catalytic chemistry [305, 306, 307], where
the topological surface modes would be used for efficient surface reactions. Research is still ongoing
towards harnessing edge modes for high-performance catalysts [308]. Conversely, quantum chem-
istry has been able to help in predicting many more topological insulators than what was previously
known [309, 310].

Topological modes have attracted the attention of the quantum computing community, again for
their robustness but especially for their energy levels isolated in an energy gap. Such an isolation
leads to minimal coupling with other modes and immunity to quantum decoherence, the main issue
for quantum computing. These considerations appeared in 2000, when topological modes in super-
conductors were discovered [311, 312, 313], with the promising perspective of fault-tolerant quantum
computation [314, 315]. Once the statistics of these so-called non-Abelian anyons were elucidated,
and they were identified as Majorana zero-modes, many teams worked towards experimental imple-
mentation in supraconducting nanowires [316, 317, 318, 319, 320], until their protection [321] and spin
measures [322] were conclusively demonstrated. This year, Microsoft published the performance of
the technology they use in their Majorana 1 quantum chip [323].
For more details, see the review [221] and an introduction on topological quantum computing in
[324].

Today, topology has percolated in many domains of physics and belongs no longer to condensed
matter but is now a transverse theory. The main frontiers of this theory are threefold, in the form of
higher-order topological insulators [325, 326, 327, 328, 329, 330], non-Hermitian topology [331, 332,
333] and nonlinear topology [334, 335, 336].
This thesis comes back to non-Hermitian topology in Part IV.

See [337] for a transverse review on topological waves in classical systems, and [338] for a short
introduction on topological mechanics.
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Motivation and aims of the thesis

The general goal of this thesis has been to point the light of wave topology towards a number of
selected wave problems in astrophysical fluids, a line of research which had not been pursued be-
fore, and there were two questions. The first was to identify whether indeed, some waves in some
astrophysical fluids were submitted to underlying topological constraints. These waves would then
be said to be topologically non-trivial, in the sense defined and discussed in Chapter II.
The works presented in this thesis are focused on waves in planetary and stellar interiors, whose
great variety of structure, dynamical and thermodynamical processes are known to make rich wave
problems, possibly favorable for topological properties. The second general question has been to
establish what could be learned about waves and the objects in which they propagate from their
topological properties. In other words, what can be predicted from the fact that such waves are
topologically non-trivial? Tools from topology allow to establish constraints on the spatial localiza-
tion, the robustness to perturbations, and sometimes on the unidirectionality of certain modes, the
topological modes. If they are identified, the unique properties of these modes can be harnessed for
an understanding of a particular phenomenology of the objects where they would be found. For
instance, the topological modes identified by Delplace, Marston and Venaille in 2017, are known to
propagate in the ocean at the equator, only towards the West. They cannot propagate eastward, and
this property is implicated in the El Niño phenomenon, this heat wave from Asia to the Americas.
Wave topology provides a way of analyzing whether the waves could support such a unidirectional
phenomenon.

Waves in astrophysical fluids have long been studied, as they are an excellent way of probing
stellar bodies like stars and planets, but also because they play crucial dynamical roles. Linear in-
stabilities, transport of energy and angular momentum shape stars, accretion and protoplanetary
discs, galaxies, planets and atmospheres. Every community studying these objects studies the waves
propagating in them. As wave topology is a new, complementary technique of analysis yet to be ex-
ploited, to develop this technique serves to advance our understanding of a number of phenomena
in all these astrophysical objects.

The order of the chapters of this manuscript does not reflect the chronology of the works of this
thesis. Instead, the choice was made to present a synthesis with an increasing level of complexity
of the topological analysis. Indeed, Chapter III is a problem of inertial waves with one monopole,
and a clear spectral flow is identified. Chapter IV discusses three monopoles that may collide, and
a spectral flow which may disappear. Chapter V studies waves in stellar interiors, showing the role
of spherical geometry and the presence of two monopoles of opposite charges. Chapter VI stud-
ies these waves in a hydrodynamical simulation of the solar interior, and finds that the topological
waves are rather delocalized, which in uncommon in the topological physics literature. Chapter VII
also discusses the solar interior, exhibiting the importance of the Berry phase of acoustic modes.
Chapters VIII and IX discuss linear instabilities from the point of view of non-Hermitian topology
and the role of discrete symmetries.
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Part II
Geophysical and astrophysical inertial

waves
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Chapter III

Inertial waves in convective zones

Résumé

La plupart des étoiles possède une zone convective. Cette région du fluide stellaire a la propriété par-
ticulière de n’avoir presque aucune flottaison, étant quasiment stratifiée adiabatiquement (∂P0

∂ρ0
≃
(
∂P
∂ρ

)
S

,
ou de manière équivalente γ ≃ Γ1), la force résultante de la compétition entre la poussée d’Archimède
et du poids est presque nulle de sorte qu’on a N2 ∼ 0. Dans ces régions, aucune onde de gravité ne
se propage ; mais si l’étoile est en rotation, des ondes inertielles peuvent se propager, soutenues par
la force de Coriolis. Le travail présenté dans ce chapitre étudie ces ondes purement inertielles, et
montre qu’elles ont une topologie non-triviale. Un monopole de Berry-Chern est trouvé à l’équateur
de l’étoile, avec une charge C = 1. Ce résultat est utilisé pour interpréter l’existence d’un mode
d’oscillation des zones convectives en rotation parfois appelé mode de Busse, qui explique sa pro-
priété unique d’être purement prograde. De plus, il est montré que les ondes inertielles ont une
singularité de phase dans l’espace de Fourier, une signature topologique robuste et observable de
leur propagation.

Most stars possess a convective region. These regions have the particular property of having close
to no buoyancy as they are quasi adiabatically stratified ∂P0

∂ρ0
≃
(
∂P
∂ρ

)
S

, or equivalently γ ≃ Γ1. The
net resultant of weight and Archimedes’ force is thus almost zero, such that N2 ∼ 0. In these regions,
no gravity wave therefore propagates; if the star rotates however, inertial waves freely propagate,
being supported by the Coriolis force. The work presented in this Chapter focuses on these waves,
and show that they have a non-trivial topological structure. A Berry-Chern monopole is found at
the equator with a Chern number of C = 1. I use this result to interpret the existence of a columnar
mode of oscillation previously known as the Busse mode as being a topological mode, explaining
its unidirectional motion. I further show that inertial waves present a phase degeneracy in Fourier
space, an observable signature of their propagation imposed by topology.

This work was motivated by the presentation of Dr. Rekha Jain at AMS80, Mathematical Aspects
of Geophysical and Astrophysical Fluid Dynamics in Newcastle, January 2024. Her own work on
inertial waves in convective zones exhibited what appeared to be a spectral flow of +1, hinting to
the possible topology of these waves. Furthermore, the physical conditions constituted an interest-
ing complementary case to the previous study of Delplace et al. [141], as it is another inertial wave
problem in which a Chern number is found. [141] discussed shallow water (2D) waves, and found a
Chern number of 2 at the equator. Here is found a Chern number of 1 for inertial waves in 3D convec-
tive zones, again at the equator. The exhibition of a purely prograde topological mode in convective
zone suggests a special involvement in angular momentum transport. Furthermore, it provides fur-
ther characterization of oscillation modes which are currently actively searched in the Sun and other
stars like γDor whose core inertial modes have been detected recently.

The results presented in this chapter have been published in Wave topology of stellar inertial oscilla-
tions, Leclerc, Laibe, Perez, Physical Review Research 2024 [339].
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Wave Topology of Stellar Inertial Oscillations

Armand Leclerc,∗ Guillaume Laibe, and Nicolas Perez
ENS de Lyon, CRAL UMR5574, Universite Claude Bernard Lyon 1, CNRS, Lyon, F-69007, France

(Dated: November 14, 2024)

Inertial waves in convective regions of stars exhibit topological properties linked to a Chern number
of 1. The first of these is a unique, unidirectional, prograde oscillation mode within the cavity,
which propagates at arbitrarily low frequencies for moderate azimuthal wavenumbers. The second
one are phase singularities around which the phase winds in Fourier space, with winding numbers
ν = ±1 depending on the hemisphere. Phase winding is a collective effect over waves propagating
in all directions that is strongly robust to noise. This suggests a topology-based method for wave
detection in noisy observational data.

I. INTRODUCTION

Helioseismology has shed unparalleled light on the
Sun’s interior, and with it stellar interiors in general.
While many acoustic modes with mHz frequencies have
been identified and used to constrain the rotation and
sound speed profiles [1], other waves are expected to bring
complementary information to the surface. Solar internal
gravity waves with 102µHz frequencies would bring con-
straints on the solar core, but confirmation of their ob-
servation is still missing [2]. In recent years, a third kind
of waves has attracted a great deal of attention. Iner-
tial waves propagate owing to solar rotation with 102nHz
frequencies, and are sensitive to the entropy gradient in
the convective zone, a quantity to which acoustic modes
are essentially insensitive [3]. These waves control the
differential rotation of the convective zone and cause it
to depart from the Taylor-Proudman columnar structure
[4]. Rossby waves [5–7] and inertial waves of higher fre-
quencies [8, 9] have unequivocally been observed at the
solar surface. Inertial modes of convective cores of γ Do-
radus stars have also been observed [10], as well as Rossby
waves [11–13]. Inertial waves are thus an important chan-
nel of modern stellar seismology, which motivates further
characterization of their oscillation modes.
In parallel, recent studies showed a connection between
topology and geophysical and astrophysical waves, pro-
viding new insight on the properties of global modes [14–
20]. In this study, we show that stellar inertial waves pos-
sess topological properties, characterized by Chern num-
bers of ±1. This result gives a topological origin to a
unidirectional inertial wave propagating eastward at ar-
bitrarily low frequencies. It also explains the existence
of a phase singularity of the polarization relations of the
waves in Fourier space, to which is associated a winding
of the phase of ±1. This property provides a novel way
of identifying waves. We give a procedure to use this
singularity as a signature of the wave and help future
identification of seismic signals.

∗ armand.leclerc@ens-lyon.fr

FIG. 1. Physical space and parameter space of solar iner-
tial waves. Left: coordinates of the convective zone (yel-
low). Right: The Berry curvature of the upper inertial
waveband is singular at the origin of the parameter space
kx = ky = ft = 0. Brightness indicates the norm of F+.

II. WAVE TOPOLOGY OF INERTIAL WAVES

Consider the rotating convective region of the Sun as
represented on Fig. 1. The medium is radially stratified
by the gravity field −gez. Following [21, 22], we assume

that the buoyancy frequency N2 = −g d ln ρ0

dz − g2

c2s
is zero

and the sound speed cs is uniform. The linearized equa-
tions of motions describing fully compressible adiabatic
perturbations (v′, ρ′, p′) of this rest state (ρ0, p0) are [23]

∂tv
′ = −2Ω ∧ v′ − 1

ρ0
∇p′ +

ρ′

ρ20
∇p0, (1)

∂tρ
′ = −ρ0∇ · v′ − v′ · ∇ρ0, (2)

∂tp
′ + v′ · ∇p0 = c2s (∂tρ

′ + v′ · ∇ρ0) . (3)

Velocity components are coupled by the so-called
traditional and non-traditional Coriolis parameters
ft = 2Ω sin θ and fnt = 2Ωcos θ with θ the latitude. We
follow [21, 24–26] and retain compressibility in the equa-
tions. Compressibility allows to formulate the problem
under the form of a linear eigenvalue problem LX = ωX,
without bringing any additional complexity to the deriva-
tion. Enforcing div u′ = 0 would introduce unnecessary
technical difficulties [27]. Incompressibility is recovered
here as a genuine limit of the model.
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Essential properties of the inertial waves are captured by
an f -plane approximation of the rotation, which amounts
to assuming that ft and fnt are constants [28]. We per-
form the change of variables (v, p) = (ρ0

1/2v′, ρ0−1/2p′)
which symmetrizes the equations. Plane-wave solutions
exp (−iωt+ ikxx+ ikyy + ikzz) are then solutions of

ω



vy
vz
vx
p


 =




0 0 −ift csky
0 0 ifnt cskz + iS
ift −ifnt 0 cskx
csky cskz − iS cskx 0






vy
vz
vx
p


 ,

(4)

where S ≡ cs
2

d ln ρ0

dz = − g
2cs

is the stratification parame-
ter, which opens a frequency gap between acoustic and
internal gravity waves [15, 17].
Equation (4) has four eigenvalues, corresponding
to two acoustic wavebands and two inertial wave-
bands. Acoustic waves propagate at frequencies
ω2 ≥ max(4Ω2, S2), whereas inertial waves propagate at
frequencies ω2 ≤ 4Ω2. Hence, stratification also opens
a frequency gap between inertial and acoustic waves, as
long as S2 > 4Ω2, which is the case for the Solar convec-
tive region (−S ∼ 103 Ω from [17] and [4]). In the follow-
ing, we shall refer to waves with frequencies 0 < ω+ < 2Ω
as upper (+) inertial waves and wavebands, and those
with frequencies −2Ω < ω− < 0 as lower (-) inertial
waves. Upon inspection of the plane-waves dispersion re-
lation (i.e. the characteristic equation of the matrix in
Eq. (4)), the upper and lower inertial waves degenerate
at ω+ = ω− = 0 when kx = ky = ft = 0, for any fnt, kz
and S. As the degeneracy do not depend on fnt, kz and
S, we treat them as external parameters.
We aim to determine the properties of the waves gov-
erned by Eq. (4) that come from topological constraints
over the parameter space [14–20]. Let X+ denote the
eigenvector of Eq.(4) corresponding to the upper iner-
tial waveband. The mathematical space of interest is the
fiber bundle {λX+(kx, ky, ft) |λ ∈ C}, which contains all
polarization vectors of these waves across the parame-
ter space (kx, ky, ft). The curvature of the fiber bundle,
so-called Berry curvature, is

F+ ≡ i∇̃ ∧ (X†
+ · ∇̃X+), (5)

where ∇̃ ≡ (∂kx , ∂ky , ∂ft/cs)
⊤. F+ is a real-valued vec-

tor field, which quantifies how the polarization vector
X+ is transported when changing the values of param-
eters (kx, ky, ft) (similarly to Riemannian curvature for
transport on Riemannian manifolds). This vector field
is divergence-free where it is non-singular, similar to the
electrostatic field generated by a point charge. The Berry
curvature is singular whenever the frequency of the wave
matches the frequency of another wave of the system,
i.e when two eigenvalues of Eq. (4) degenerate. This
occurs between the lower and upper inertial waves at
ω+ = ω− = 0 for kx = ky = ft = 0. Figure 1 shows F+

around the singular degeneracy point. The topology of
the manifold of polarization vectors is then characterized

(+)

(-)

-2 2
kx

-2

2

ω

FIG. 2. Dispersion relation of the modes in the β-plane ap-
proximation. One mode transits from the lower (-) inertial
waveband to the upper one (+), satisfying the spectral flow
condition Eq.(9). Solid lines represent solutions with non-
zero vy, while dashed lines indicate solutions with zero vy.
Frequencies are shown for kz = 1.5 and S = −3, in units of
Ω and csΩ

−1.

by an integer called the Chern number C, which is anal-
ogous the Euler characteristic for geometric surfaces. It
is defined by

C ≡ 1

2π

∮

Σ

F · dΣ, (6)

where Σ is any surface enclosing the degeneracy (for ex-
ample the gray sphere in Fig. 1). The Chern number is
the flux of F+ outward from its singular point. In this
problem, the Chern number evaluates to

C+ = 1. (7)

As the sum of Chern numbers over the bands must be
zero [29], one necessarily has for the lower inertial wave-
band

C− = −1. (8)

We conclude that stellar inertial waves are topologi-
cally non-trivial, similarly to other waves in geophysi-
cal and astrophysical media that where found to have
topologically-charged degeneracy points [14–17, 23].

III. A SPECTRAL FLOW IN INERTIAL
STANDING MODES

The propagation of peculiar edge or interface modes
stands out as the manifestation of the existence of non-
zero Chern numbers in wave problems [14–17, 23, 30].
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They cross frequency gaps between wavebands, and ex-
hibit unique properties such as unidirectionality. These
modes exist in virtue of the index theorem [31], which
characterizes the spectral flow, a property of the disper-
sion relation {ωn(kx)}n (where n labels the branches) of
modes propagating in a medium with varying parame-
ters instead of plane waves in a homogeneous medium.
In the case of a single degeneracy point, a waveband i
is not composed by the same number of branches in the
two limits kx → ±∞. Referring to the difference be-
tween these branch numbers as ∆Ni, the index theorem
states that ∆Ni = Ci: the Chern number gives the num-
ber of modes leaving/arriving into the waveband when
kx increases. For the inertial waves,

∆N+ = −∆N− = +1. (9)

Equation 9 guarantees the presence of a mode of topolog-
ical origin transiting between the (-) and the (+) bands,
similarly to what has been found in other studies (e.g.
Fig.10 of [32], or Fig.5 of [26]). This mode is the stable
counterpart of Busse columns, the most unstable mode
of a convectively unstable rotating fluid [33]. It is some-
times called the Busse mode. It is stable here as we study
neutral stratification. This wave has been seen in numer-
ical works [32, 34], as well as in the analytical study of
[26] which models the equator as a channel with ft = 0
and impenetrable boundaries. It also has been identified
recently in a DNS of nonlinear inertial waves in the Sun
[35]. The value of the Chern number provides an expla-
nation as to why it is purely prograde.
We confirm the existence and the properties of this topo-
logical mode by finding the normal modes of Eqs. (1)-(3)
under the β-plane approximation. The latter consists in
expanding the spatial dependence of ft and fnt at first
order in latitude y, which can be expressed as

ft = βy, (10)

fnt = 2Ω. (11)

The plane-parallel geometry of the β-plane retains the
frequency behavior of the modes, but does not capture
the columnar structure found in shell cavities [33, 34].
The equations of normal modes associ-
ated to linear perturbations of the form

exp (−iωt+ ikxx+ ikzz)
(
vx(y) vy(y) vz(y) p(y)

)⊤
are

ω



vy
vz
vx
p


 =




0 0 −iβy −ics∂y
0 0 i2Ω cskz + iS
iβy −i2Ω 0 cskx

−ics∂y cskz − iS cskx 0






vy
vz
vx
p


 .

(12)
Boundaries in the vertical direction discretize kz. Im-
posing impenetrable boundary conditions vz = 0 yields
kz = pπ

L , where L is the width of the convective region
and p is a positive integer.
Equation (12) can be reduced to a single ordinary differ-

ential equation on ϕ ≡ exp
(

4iβΩcskz

ω2−4Ω2
y2

2

)
vy (see Appen-

FIG. 3. A branch of modes transits between the inertial wave-
bands in numerical simulations of linear inertial waves on a
sphere. Left: Snapshot of zonal velocity. Right: Power spec-
trum at the equator. Ridges, i.e. the bright regions of the
power spectrum, are the normal modes. Power is measured
in arbitrary units (equations are linear).

dices):

−∂yyϕ+
(
γy2 + δ

)
ϕ = 0, (13)

where γ = β2

ω2−4Ω2 (ω
2 − c2sk

2
z − S2 − 4c2sk

2
zΩ

2

ω2−4Ω2 ),

δ = 1
ω2−4Ω2 (β(cskxω + 2SΩ) +Aω) and

A ≡ det




−ω i2Ω cskz + iS
−i2Ω −ω cskx

cskz − iS cskx −ω


 . (14)

For γ < 0, Eq. (13) has no non-zero square-integrable
solution. For γ > 0, Eq.(13) is transformed into a Weber
differential equation [36] through the change of coordi-
nate ξ =

√
2γy

−∂ξξϕ+

(
ξ2

4
− 1

2
− (

−δ

2γ
− 1

2
)

)
ϕ = 0. (15)

Regularity of ϕ at infinity provides a condition for the
normal modes in the β-plane model, imposing

−δ

2γ
− 1

2
= n− 1, (16)

for n ≥ 1 any positive integer. Combined with the con-
dition γ > 0, Eq. (16) provides the dispersion relation
for the normal modes. The typical latitudinal extent of
the waves is γ−1/2. The eigenfunctions of the modes are
given by Hermite polynomials Hn with

ϕn(ξ) = exp

(
−ξ2

4

)
Hn−1(

ξ√
2
). (17)

These solutions are the normal modes that have non-
zero latitudinal velocity vy. To identify all the normal
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modes, one must also determine those with zero vy, de-
noted as n = 0. From Eq.(12), those satisfy

A = 0 = −ω3+(4Ω2+S2+c2sk
2
x+c2sk

2
z)ω+4ΩScskx. (18)

Three modes are solutions of this equation: one inertial
wave, and two acoustic waves. Analytical expressions of
their dispersion relations are given in Appendices.
These three modes complete the spectrum given by
Eq.(16), for any radial order p and latitudinal order n.
Figure 2 shows the dispersion relations obtained for all
modes. It appears clearly that the n = 0 inertial branch
transits from the lower inertial band to the upper one as
kx increases. This is the spectral flow expected from the
Chern numbers C = ±1 of the wavebands. This mode
possesses the distinctive characteristic of being unidirec-
tional, exclusively prograde, while the other modes can
propagate either eastward or westward.
Fig. 3 confirms the presence of this prograde wave among
the oscillation modes of spherical shells in numerical sim-
ulations.

IV. PHASE SINGULARITY AND WINDING

Beyond evidencing the spectral flow, we will now show
a way to exploit another topological property of the iner-
tial modes: a physical quantity known as phase winding,
measuring the cumulative phase difference between two
complex quantities over a closed path in the parameter
space, which attracted interest in recent years, e.g. in
geophysical waves [18, 19] or material sciences [37]. Non-
zero Chern numbers imply the existence of phase singu-
larities (see Appendices, or [38] for an example in con-
densed matter). The relative phase between two wave
components exhibits a singular point in Fourier space,
around which the phase winds. Phase winding changes
sign when changing hemisphere. Figure 4 (left) shows
that the relative phase between the zonal and vertical
velocity perturbations vx and vz of plane-waves in an f -
plane, i.e the components of the eigenvector of Eq. (4),
is singular the origin of the (kx, ky) plane. Formally, the
winding number of this phase is

ν =
1

2π

∮

Γ

∇̃arg(v∗xvz) · dk, (19)

where Γ can be any closed loop encircling the origin once
with counterclockwise orientation. Depending on the up-
per (+) or lower (-) inertial waveband and the hemi-
sphere, one finds

ν+, north = −1, (20)

ν+, south = +1, (21)

ν−, north = +1, (22)

ν−, south = −1. (23)

Physically, this value of ν means that the peaks of vz
have precisely shifted by one wavelength with respect to

FIG. 4. Phase singularity of the upper (+) inertial waves.
Left: phase in the f -plane. Right: phase found when analyz-
ing the simulations Northern (Southern) hemisphere only.

the peaks of vx after completing one full revolution along
the contour. In contrast, the relative phases between vx
and vy, or vx and p, do not experience winding and re-
main non singular.
Using numerical simulations, we confirm that the phase
singularity identified in the f -plane persists in spheri-
cal geometry. This aligns with the results of [19], who
observed phase winding of Poincaré waves in the atmo-
spheric data of the Earth, consistent with f -plane predic-
tions. For this purpose, we solve Eqs. (1)-(3) within the
solar convective zone. For simplicity, we fix the vertical
wavenumber to kz = pπ/L, restricting the dynamics to a
specific radial order p. We compute the two-dimensional
dynamics in (θ, ϕ) for modes with radial order p = 1 with
the code dedalus [39]. We use Ω−1 and csΩ

−1 as units
of time and length. The evolution equations of linear
perturbations become

∂tu+ 2er ∧ u+∇p+ 2 sin(θ)vzeϕ = 0, (24)

∂tvz + (ikz − S)p− 2 sin(θ)u · eϕ = 0, (25)

∂tp+∇ · u+ (ikz + S)vz = 0, (26)

where u = (uθ, uϕ) = (−vy, vx) are the angular compo-
nents of the velocity in spherical coordinates, and∇ is the
nabla operator on the sphere. The evolution equations
are written in a covariant way for the angular directions,
a necessity for the spectral decomposition by dedalus.
(See Appendices for details of implementation).
The fields are initialized with random values across the
grid to excite all wavelengths. After solving for the evo-
lution, the velocity data u(t, θ, ϕ) and vz(t, θ, ϕ) are then
Fourier-transformed in both space and time. For consis-
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FIG. 5. The winding of the phase is robust to the addition of
noise in the data. On a signal of pure inertial waves (left), or
upon adding a random noise on the velocities data (right), the
measurement of the winding ν still yields −1. The amplitude
of the noise is 10 times that of the initial condition of the
simulation.

tency, we adopt the convention

f̂(ω, ky,m) =

∫
f(t, θ, ϕ)e−iωt−ikyRθ+imϕdtdθdϕ. (27)

This transform is computed numerically for all values of
ϕ and t, but on various domains of latitude y = R(π2 −θ).
The azimuthal wavenumber m is equated to Rkx.
We compute the power spectrum of the kinetic energy
P = |v̂x|2 + |v̂y|2 + |v̂z|2 at the equator (y = 0) so as
to extract equatorial waves. This yields the dispersion
relation of the modes in an (m,ω) diagram. Figure 3
(right panel) shows this power spectrum; ridges of power
indicate normal modes which are in agreement with the
propagation of the topological mode found in the β-plane.
In order to extract the phase singularities, we com-
pute Fourier transforms of the data over an entire
hemisphere exclusively, which yields the relative phase
arg(ûϕ

∗ v̂z)(ω,m, ky). This quantity is subsequently av-
eraged on the frequencies of the upper inertial band
0 < ω < 2Ω. Results are shown on Fig. 4(right), which
reveals the phase singularity discussed above without any
ambiguity. The phase winding values correspond to those
of Eqs. (20)-(23).
We repeat the aforementioned analysis, adding various
noises with intensities up to approximately 10 times
higher than that of the initial signal (see Appendices for
details). Figure 5 shows the relative phase in case of noisy
data, for which the measurement of ν still yields−1 in the
Northern hemisphere. The determination of the winding
number is robust to a significant level of noise, a common
characteristic of topological properties in physics [29].

V. CONCLUSION

Inertial waves in convective stellar regions have topo-
logical properties linked to a parameter space degeneracy
at the equator and a Chern number of ±1. We derived

this result accounting for compressibility for both gener-
ality and simplicity, although compressible effects are not
important in this problem, since frequencies of inertial
and acoustic waves are of distinct orders of magnitude in
the Sun.
Wave topology predicts the existence of a mode of spec-

tral flow between the two (+) and (−) inertial bands.
This mode uniquely propagates at arbitrarily low fre-
quencies ω for moderate azimuthal wavelengths (Fig. 2)
and as such, may be significant for certain stellar ob-
jects. For instance, it is expected to propagate at arbi-
trarily low frequencies within the convective cores of γ
Dor stars, while gravity-inertial waves propagate in the
outer layers. Because of their low frequencies, high-order
g-modes are likely to couple with the core mode, making
it a valuable probe for core dynamics [10]. This also im-
plies that mixed modes should consistently appear in the
spectra of γ Dor stars.
Wave topology further predicts a collective phase wind-

ing of±1 for sets of inertial waves propagating in multiple
directions. Phase winding is calculated by accumulat-
ing the phase of the waves as their propagation direction
varies along a closed loop in parameter space. Conse-
quently, measuring phase winding may be more feasible
using observational data than detecting individual waves,
as it integrates the power spectrum across parts of the
wavebands. This approach allows for observational diag-
nosis even when the signal is weak.
Topology ensures finally that the conclusions of this

study apply to any cavity containing an equator, whether
it involves a fully convective star or a convective shell
zone. The rotation profile can be arbitrary as long as
it is Rayleigh stable. Topological tools used in Hermi-
tian physics are however not suited for discussing viscous
damping (Ekman layer). Analyzing its effects requires
a non-Hermitian topological approach [18, 40]. Fortu-
nately, viscous damping in the Sun occurs on a much
longer timescale than rotation [41], and may only affect
the results of this study as small corrections.
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Appendix A: Analytical derivation of modes

The system of equations Eq. (12) governing the evolu-
tion of normal modes in the β-plane can be written under
the form

ωvy + iftvx + ics∂yp = 0, (A1)




−ω ifnt cskz + iS
−ifnt −ω cskx

cskz − iS cskx −ω





vz
vx
p


 =




0
−iftvy
ics∂yvy


 . (A2)

The matrix in the left-hand side of Eq. (A2) involves
no y-derivative, which allows us to express vz, vx and p as
linear combinations of vy and ∂yvy by inverting it. Using
the result in Eq. (A1) yields to an ordinary differential
equation on vy. In details, define

A ≡ det




−ω i2Ω cskz + iS
−i2Ω −ω cskx

cskz − iS cskx −ω


 , (A3)

such that A ̸= 0 when vy is a non-zero function. Hence,

vz =
1

A

[
βy

(
cskx(−icskz + S) + 2Ωω

)
vy +

(
(icskz − S)ω − 2cskxΩ

)
cs∂yvy

]
, (A4)

vx =
1

A

[
iβy

(
S2 + c2sk

2
z − ω2

)
vy + i

(
cskxω − (icskz − S)2Ω

)
cs∂yvy

]
, (A5)

p =
1

A

[
− iβy

(
cskxω + (icskz + S)2Ω

)
vy + i

(
ω2 − 4Ω2

)
cs∂yvy

]
. (A6)

Casting Eqs.(A5) and (A6) into Eq.(A1) yields

(ω2 − 4Ω2)c2s∂yyvy − 4iβΩc2skz y ∂yvy +

(
β2(c2sk

2
z + S2 − ω2)y2 − β(cskxω + 2Ω(icskz + S))−Aω

)
vy = 0.(A7)

The change of variable ϕ ≡ exp
(
− iβΩkz

ω2−4Ω2 y
2
)
vy re-

moves the second term of the left-hand side of Eq.(A7),
which then reduces to

−∂yyϕ+
(
γy2 + δ

)
ϕ = 0, (A8)

with

γ = − β2

ω2 − 4Ω2
(c2sk

2
z + S2 − ω2 +

4c2sk
2
zΩ

2

ω2 − 4Ω2
),(A9)

δ =
1

ω2 − 4Ω2
(csβ(cskxω + 2SΩ) +Aω), (A10)

yielding Eq. (13) discussed in the main text.

From Eq. (A1), the modes with vy = 0 must satisfy
A = 0. The three roots of this third order polynomial
describe one inertial wave (−2Ω ≤ ω ≤ 2Ω) and two
acoustic waves (ω2 ≥ S2). Following the method of [42],
we obtain the expressions of the three roots. The one
corresponding to the inertial mode is

ωinertial,n=0 =
2√
3

√
c2s (k

2
x + k2z) + S2 + 4Ω2 × (A11)

cos



arccos

(
6
√
3cskxSΩ√

(c2s (k
2
x+k2

z)+S2+4Ω2)3

)
− 2π

3


 .

The two n = 0 acoustic modes have frequencies

ωacoustic,n=0 =
2√
3

√
c2s (k

2
x + k2z) + S2 + 4Ω2 × (A12)

cos



arccos

(
6
√
3cskxSΩ√

(c2s (k
2
x+k2

z)+S2+4Ω2)3

)
+ 2sπ

3


 ,

where the case s = 0 and s = +1 corresponds to positive
and negative frequencies respectively.

Appendix B: Non-zero Chern numbers and phase
winding

Under the appropriate gauge choice ϕa, a normalised
eigenvector of the upper inertial waveband can be written

Ψ ≡




a
b eiϕb

c eiϕc

d eiϕd


 , (B1)

= e−iϕa




iftkx + 2Ω
ω ftkz + i 2Ωω ftS − kyω + 4Ω2

ω ky
2Ω
ω (ftky − ikxω) +

f2
t −ω2

ω (kz + iS)
−iftky − kxω + 2ikzΩ− 2SΩ

f2
t − ω2 + 4Ω2


 ,

where a, b, c, d are real numbers satisfying a2 + b2 + c2 +
d2 = 1. The Chern number of the band is the gauge-
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invariant quantity

C =
1

2π

∮
i∇× (Ψ† · ∇Ψ) · dΣ, (B2)

where Σ is a closed oriented surface enclosing the de-
generacy point located at the origin of parameter space

(kx, ky, ft) = (0, 0, 0). With the functional form given by
Eq. (B1), one obtains

2πC =

∮

Σ

i∇∧ (Ψ† · ∇Ψ) · dΣ, (B3)

= i

∮

Σ

∇∧
(
a∇a+ b∇b+ c∇c+ d∇d+ i(b2∇ϕb + c2∇ϕc + d2∇ϕd)

)
dΣ, (B4)

=
i

2

∮

Σ

∇∧∇
(
a2 + b2 + c2 + d2

)
︸ ︷︷ ︸

=0

−
∮

Σ

∇∧ (b2∇ϕb + c2∇ϕc + d2∇ϕd)dΣ, (B5)

= −
∮

Σ

∇∧R dΣ, (B6)

where R ≡ b2∇ϕb+c2∇ϕc+d2∇ϕd. Hence, if R is smooth
everywhere on Σ, C = − 1

2π

∫
∂Σ

R dp = 0 from Stokes
theorem. Conversely, a non-zero Chern number implies
for R to be singular, i.e the existence of phase singularity
in the parameter space.

Appendix C: Simulations

The equations of linear inertial waves on the sphere
Eqs. (24)-26 are solved using the spectral code dedalus
[39]. The spatial solver decomposes the fields on bases of
polynomials in angular coordinates (θ, ϕ). The bases are
truncated at order (Nθ, Nϕ) = (128, 64). The timestep-
ping solver is a Runge-Kutta method of order 2, with con-
stant timestep dt = 10−2Ω−1. The four fields uθ, uϕ, vz, p
are initiated with uniformly sampled random values be-
tween -1 and 1 on the 128×64 grid points. The evolution
is then solved until t = 200 Ω−1. In these units, the solar
radius is R = 2.0 10−2 csΩ

−1. We set S = −800Ω (values
discussed e.g. in [17] and [4]).
The Fourier transforms of the output of the simulations
are computed by the Fast Fourier Transforms (FFT)
methods of Numpy. The spatial Fourier transform in the
Northern is computed on all the points 0 < y/R < π/2.
The Fourier transform in the Southern hemisphere is
computed on all the points 0 > y/R > −π/2.
The winding number is measured by unwrapping the sig-
nal of the phase along the closed path (black loop on
Fig. 4). Unwrapping the signal involves adjusting large
jumps by multiples of the period 2π to obtain a con-
tinuous function that is not restricted to [−π, π]. The
winding number is then given by the difference between
the first and last values of the signal, which is an inte-
ger multiple of 2π. Figure 6 shows the raw signal of the
phase along the points Γi of the loop Γ, and the result

Γ0 Γ0

Γi

−π

0

π

ar
g
(v
∗ xv
z
)

2πν

phase

unwrapped

FIG. 6. The winding number of the closed loop Γ is measured
by unwraping the phase. A continuous curve is obtained, and
the difference between the first and last point is 2πν.

of its unwrapping. This procedure is guaranteed to yield
an integer result for ν, ensuring that any error would be
at least 100%.
The full Python script used for this study is avail-
able at https://www.github.com/ArmandLeclerc/topo-
inertial-waves.
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FIG. 7. The phase winding of 1 corresponds to a 2π shift of
the phase when completing a closed path around the topolog-
ical singularity in the Fourier space.

Appendix D: Interpretation of phase winding

When the eigenvector associated with the inertial wave
in Fourier space is continuously varied, the relative phase
between vx and vz changes. Starting and coming back to
given point on a closed path in the parameter space, the
resulting plane wave is physically identical to the initial
one. This requirement implies the phase accumulated
along the closed path is not identically zero, but a multi-
ple of 2π. Figure 7 shows phase evolution along the path
that corresponds to a winding of 1 for the inertial wave.
The crests of vz are shifted exactly by one wavelength
with respect to the crests of vx when moving along the
black loop that encloses the singularity.

Appendix E: Robustness to noise

An artificial amount of noise is added to the velocity
data calculated by the simulation by

utot = usim + unoise, (E1)

vz,tot = vz,sim + vz,noise, (E2)

where the noise fields are generated by sampling random
values between −a and a on the 128×64 grid points at
every time step. a is the noise amplitude relative to the
amplitude of the initial amplitude of the linear perturba-
tion. The winding number ν+ in the northern hemisphere
is then measured, and shown on Fig.8. Up to a noise fac-
tor a = 10, the winding number is still measured to be
−1, demonstrating the robustness of the method against

noise. Physical noise sources can produce noise with a
structured power spectrum, such as Gaussian noise or
power-law noise. Figure 9 shows that by employing a

FIG. 8. Winding numbers measured as a function of the rel-
ative amplitude of noise with respect to the initial linear per-
turbation. Up to a ratio of a = 10, winding numbers are still
measured to be −1.

FIG. 9. Example of phase winding measurement with
isotropic noise whose power spectrum decreases at high spa-
tial frequencies.

contour of integration where the noise has significantly
diminished relative to the wave signal, it is possible to
measure the phase winding.
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Chapter IV

Shallow water waves on a sphere

Résumé

Quand Deplace et al. [141] découvrent l’origine topologique des ondes équatoriales, ils trouvent une
charge C = 2 qui expliquait l’existence des ondes de Kelvin et Yanai dans un modèle: le plan β. Ce
modèle simplifie la forme de l’atmosphère en ôtant la courbure de la planète du problème, en gardant
simplement la dépendance en latitude au premier ordre du paramètre de Coriolis f = 2Ω · er ∼ βy,
ce qui est une bonne approximation pour les atmosphères tournant rapidement.
Le travail de ce chapitre discute les limites de cette approximation à la lumière de la topologie des on-
des. Plus précisément, il s’attache à mesurer les différences de l’analyse topologique et ses prédictions
quand on garde la géométrie sphérique de l’atmosphère. Le but était d’étudier un problème d’onde
à géométrie courbe. Il est trouvé que deux charges topologiques C = −1 additionnelles existent à des
latitudes moyennes, causées par la courbure de l’espace, en plus de la charge C = 2 à l’équateur. De
manière intéressante, ces deux charges additionnelles peuvent fusionner avec la charge équatoriale
quand la rotation devient suffisamment lente. Alors, il n’existe plus qu’une charge nulle C = 0, en
concordance avec le fait que les ondes de Kelvin et Yanai disparaissent du spectre.

When [141] unveiled the Berry-Chern monopole of equatorial waves, they identified a topological
charge with a Chern number C = 2, which explained the presence of the Kelvin and Yanai waves in
an approximation: the β-plane model. In this model, the curvature of the planet is removed, only
retaining the geometry in a first-order latitude y dependence of the Coriolis parameter f = 2Ω · er ∼
βy. This approximation is good for atmospheres and oceans at the surface of spherical bodies rotating
rapidly, as rapid rotation traps the waves close to the equator. The work presented in this chapter
discusses the limits of this approximation, under the light of wave topology. More specifically, it
focuses on how the topological analysis and its predictions change when retaining the full spherical
geometry of the atmosphere. The point was to deal with a problem of waves on a curved space. This
work finds two additional topological charges at mid-latitudes with Chern numbers C = −1, caused
by the curvature of the space. Interestingly, the position of these charges depend on the rotation rate,
and may collide with the original one with charge +2. At this collision, occuring for low rotation
rates, a transition occurs which makes the Kelvin and Yanai waves disappear from the spectrum.
I wrote the code to compute the spectrum on the full sphere, and numerically calculated the Chern
numbers of mid-latitude degeneracies and participated in the redaction of the article. My personal
interest in this study was directed towards obtaining a grasp of the effects of a curved space in a
topological analysis. Indeed, the vast majority of the literature of topological analyses in performed
on 1D flat geometries. For the construction of an topological analysis of stellar oscillations, sphericity
must obviously be fully included. The shallow water problem on the sphere separates vertical and
horizontal directions, and provides a good problem to highlight the effects of sphericity. Here, the
results show that the curvature of the sphere strongly dictates whether topological equatorial modes
exist or not. It is an elegant way to unveil a limit of the β-plane approximation. For stellar seismology
applications, this study is a foothold for future topological studies of waves in rotating stars where
rotation is non-perturbative. The results presented in this chapter have been published in Topology of
shallow-water waves on the rotating sphere, Perez, Leclerc, Delplace, Laibe, Journal of Fluid Mechanics
2025 [340]. The article is shown here, truncated of its appendices.
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Abstract

Topological properties of the spectrum of shallow-water waves on a rotating spherical body
are established. Particular attention is paid to its spectral flow, i.e. the modes whose frequencies
transit between the Rossby and inertia-gravity wavebands as the zonal wave number is varied.
Organising the modes according to the number of zeros of their meridional velocity, we conclude
that the net number of modes transiting between the shallow-water wavebands on the sphere is
null, in contrast with the Matsuno spectrum. This difference can be explained by a miscount
of zeros under the β-plane approximation. We corroborate this result with the analysis of [1]
by showing that the curved metric discloses a pair of degeneracy points in the Weyl symbol of
the wave operator, non-existent under the β-plane approximation, each of them bearing a Chern
number −1.

1 Introduction

The rotating shallow-water model is certainly one of the most significant for modeling two-
dimensional large-scale fluid motions in the ocean, the atmosphere and even stellar media [2–7].
It was originally introduced by Laplace in 1775 to address the problem of the dynamical response of
the oceans to the tidal forces generated by the Moon. The strength of this model relies on the fact
that it focuses mainly on the effects of the Coriolis force, produced by the solid-body rotation of the
planet or star at rate Ω, on the dynamics of surface waves, without losing so much generality. Owing
to the curvature of the surface, these Coriolis effects, i.e. the projection of the Coriolis term −2Ω×v
on the surface (with v the fluid velocity field on this surface), naturally depend on the latitude θ,
more specifically on the normal component of 2Ω, called the Coriolis parameter, which is

f = 2Ω sin(θ) , (1)

for a spherical body. A hundred years after the work of Laplace, Lord Kelvin used this model (free of
tidal forcing) to compute the normal-mode oscillations of a local plane, assuming a constant Coriolis
parameter f [8]. He exhibited different kinds of plane-wave solutions, namely the surface gravity
(Poincaré) modes, the geostrophic modes (for which the flow is stationary as the pressure gradient
is exactly balanced by the Coriolis force) and coastal Kelvin modes which exist only in the presence
of a boundary and propagate in one direction. However, this f -plane approximation is not rele-
vant at the equator, where the parameter f vanishes, thus virtually cancelling the Coriolis effects
within the frame of this approximation. Rossby bypassed this problem by introducing the so-called
β-plane approximation, which amounts to assuming locally linear variation of the Coriolis parameter
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f with latitude [9]. This simple approximation led to qualitatively accurate understanding of many
previously observed phenomena in geophysical fluid dynamics, such as the western intensification of
wind-driven currents [10, 11], the oscillations of mid-latitude jets [12] or the equatorial trapping of
gravity waves. Using this approximation at the equator with constant β = df/dy, where y is the
meridional distance from the equator, Matsuno computed the spectrum of equatorial waves of the
shallow-water model [13]. This spectrum has a discrete set of low-frequency planetary (Rossby) waves
and inertia-gravity waves, plus two branches of modes transiting from the first to the second as the
zonal wave number k goes from negative to positive values, namely the Yanai (or mixed-Rossby-
gravity) and equatorial Kelvin modes.

However, the equatorial β-plane approximation used by [1, 13] (and many other studies of geo-
physical fluid dynamics) is limited in the sense that it only accounts for the curvature of the surface
in the variation of the Coriolis parameter, at linear order, and not in the metric. It thus ignores
the existence of the poles, and generates a spectrum of solutions defined on the unbounded domain
across the equator, which seems paradoxical. Nevertheless, the solutions are accurate as long as they
remain trapped around the equator, in the so-called Yoshida waveguide [13, 14], where the linear
approximation holds. The trapping length, called the equatorial radius of deformation, is given by

Leq =

√
c

β
, (2)

where c is the speed of surface waves without rotation. Leq thus needs to be much smaller than R, the
radius of the planet. This condition is satisfied for fast-rotating planets, compared to the timescale
of propagation of the waves at their surface. For the first baroclinic mode (i.e. the fastest one) in
the equatorial ocean on Earth, the equatorial radius of deformation is approximately 300 kilometers
(see e.g. [3], p. 304), so the β-plane approximation is quite accurate in this context. However, when
it comes to global oscillations of larger scales, both the curved metric and the actual sine variation
of f with latitude must be taken into account. Moreover, the quantisation of the zonal wave number
k cannot be ignored, especially when the wavelength is not small compared to the radius R. The full
spectrum of shallow-water waves on the sphere is a peculiar problem, as the sphere is an unbounded
but finite domain. The eigenvalue problem has no exact solution in the general case, however it
has been extensively investigated through a variety of analytic approaches (e.g. [15–21]), and the
frequencies and wave functions can be well-approximated with analytical expressions in the different
asymptotic regimes. In particular, in the regime Leq ≪ R (hereafter referred to as Matsuno limit),
the spectrum of equatorial shallow-water waves is well-approximated by Matsuno’s spectrum and thus
clearly exhibits two branches of modes with eastward group velocity transiting through the frequency
gap between the different wavebands (in the rest of the paper, we will refer to the different groups
of shallow-water modes as wavebands. There are three wavebands in the shallow-water model: the
Rossby waveband and two equivalent inertia-gravity wavebands). In contrast, those seem to be absent
from the frequency spectrum in the other limit (see Figure 1), i.e. when Ω is small compared to c/R,
hereafter referred to as Margules limit [15]. One would think that these branches somehow disappear
as Leq and R become comparable, however there is no analytical solution of the eigenvalue problem
in this intermediate situation to show exactly how.
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Figure 1: Dimensionless frequencies of the shallow-water model on the rotating sphere for two values of the
parameter ϵ = c/ΩR (left: ϵ = 0.01, strong rotation; right: ϵ = 10, weak rotation), in function of the azimuthal
wave number m ∈ Z, computed with Dedalus [22] (see Appendix 6.1 for numerical methods). In the Matsuno
limit (left panel, ϵ ≪ 1), two distinct branches of frequencies transit through the gap between Rossby and
inertia-gravity waves, whereas in the Margules limit (right panel, ϵ ≫ 1) these are clearly separated by an
unfilled frequency gap. Note that the frequency axes in this figure are in logarithmic scale, as well as in Figure
4, in order to visually appreciate the transition between the Matsuno and Margules regimes. All the other
frequency plots in the article are displayed in linear scale.

Alternatively, a few years ago, the presence of these two transiting branches in the spectrum of
shallow-water waves on the unbounded β-plane was interpreted as a manifestation of an underlying
topological property. Indeed, after noticing the strong resemblance of this +2 spectral flow of modes
with the topologically-protected modes crossing the gap in certain insulating materials, [1] applied
the same arguments used in condensed matter physics to define topological integers associated to
this spectral flow, the Chern numbers or topological charges. These integers characterise the phase
singularities of Kelvin’s plane-wave solutions, which are computed for constant f and thus require
only to diagonalise a 3-by-3 matrix. Nevertheless, they happen to be equal to the number of modes
gained by the associated wavebands in the more elaborated β-plane model. This counter-intuitive
result, which connects the topological properties of Kelvin’s f -plane modes to a spectral property of
Matsuno’s β-plane spectrum, is a consequence of the more general index theorem [23–25]. It has been
applied to predict the conditions of existence and number of modes transiting across the frequency
gap in a variety models from a great variety of domains [26–36].

This paper intends to shed a new light on the loss of gapless Kelvin and Yanai modes on the
sphere, not with exact analytical resolution but by combining the study of the structure of modes
with spectral topology. This analysis relies on numerous previous works in which topology brought
new insights on wave properties in geophysical and astrophysical media [1, 26–29, 37]. In the first
part, we introduce the equations of the rotating shallow-water model on the sphere, and the relevant
dimensionless parameters that characterise it. We recall the asymptotic solutions in both Matsuno
and Margules limits. In the second part, we discuss the concept of modal flow and show that the
latter is equal to zero for the spectrum of shallow-water waves on the rotating sphere, whereas it is
equal to +2 on the unbounded β-plane. In the third part, we provide a topological interpretation of
this result. We compute the Chern numbers, which are associated to the points where the symbol
of the wave operator has multiple eigenvalues. We show that the metric term induces degeneracy
points of non-zero Chern numbers, in addition to the one exhibited by [1]. This analysis reconciles
the bulk-interface correspondence established by Delplace et al on the unbounded β-plane with the
disappearance of the equatorial spectral flow in spherical geometry.
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2 The linearised shallow-water model on the rotating sphere

ez

eϕ

eθ

θ

ϕ

R

Ω

Figure 2: Geometry of the rotating shallow-water model on the sphere. The spherical coordinates and
associated unit vectors are different than the usual ones, θ being the latitude instead of the colatitude.

2.1 Linearised equations

We consider the linearised shallow-water equations of an inviscid fluid layer on top of a sphere of
radius R, rigidly rotating with constant rate Ω (Figure 2). The fluid is initially at rest in the rotating
frame. Besides, assuming that the gravity g at the surface is such that g ≫ RΩ2, we ignore the
centrifugal effects. Therefore, the rest state is that of a quiet layer of constant depth h0. Noting the
perturbed fields with ′, we define v = v′(x, t) and h = h0 + h′(x, t) the two-component velocity and
height of the fluid, respectively, both functions of time t and position x on the sphere. The linearised
shallow-water equations can be conveniently expressed in terms of rescaled perturbation fields, i.e.
ṽ =

√
h0 v′ = ũ eϕ + ṽ eθ and h̃ =

√
g h′, as

∂ṽ

∂t
= −c∇h̃ − f × ṽ , (3a)

∂h̃

∂t
= −c∇ · ṽ , (3b)

where c =
√

gh0 is the constant phase speed and f = (2Ω · ez)ez is the projection of 2Ω on the local
unit vector ez normal to the surface (traditional Coriolis parameter). Since none of the parameters
appearing in Equations (3) depend on time or longitude, the rotating sphere acts as a waveguide trap-
ping zonally-propagating waves in the meridional direction. We can thus expand any perturbation on
the set of Fourier modes X(θ)ei(mϕ−ωt), where X is any of the three dependent variables of Equations
(3), (ϕ, θ) the longitudinal and latitudinal coordinates, respectively, and (m, ω) the azimuthal wave
number and frequency associated with the Fourier mode, which corresponds to the solutions of

ωṽ = −ic∇h̃ − if × ṽ , (4a)

ωh̃ = −ic∇ · ṽ . (4b)

The core of the discussion of this article is the metric term that arises from the divergence operator
∇· in Equation (4b), owing to the geometrical curvature of the surface. This point will be discussed
in section 4.
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2.2 Lamb parameter and asymptotic solutions

If one rather considers the dimensionless frequency ω/Ω, the eigenvalue problem (4) depends only
on one dimensionless parameter:

ϵ =
c

RΩ
. (5)

The quantity 2/ϵ is sometimes called the Lamb parameter [19], not to be confused with the Lamb
frequency used in asteroseismology [38]. 1/ϵ gives the traversal time of a gravity wave over the
spherical body in planetary days. Equations (4) in dimensionless units are

(ω/Ω)ṽ = −iϵ∇̃h̃ − 2i sin(θ)ez × ṽ , (6a)

(ω/Ω)h̃ = −iϵ∇̃ · ṽ , (6b)

where ∇̃ = R∇ is the gradient operator on the unit sphere. The parameter ϵ naturally appears
in asymptotic expansions to compute the approximate spectrum of shallow-water waves [19, 21] or
their ray paths [39] on the sphere. One can expect to asymptotically recover the Matsuno spectrum
as ϵ → 0. Indeed, Expression (2) yields Leq/R =

√
ϵ/2 for the equatorial radius of deformation,

which means that, for small ϵ, the wave functions are equatorially trapped with angular spreading of
order

√
ϵ, thus recovering the Cartesian β-plane approximation made by Matsuno. In this limit, the

solutions of (4) are appropriately described with Hermite polynomials, which are exact solutions on
the unbounded β-plane (see 3.1).

Conversely, for larger values of ϵ, the solutions are expected to spread away from the equator and
eventually over the whole sphere. In the limit ϵ ≫ 1, sometimes called the Margules limit [19], there
are two kinds of eigenvalues, originally found by Margules [15] and Hough [16], that we recall here:

• The ones such that ω = O(c/R). One recovers the non-rotating shallow-water equations from
(4). The wave functions are those of the Laplacian operator on a prolate spheroid, i.e. the
prolate spheroidal wave functions [6], and we have Rω/c ≃

√
ℓ(ℓ + 1) − m/ϵ (see e.g. [19, 40])

with non-zero integers ℓ and |m| ≤ ℓ. These are global surface gravity oscillations on the sphere,
perturbed by a small Coriolis term. For these solutions, the number of zeros of ṽ on the open
interval (−π/2, π/2) is given by p = ℓ − |m| + 1 [19].

• The ones such that ω = O(Ω). These are quasi-geostrophic planetary (Rossby) modes. From
(4), it is straightforward to check that they obey |∇̃ · v′| = O

(
|v′|/ϵ2

)
, i.e. that these modes

have asymptotically divergence-free velocity. Eliminating the other variables from Equations
(4a), we end up with a second-order differential equation for V = cos

3
2 (θ) ṽ:

−d2V

dθ2
+

[(
m2 − 1

4

)
tan2(θ) +

(
m2 − 1

2
+

2mΩ

ω

)]
V = 0 . (7)

Solutions of Equation (7) are provided for instance by [41]. They yield

ω

Ω
=

−2m

m2 + (2p + 1)|m| + p(p + 1)
(with p = 0, 1, 2...) , (8)

where the index p indicates the number of zeros of the meridional velocity ṽ in the open interval
(−π/2, π/2). In the Margules limit, the largest Rossby frequency is thus ω = Ω, for m = −1 and
p = 0. The Rossby modes with p = 0 constitute the westward Yanai modes [42]. Expression
(8), which is exact for any azimuthal wave number m in the Margules limit ϵ ≫ 1, is the
same as (3.2c) obtained by [19] through a covariant formulation of the wave equations (3).
Figure 3 provides a comparison of Expression (8) with numerical simulations, demonstrating
the convergence of the Rossby waveband toward the Margules limit as ϵ increases.
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There is a large frequency gap between these two wavebands, in which the Kelvin and Yanai
modes of the Matsuno spectrum are absent (see Figure 1).
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Figure 3: Comparison between Expression (8) (black triangles) and numerically-computed Rossby frequencies
for ϵ = 5. The red dots are obtained by projecting Equations (4) on Dedalus’ curvilinear spectral basis [22],
whereas the blue dots are computed from the problem (11) on (−π/2, π/2), not necessarily with integer values
of m, projecting the wave functions on the basis of Chebyshev polynomials [43] (see Appendix 6.1). The
accuracy between the numerically-converged frequencies for ϵ = 5 and Margules’ asymptotic formula (8) is
approximately 0.4%.

2.3 Matsuno and Margules limits on planets and stars

As far as the shallow-water model is valid, the Matsuno regime is common to most fast-rotating
planets, but also stars like brown dwarfs [44]. Observations of the δ Scuti star Rasalhague allows
one to estimate ϵ ≃ 0.36 [45]. Atmospheres of exoplanets cover a large range of values of ϵ (see
e.g. [46], Table 1), as well as the atmosphere of Earth, on which there is a variety of values of ϵ
depending on the type of waves considered [19, 47]. For instance, the measurements of Kelvin and
Rossby-Haurwitz waves in the atmosphere of Venus presented by [48] lead to the estimation ϵ ≃ 0.9,
whereas ϵ ≈ 70 for the atmospheric waves considered by [46]. On Earth, equatorial Kelvin waves have
been detected both in the equatorial ocean [49, 50] and atmosphere [51], and their implication in a
variety of geophysical phenomena (e.g. the El Niño event and the Madden-Julian Oscillation) is well
understood. The first baroclinic modes (the fastest ones) are such that c ≃ 2 m s−1 in the equatorial
ocean, thus ϵ ≃ 4.3 10−3, and c ≃ 25 m s−1 in the atmosphere, thus ϵ ≃ 5.4 10−2 (see [3], p. 304).
However, the barotropic modes in the terrestrial atmosphere propagate at phase speed c ≃ 300 m s−1,
which corresponds to ϵ ≃ 0.65. This value is consistent with the data studied by [52]. Surface motions
on giant planets of our solar system are the subject of many recent works [46, 53–55]. Atmospheric
waves on Jupiter and Saturn are mostly in the Matsuno regime. For instance, eastward-propagating
motions strongly localised at the equator on Jupiter have been interpreted as Kelvin waves [56], which
is consistent with the estimation ϵ ≃ 1.4 10−4.
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2.4 Opening of a spectral gap as ϵ increases

In the Margules limit (ϵ ≫ 1), the minimal inertia-gravity frequency is equal to
√

2 c/R and
the maximum Rossby frequency is Ω, which yields a frequency gap of width Ω

(√
2 ϵ − 1

)
in which

there is no mode. Conversely, in the Matsuno limit (ϵ ≪ 1), the frequency gap between Rossby and
inertia-gravity modes is filled with the Yanai and Kelvin modes. However, talking about a frequency
gap and branches of modes is abusive in this situation. Indeed, contrary to the zonal wave number
k of zonally-propagating waves on the unbounded β-plane, the azimuthal wave number m is not a
continuous parameter, since it only takes discrete integer values. Therefore the spectrum (m, ω) does
not consist of continuous branches but rather a discrete set of points, which means that, strictly
speaking, there are frequency gaps between any allowed values of ω. Nevertheless, the equatorial
Yanai and Kelvin modes define a clear connection between the Rossby and inertia-gravity wavebands
on the unbounded β-plane, which is still visible in the shallow-water spectrum on the sphere with
small ϵ, even if m takes discrete values (see Figures 1 and 4). Such a connection in the spectrum
is referred to as spectral flow, which is usually defined for a continuous spectral parameter such as
k in unbounded flow models [1, 26–30, 34, 57]. The purpose of the following section is to extend the
concept of spectral flow to the present situation, i.e. with a discrete wave number m, and show that
the net number of modes gained by the inertia-gravity waveband, when those modes are naturally
labelled by the zeros of their meridional velocity, is actually zero for any value of ϵ, even if there are
transiting frequencies for small ϵ (see Figure 4).
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Figure 4: Numerically-computed frequencies ω for increasing values of ϵ and |m| ≤ 20. These converged
values are obtained by projecting Equations (4) on a basis of spin-weighted harmonics, a spectral method
implemented in the Dedalus solver [22] (see Appendix 6.1). While for small ϵ two distinguishable spectral
branches, the Yanai and Kelvin modes, transit through the gap between Rossby and gravity modes, these
branches progressively break down and a clear gap opens up, separating Rossby and gravity frequencies.

3 Modal flow and zeros of the meridional velocity

To this day, Equations (4) do not have an exact solution for arbitrary values of ϵ, although good
approximations have been found in certain limits, especially in short wavelength ranges [17, 21], or
for special values of ω and ϵ [19]. In this study, we are interested in the transition between the
Matsuno and Margules limits, i.e. the evolution of modes and frequencies for finite values of ϵ. For
this reason, the analysis of this section is mostly based on numerical integration of Equations (4), with
the spectral solver Dedalus [22]. The point of this section is the following: the Matsuno spectrum,
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i.e. the frequencies ω of zonally-propagating equatorial waves on the unbounded β-plane, consists of a
discrete set of continuous functions of the zonal wave number k, or spectral branches. These branches
can be indexed by the number of zeros of the meridional velocity ṽ(θ). For shallow-water waves on
the sphere, however, the modes and frequencies depart from Matsuno’s solutions as ϵ increases, wave
functions spread away from the equator and new zeros of ṽ(θ) appear at non-zero latitudes, modifying
the natural order of mode branches established by Matsuno. This affects the conclusion regarding
the very concept of spectral flow in this model, which must be replaced by a more accurate notion
that we name the modal flow.

3.1 Reminder: the Matsuno spectrum and wave functions

The shallow-water equations for equatorial waves on the unbounded β-plane are the same as (4),
only with Cartesian coordinates instead of the spherical ones (x is the zonal coordinate pointing
eastward and y is the meridional coordinate pointing northward, with y = 0 defining the equator),
and f = βy. Once again, we focus on plane waves propagating in the zonal direction, i.e. solutions
in the form X(y)ei(kx−ωt), where the wave number k can take continuous values. As explained in the
introduction, this model captures the physics of equatorial waves in the limit of small ϵ. The solutions
found by [13] obey the dispersion relation

ω2

c2
− k2 − βk

ω
− β

c
(2p + 1) = 0 (with p = −1, 0, 1, 2...) , (9)

and the corresponding wave functions for the meridional velocity are given by

ṽ(y) ∝ Hp

(
y

√
β

c

)
e−

β
2c

y2
for p ≥ 0 ,

ṽ(y) = 0 for p = −1 ,

(10)

with the Hermite polynomials Hp. As depicted in Figure 5, the dispersion relation (9) can be repre-
sented by a discrete set of continuous branches in (k, ω), each indexed by the integer p. For p ≥ 0,
this index is equal to the number of zeros of ṽ in the meridional direction y. Branches with p ≥ 1
are the Rossby and inertia-gravity modes. The branches p = 0 and p = −1 are those of the Yanai
and Kelvin modes, respectively. The Kelvin modes are purely zonal, i.e. with ṽ = 0. The dispersion
relation (9) formally associates Kelvin modes with the index p = −1 and, even though it does not
make sense in terms of number of zeros of ṽ(y), it will be convenient to keep this index −1 in mind.
It is also worth noticing that, for p = 0, Equation (9) admits an additional solution ω = −ck. This
solution corresponds to a diverging mode on the unbounded β-plane, thus it is discarded as it is not
physically acceptable.

8
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Figure 5: The Matsuno spectrum and wave functions for equatorial shallow-water waves on the unbounded β-
plane [13]. Left: plot of the dispersion relation (9), showing the branches −1 ≤ p ≤ 3 for positive frequencies.
The Yanai and Kelvin branches transit across the frequency gap between the Rossby and inertia-gravity
wavebands, as k increases. Right: Amplitude of the meridional velocity in the y direction, given by Expression
(10). The branch index p is equal to the number of zeros of ṽ(y).

3.2 Zeros of the meridional velocity

The +2 spectral flow studied by [1] corresponds to the Yanai and Kelvin modes, which transit
from the Rossby waveband to the inertia-gravity waveband as k increases. Beyond the fact that these
modes form continuous curves in (k, ω), what identifies each of them is the number of zeros of the
meridional velocity in the y direction, as previously shown. Generally speaking, it is straightforward
to define the spectral flow of an eigenvalue problem if there is a continuous parameter such as the
zonal wave number k, because the spectrum thus consists of continuous branches. However, if the
spectral parameter takes discrete values, one must find an alternative way to count the number of
modes gained or lost by a waveband as this spectral parameter is swept. For shallow-water waves
on the rotating sphere, the azimuthal wave number m is a discrete parameter, nevertheless we will
extrapolate the relation existing between the spectral flow of inertia-gravity waves and the number
of zeros of ṽ for the unbounded β-plane model. In other words, we will adopt the number of zeros
of ṽ(θ) on the open interval (−π/2, +π/2) as an ordering parameter for the modes of the problem
(4) (see Figure 6). In fact, many works on the spectrum of shallow-water waves associate or label
modes according to the number of zeros of their meridional velocity [16,17,19,42,58]. In the Matsuno
spectrum, at negative k, there are modes with no zero of ṽ in the Rossby waveband but not in the
inertia-gravity waveband, whereas there are modes with no zero in the inertia-gravity waveband at
positive k. Connecting them together forms the spectral flow of Yanai modes, which transits between
the Rossby and inertia-gravity wavebands as k increases. To clarify, in the rest of the paper, we
will employ the term modal branch to refer to modes with the same number of zeros of ṽ(θ) on the
open interval (−π/2, π/2), as m varies, and say that there is a modal flow when such a modal branch
transits between the Rossby and inertia-gravity wavebands. In contrast, the terms spectral branch
and spectral flow will be used to refer to the continuous curves formed by the frequencies, which is
a well-defined concept only if the spectral parameter is continuous, strictly speaking. Spectral and
modal branches of the Matsuno spectrum are the same (see Figure 5). In the shallow-water spectrum
on the sphere, the spectral parameter m is not continuous, yet one can argue that there is a spectral
flow of frequencies in the Matsuno limit (see Figures 1 and 4), but not in the Margules limit.
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Figure 6: Numerically-calculated frequencies of Equations (4) (red dots). The modes with same number of
zeros of ṽ(θ) are connected by dashed blue curves, which have no physical meaning. The number of zeros is
indicated on the curves. For small ϵ, the modal branches display an abrupt jump right before m = 0. As ϵ
increases, the spectrum progressively loses its east-west asymmetry and the spectral flow collapses.

As shown in the previous section, for small ϵ, the ratio between the equatorial radius of deformation
and the sphere’s radius is of order

√
ϵ, which implies that the wave functions spread across the

whole sphere even for moderate values of ϵ, and thus the modes experience the discrepancy with the
unbounded β-plane. The spreading of all the wave functions reveals additional zeros of ṽ at non-
zero latitude, which are virtually invisible when ϵ is too small and the modes are strongly trapped
at the equator. In fact, all modes with positive phase speed (i.e. positive m, considering only the
positive frequencies) have two additional zeros at opposite latitudes (see Figures 7 and 8), compared
to the same modes of the unbounded β-plane. However, the zeros of Rossby modes, which propagate
westward, are unchanged. In other words, the index p of the Matsuno modes propagating eastward
is increased by +2 in spherical geometry. In particular, Yanai modes with negative m have p = 0
meridional zeros and p = 2 zeros for positive m. Similarly, in contrast with the unbounded β-
plane, Kelvin modes have a non-zero meridional velocity which cancels once at the equator, i.e.
p = 1 = −1 + 2. This +2 jump in number of zeros, which was already discussed by [19], is illustrated
in Figure 6.
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Figure 7: Meridional velocity Re
(
ṽ(θ)eimϕ

)
of modes for ϵ = 0.2 and m = −2, +1, computed with Dedalus

(red: positive values; blue: negative values). A is a Rossby mode, B and F are Yanai modes, E is a Kelvin
mode, C, D, G and H are inertia-gravity modes. On the left, modes are connected by dashed blue curves
according to number of zeros of ṽ(θ) on (−π/2, π/2). Modes F,G and H have zeros at high latitude, which
are not visible on the plot since the wave functions vanish away from the equator (see Appendix 6.1). Dashed
black lines indicate the zeros of ṽ(θ), and the meridional lines of zeros correspond to the term eimϕ with m ̸= 0
for travelling waves.
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Figure 8: Same modes as Figure 7, for ϵ = 2. The wave functions are more spread in latitude and extend
up to the poles, clearly revealing zeros at high latitudes. The meridional velocity of a Yanai mode has no zero
for negative m (B), but changes sign at two opposite latitudes for positive m (F), contrary to the Yanai mode
computed by Matsuno on the equatorial β-plane. Generally speaking, the meridional velocity of modes with
eastward phase speed has two more zeros, compared to Matsuno’s wave functions. Similarly, Kelvin modes
(E) have zero meridional velocity on the unbounded β-plane, which is not true on the sphere. Note that
the north-south symmetry of the wave functions is preserved on the sphere, which implies the parity of these
additional zeros. This point is discussed in Appendix 6.2.

To conclude this part, we have shown that the net modal flow of shallow-water waves, equal to +2
on the unbounded β-plane, is null on the sphere. This is evident for large ϵ since the spectrum displays
a strong east-west symmetry, i.e. the frequencies ω and wave functions are nearly the same for m
and −m. As ϵ becomes smaller, the spectrum loses this east-west symmetry, displays an apparent
spectral flow of frequencies but the net modal flow remains zero. At small ϵ, the spectrum resembles
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the Matsuno one as there are Kelvin and Yanai modes transiting across the gap for increasing wave
number m. However, the Yanai modes do not form a modal branch because the eastward ones have
two more zeros than the westward ones. In the present case, the nullity of this modal flow can be
surprising regarding the bulk-interface correspondence established by [1,24,59], which states that the
number of transiting modes of the Matsuno spectrum is equal to a robust topological charge +2 at the
equator. In the following we will show that the nullity of the net modal flow is actually in agreement
with the index theorem, as the Chern numbers of the shallow-water spectrum on the sphere add up
to zero, in contrast with the unbounded β-plane.

4 Topology of the shallow-water model on the sphere

Identifying modes with the number of zeros of their ṽ wave function, we showed that the net modal
flow of shallow-water waves on the sphere is null, while it is +2 for the unbounded β-plane. Many
studies [1, 24, 26–30, 60, 61] showed that, when the frequencies ω can be expressed as the eigenvalues
of a Hermitian differential wave operator H, the number of modes gained by a waveband as the
spectral parameter increases is equal to a topological invariant characterising the Weyl symbol H of
the operator H, in virtue of the index theorem [23]. As demonstrated for instance by [1, 23, 24, 62],
the presence of +2 transiting equatorial modes on the unbounded β-plane is ensured by a +2 Chern
number characterising the degeneracy point of the symbol at f = 0. More precisely, the Yanai and
Kelvin branches constitute a footprint, in the spectrum of H, of a degeneracy point of its symbol
bearing a Chern number +2. In light of the discussion of section 3, the aim of this section is to
show that the previous conclusions can be inferred with the index theorem, as accounting for the
spherical metric reveals new degeneracy points of the symbol of the wave operator, in addition to
the unique degeneracy point of the problem on the unbounded β-plane. We will demonstrate that
these additional degeneracy points bear topological charges which compensate the +2 Chern number
of the equatorial degeneracy point, thus making the eigenbands of the symbol have zero total Chern
numbers, which justifies the absence of transiting modes and the breaking of Yanai and Kelvin mode
branches on the sphere for large ϵ.

4.1 Hermitian form, analogy with topographic shallow-water waves

In order to apply the index theorem, we first need to express Equations (4) in the form HX = ωX,
where H is a Hermitian differential wave operator and the complex vector X contains the three
dependent variables ũ(θ), ṽ(θ) and h̃(θ). To do this, we introduce the rescaled fields u =

√
cos(θ) ũ,

v =
√

cos(θ) ṽ and η =
√

cos(θ) h̃. Equations (4) can thus be recast in the form of a matrix eigenvalue
equation:

ω




u

v

η


 =




0 if(θ) c
R

m
cos θ

−if(θ) 0 −i c
R

d
dθ − iβg(θ)

c
R

m
cos θ −i c

R
d
dθ + iβg(θ) 0







u

v

η


 = H




u

v

η


 , (11)

with the Coriolis parameter f = 2Ω sin(θ) and a metric β-term

βg =
c

2R
tan(θ) . (12)

The problem is that of identifying the eigenvalues of the wave operator H, the 3-by-3 matrix of
differential operators appearing in the RHS of Equation (11). It is a Hermitian matrix operator for
the canonical scalar product of complex vector functions of θ (see Appendix 6.3). In consequence,
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unsurprisingly, the spectrum of shallow-water waves on the sphere is purely real. We now introduce
the Weyl symbol of the wave operator H:

H =




0 if M

−if 0 Kθ − iβg

M Kθ + iβg 0


 , (13)

where we have also defined M = c m/(R cos θ), and Kθ the symbol of the Hermitian differential
operator −id/dθ times c/R, which is therefore a real quantity (see [63], Theorem 13.8). Generally
speaking, the symbol of a wave operator, which is obtained via the Wigner transform (see appendix
6.3), provides a local representation of the wave equations in phase space (see e.g. [62, 64–66]). It
extends the Fourier transform to systems of wave equations with non constant coefficients. In the
present case, the symbol H represents quasi-local dispersion and polarisation relations of shallow-
water waves on the sphere. H is a continuous matrix function of the conjugated variables θ,Kθ, and
m. To be clear, m must be an integer so that the wave functions of H are regular on the sphere,
but we can formally consider the symbol H as a continuous function of m or M . In the context of
this paper, we introduce it in order to apply the index theorem, following [23], i.e. we investigate
the topological properties of the degeneracy points of H. This theorem relates the Chern numbers
of these degeneracy points to the number and direction of transiting modes of the wave operator H,
which can be interpreted as the spectral footprint of a degeneracy point of non-zero Chern number
in the quasi-local dispersion relations. The symbol (13) is a generalisation of the one studied by [1]
for the unbounded β-plane: indeed, in the Matsuno limit, βg/f ≈ ϵ/4 ≪ 1 in the Yoshida waveguide,
thus the metric term βg can be dropped, as far as equatorially-trapped waves are concerned.

A recent paper [67] wrongly states that the shallow-water wave operator on the sphere is non-
Hermitian and admits complex eigenvalues, which is not true since this system is linearly stable in
the absence of a background flow. The mistake originates from using the Fourier transform (which
is wrong since the coefficients of H vary with θ) on the wave operator, instead of the more relevant
Wigner transform. It is known that the Wigner transform must include additional terms on curved
manifolds [68], which yields a Hermitian symbol in this case. Moreover, the equivalence between
the respective Hermiticity of an operator and its symbol is a known property [63], and the symbol
(13) is Hermitian as we used an appropriate rescaling of the variables, implying the Hermiticity of
the operator H for the canonical scalar product. Besides, we wish to point out that the topological
properties that are presented in the following section do not depend on the choice of θ (and thus its
conjugated symbol Kθ) as coordinate to express the differential operator H and its symbol. Indeed,
one would obtain the same symbol H using any alternative coordinate x = F (θ), as long as the fields
are appropriately rescaled so as to preserve the Hermiticity of H (see appendix 6.3).

We also wish to point out that Equations (11) are formally equivalent to the shallow-water model
in planar geometry with varying topography, whose transiting modes were investigated by [27]. The
metric term βg plays the exact same role as the topographic parameter βt, although [27] only con-
sidered an f -plane. In other words, the metric β-term is mathematically analogous to topography in
flat metric. Actually, one could consider together the effect of a curved metric (spherical or oblate for
rapidly rotating celestial bodies, for instance) with a topography h0(θ) varying with latitude (thus
the velocity c =

√
gh0 is also a function of latitude). It can be shown that the symbol of this problem

is the same as (13), with a total β-term that is the sum of βg and βt. For the spherical metric with
topography, this adds up to βtotal = (c/2R) (tan θ − d ln c/dθ). We will not be considering a varying
topography, as we wish to focus on the curved metric. However, we bring to the analysis of [27] the
case of varying f and the additional geometric/topographic term with latitude, which was already
addressed by [37] (part 3.5.1), in the context of the equatorial channel.
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4.2 Degeneracy points of the symbol and their Chern numbers

Let us now determine the topological properties of the matrix H of Expression (13). As a function
of (m, Kθ, θ) and a 3-by-3 Hermitian matrix, H has generically 3 eigenvalues which are real-valued
functions defined over the parameter space (m, Kθ, θ). These will be referred to as eigenbands in the
following, noted λn with n = −1, 0, +1 for increasing eigenvalues. It is important to understand that
these eigenvalues are not the same as the frequencies ω, i.e. the eigenvalues of the operator H as
defined in (11).

The fields in Equations (3) are real-valued. As such, we have H(m) = −H(−m), where the
overline stands for the complex conjugation of all coefficients of H. Consequently, the spectrum of H
is completely symmetric under the inversion (m, ω) → (−m, −ω). In the same way, all eigenvalues of
H verify

λ−n(m, Kθ, θ) = −λ+n(−m, −Kθ, θ) , (14)

for any band index n = −1, 0, +1. Therefore, it is sufficient to consider only the positive frequencies ω
of H, and the eigenbands n = 0 (quasi-local representation of Rossby waves) and n = +1 (quasi-local
representation of inertia-gravity waves) of H. For this reason, even though a given degeneracy point
of H has three Chern numbers (one for each eigenband n = −1, 0, +1), we will mostly consider the
n = +1 one and simply refer to it as Chern number (without mentioning the band index). The
characteristic polynomial of the matrix H reads as

X3 −
(
M2 + K2

θ + f2 + β2
g

)
X − 2fβgM . (15)

The polynomial (15) has a multiple root, i.e. H has a degenerated eigenvalue (λ0 = λ+1 and/or
λ0 = λ−1), if and only if

βg = ±f , (16)

as computed by [27] for the topographic shallow-water model. The degenerated positive eigenvalue
(λ0 = λ+1) is equal to |f |, and the corresponding degeneracy points in parameter space are the ones
such that βg(θ) = ±f(θ), M = ∓|f | and Kθ = 0. Now the modal flow of H for an eigenband n, i.e.
the number of modes gained by the Rossby (for n = 0) or the inertia-gravity (for n = +1) waveband
as m goes from −∞ to +∞, is constrained by the presence of at least one of these degeneracy points
in the real system, and the value of this modal flow is given by the Chern number (a negative Chern
number corresponds to a net loss of modes as m increases) held by this degeneracy point for the band
n of the symbol [1, 23, 37]. Since f and βg have the same sign (negative in the southern hemisphere
and positive in the northern one), the problem amounts to solving c tan(θ)/2R = 2Ω sin(θ), which
yields

θ = 0 or cos(θ) =
ϵ

4
. (17)

Therefore one can distinguish two situations, as illustrated in Figure 9:

• If ϵ < 4, there are three latitudes at which a degeneracy between the eigenvalues of the symbol
occurs, one at the equator (3-fold since all three eigenvalues of H are degenerated there) and
two (2-fold) degeneracy points near the poles, at opposite latitude. As ϵ increases, these get
closer to the equator, where they eventually merge with the equatorial degeneracy point for
ϵ = 4. The value of m at the non-equatorial degeneracy points for the positive eigenbands is

mc = −1

2

√
1 −

( ϵ

4

)2
∈ (−1/2, 0) . (18)

• If ϵ ≥ 4, there is a unique degeneracy point at the equator. This can be seen as a threshold
in the competition between two different β-effects, the traditional one owing to the variation
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of f with latitude, which tends to trap waves at the equator, and the geometric one, which
conversely tends to spread the wave functions away from it, over the whole sphere.
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Figure 9: Phase diagram of H, inspired by [69]. The colored curves represent the trajectory of (βg, f) as
θ goes from −π/2 to +π/2. H has a degenerated eigenvalue when f = ±βg (dashed lines), thus splitting
the parameter space (βg, f) in 4 areas, each of which is characterised by an integer 0, −1 or +1. The Chern
number C+1 (colored discs) of a degeneracy point (black dots) involving the eigenband n = +1 is given by
their difference as θ increases past the degeneracy point. Middle: if ϵ < 4, the equatorial degeneracy point
has C+1 = +2, same as in [1], and there are two additional mid-latitude degeneracy points with C+1 = −1.
Left: as ϵ increases and reaches 4, they merge with the equatorial degeneracy point, which still exists for ϵ > 4
and has zero Chern number. Right: the symbol of shallow-water waves on the unbounded β-plane is obtained
by taking βg = 0 and f = βy in (13), which yields the unique degeneracy point of Chern number +2 studied
by [1].

Each of these degeneracy points can be assigned a set of Chern numbers, one for each eigenband
involved in the degeneracy (see Appendix 6.4). Again, two situations can be distinguished:

• For ϵ < 4, the equatorial 3-fold degeneracy point has a set of Chern numbers (C−1, C0, C+1) =
(−2, 0, +2) for the three eigenbands (n = −1, 0, +1) of H, which are all degenerated. This is the
result of [1] for the β-plane shallow-water model, and it still holds with the contribution of the
spherical metric, as long as ϵ < 4. The other 2-fold non-equatorial degeneracy points bear the
Chern numbers (C0, C+1) = (+1, −1) (for the positive-eigenband degeneracies) and (C−1, C0) =
(+1, −1) (for the negative-eigenband degeneracies). Note that, for small ϵ, the latter are pushed
toward the poles, which are then discarded by Matsuno’s β-plane approximation. This is why
the β-plane shallow-water model does not have them accounted for. These negatively-charged
degeneracy points also appear at wave number m = mc ∈ (−1/2, 0), given by Expression (18),
which is why their footprint is appreciable in the form of a jump of the modal branches right
before m reaches 0 (see Figures 6 and 7).

• For ϵ ≥ 4, all degeneracy points merge at the equator – and their respective Chern numbers
add up – into a unique three-fold degeneracy point which is topologically neutral, i.e. of zero
Chern numbers: (C−1, C0, C+1) = (0, 0, 0). In the spectrum of the wave operator, this fusion
manifests as a symmetrisation of the modes between positive and negative m, whereas the east-
west asymmetry of the spectrum is appreciable for small ϵ, when the degeneracy points are
separated.

In conclusion, the metric term βg generates systematic degeneracy points whose Chern numbers
compensate that of the equatorial degeneracy point. For small ϵ, these degeneracy points are located
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near the poles and bear the Chern number −1 for the eigenband n = +1, and for ϵ ≥ 4 there is a
unique degeneracy point at the equator whose Chern numbers are 0. The eigenbands of H thus have
zero total Chern numbers, which confirms that the net number of modes gained by the inertia-gravity
waveband as m is swept from −∞ to +∞ is zero, in virtue of the index theorem. As explained
in section 3, there is a direct correspondence between this mode imbalance and the evolution of the
number of zeros of ṽ for waves on the unbounded β-plane. While the same correspondence can only be
inferred by extrapolation for waves on the rotating sphere, we showed here that the absence of modal
flow is in agreement with the predictions of topology. For the unbounded β-plane, [62] provides a
formal proof of the equality between the modal flow (i.e. the difference in number of positive-frequency
inertia-gravity modes between the two limits k → +∞ and k → −∞) and the Chern number of the
symbol’s degeneracy point at the equator, based on geometric WKB analysis of the waves in both
limits. This study, which provides an alternative point of view to the index theorem, could also be
extended here to demonstrate the nullity of this mode imbalance on the sphere, with the wave number
m instead of k.

4.3 Collapse of the spectral flow

For ϵ < 4, one could expect that each of the degeneracy points exhibited in 4.2 should be associated
with its own branch of modes, two of them localised near the equator, transiting from the Rossby
waveband to the inertia-gravity waveband as m increases (corresponding to the +2 topological charge
at the equator), and two localised near the latitudes ±θ such that cos θ = ϵ/4, transiting from the
inertia-gravity waveband to the Rossby waveband as m increases (corresponding to the −1 charges).
However there is no footprint of the modes transiting from the inertia-gravity waveband to the Rossby
waveband, and this happens for two reasons:

• Although the index theorem applies individually for each degeneracy point of the symbol, the
resulting spectral flows are visible only in a semi-classical limit [23], i.e. as long as the transiting
modes are well-separated in phase space [70]. In the case of shallow-water waves on the rotating
sphere, the semi-classical limit in question corresponds to ϵ ≪ 1. Indeed, the equatorial waves
spread up to the poles even for moderate values of ϵ (ϵ ∼ 1), which means that the modes
corresponding to the opposite spectral flows overlap and hybridise, thus manifesting an avoided
crossing between their respective spectral branches (see e.g. the cases studied by [71] and [37],
part 3.5.1), which is precisely why the spectral flow of frequencies collapses as ϵ increases.

• Even for ϵ ≪ 1 the modes of negative spectral flow are not visible in the spectrum. We
showed in 4.2 that these are expected to be localised near the poles, as the corresponding
degeneracy points of the symbol are, and transit around m ≈ −1/2. These modes are the
spherical counterpart of Matsuno’s spurious solutions (for ω = −ck), or coastal Kelvin waves in
the equatorial channel [21,27,37], if the edges of the channel were moved up to the poles. Owing
to the spherical geometry, the dispersion relation of coastal Kelvin modes propagating along a
longitudinal wall at latitude θ is ω = −cm/R cos θ. Therefore, the slope of the branches formed
by these hypothetical polar modes is large, and they do not appear in the spectrum for integer
values of the wave number m since they transit around m ≈ −1/2. For small ϵ, the strong
east-west asymmetry is the manifestation of these opposite topological charges being separated,
the gap-crossing Kelvin and Yanai frequencies are the footprint of the +2 topological charge
at the equator, while the abrupt +2 modal jump happening between m = −1 and m = 0 (see
Figure 6) is the footprint of the degeneracy points of charges −1 located near the poles.
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5 Concluding remarks

The goal of this work is to investigate the topological properties of the shallow-water spectrum on
the rotating sphere. In particular, we aimed at answering the following questions: how do the results
of [1], which were established using the β-plane approximation, extend to the spherical case? What
does topology tell us about the transition between the Matsuno and Margules limits? Both regimes
have been extensively investigated, and the corresponding solutions can be well-approximated, how-
ever there is no analytic solution for arbitrary values of ϵ. In the Matsuno limit (ϵ ≪ 1 or large Lamb
parameter), there seems to be a continuous spectral connection between the Rossby and inertia-
gravity modes, which is embodied by the Yanai and Kelvin modes, whose frequencies cross the gap as
m increases (see Figure 1). This spectral feature is reminiscent of the Matsuno spectrum on the un-
bounded β-plane, for which the connection with topological invariant is well-established [1,23,24,62].
In the Margules limit (large ϵ or small Lamb parameter), this gapless connection progressively breaks
down. All the inertia-gravity modes plus the positive-phase-speed Yanai (with m ≥ 0) and Kelvin
modes (with m ≥ 1) move up to values ω = O(c/R), while the largest Yanai frequency (m = −1)
remains smaller than Ω (see Equation (8) with n = 0 and Figure 4), thus separating the spectrum
into two distinct wavebands with an open frequency gap.

For small ϵ, the frequencies of shallow-water waves on the sphere and those of the Matsuno
spectrum on the unbounded β-plane are nearly identical, however the ṽ component of the modes of
positive (eastward) phase speed has two more zeros located at opposite latitudes. The latter being
close to the poles, they are not captured by the β-plane approximation. Modes on the sphere have
been extensively studied, in particular the Yanai modes [42,72]. Nevertheless, to our knowledge, the
existence of these additional zeros is usually not discussed in the geophysical literature. Yet they are
consistent with the evolution of the shallow-water spectrum as ϵ varies continuously. To explain why,
let us consider a mode with wave number m and frequency ω, for a large value of ϵ (Margules limit).
The number p of zeros of ṽ(θ) is established by the classification given in 2.2. The inertia-gravity
modes are essentially those of the Laplacian on the sphere, which are insensitive to the sign of m.
As ϵ continuously decreases, the effect of rotation becomes stronger and the spectrum progressively
loses this east-west symmetry. For the mode picked in the large ϵ regime, its frequency ω and the
wave function ṽ change as well in a continuous manner. However, the number p cannot change as the
structure of ṽ is governed by a generalised Sturm-Liouville problem (see the arguments of [58]), whose
eigenvalue equation is the spherical generalisation of Matsuno’s equation (Equation (3.3) of [19] is
given for the perturbation of potential vorticity, which is proportional to cos (θ)ṽ). When decreasing
ϵ, the frequencies of the eastward modes decrease faster than the westward ones, leading to a dislo-
cation (or +2 branch jump) in the spectrum. This dislocation eventually results in the spectral flow
of Yanai and Kelvin modes in the small ϵ (Matsuno) limit. In the Matsuno limit on the sphere, this
spectral flow is thus obtained as a continuous deformation of the Margules spectrum with no spectral
flow. It arises from the isolated +2 topological charge at the equator, whereas the opposite topolog-
ical charges near the poles generate invisible modes with opposite spectral flow, which manifest in
the spectrum through the change in number of ṽ zeros of Yanai modes as m changes sign. In other
words, this spectral flow is not a modal flow, since the westward and eastward Yanai modes do not
constitute a single modal branch. In contrast, the shallow-water spectrum on the unbounded β-plane
arises from a single non-zero topological charge, because there is no such way to continuously deform
it into a spectrum with no modal flow, as the parameters β and c can be absorbed in the definition of
length and time units, and thus do not affect the shape of the spectrum discussed in 3.1. Conversely,
for waves on the sphere, both R and the Rossby radius of deformation c/2Ω deeply affect the shape
of the solutions, and their ratio define the effective equatorial trapping of waves.

We then highlighted furthermore this distinction between the unbounded β-plane and the sphere
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by investigating the topology of the symbol of the shallow-water model on the sphere. We showed
that the shallow-water eigenbands on the sphere have zero total Chern numbers, in contrast with
the eigenbands on the unbounded β-plane. Consequently, in virtue of the index theorem, there is no
net modal flow of modes in the spectrum. Precisely, we found that when ϵ becomes higher than 4,
several degeneracy points merge into a unique, topologically neutral degeneracy point at the equator.
This manifests in the shallow-water spectrum as the loss of east-west asymmetry and the complete
collapse of the spectral flow of equatorial Yanai and Kelvin waves. However, for ϵ < 4, the symbol
of the wave operator on the sphere has several charged degeneracy points: an equatorial one with
non-zero Chern numbers, which is reminiscent of the unbounded β-plane [1], plus two others (con-
sidering the positive eigenbands n = 0, +1) with opposite charges. As discussed in 4.3, the spectral
footprint of the former are the Yanai and Kelvin waves, whose transiting frequencies are characteristic
of the east-west asymmetry at small ϵ, and that of the latter is the +2 modal jump, i.e. the fact that
opposite topological charges of the symbol lead, for small ϵ, to a spectral flow that is not a modal flow.

This work joins recent efforts toward the comprehension of how topology applies in the spectral
properties of continuous physical systems on curved surfaces [34, 67, 73–75], a subject that still lacks
a unified framework. In that sense, we wish to stress the importance of the Weyl symbol and the
spectral parameter. With this study, we have shown that the shallow-water model on the rotating
sphere has a counter-intuitive topology that is either neutral (all Chern numbers are null for ϵ ≥ 4) or
polar in the sense that it has several degeneracy points of non-zero Chern numbers which sum to zero
(for ϵ < 4), whereas its β-plane counterpart in unbounded flat geometry has a unique, topologically
charged degeneracy point. Besides, we exhibited a peculiar situation, in which different degeneracy
points (with different multiplicity) merge and yield a unique degeneracy point which is topologically
neutral, yet without the gap opening afterward. This situation is not usual in topological physics.
Further investigation is necessary to better understand the spectral properties of continuous systems
on curved surfaces, and the manifestation of topology in their dynamics.
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grant ANR-18-CE30-0002-01.

References

[1] P. Delplace, J. Marston, and A. Venaille, “Topological origin of equatorial waves,” Science,
vol. 358, no. 6366, pp. 1075–1077, 2017.

[2] A. E. Gill, Atmosphere-ocean dynamics, vol. 30. Academic press, 1982.

[3] G. K. Vallis, Atmospheric and oceanic fluid dynamics. Cambridge University Press, 2017.

[4] V. Zeitlin, GEOPHYSICAL FLUID DYNAMICS: Understanding (almost) everything with
rotating shallow water models. Oxford University Press, 2018.

[5] P. A. Gilman, “Magnetohydrodynamic “shallow water” equations for the solar tachocline,” The
Astrophysical Journal, vol. 544, no. 1, p. L79, 2000.

[6] T. Zaqarashvili, R. Oliver, and J. Ballester, “Global shallow water magnetohydrodynamic waves
in the solar tachocline,” The Astrophysical Journal, vol. 691, no. 1, p. L41, 2009.

[7] T. Zaqarashvili, M. Albekioni, J. Ballester, Y. Bekki, L. Biancofiore, A. Birch, M. Dikpati,
L. Gizon, E. Gurgenashvili, E. Heifetz, et al., “Rossby waves in astrophysics,” Space Science
Reviews, vol. 217, pp. 1–93, 2021.

18



[8] W. Thomson, “1. on gravitational oscillations of rotating water,” Proceedings of the Royal Society
of Edinburgh, vol. 10, pp. 92–100, 1880.

[9] C.-G. Rossby, “Relation between variations in the intensity of the zonal circulation of the at-
mosphere and the displacements of the semi-permanent centers of action,” J. mar. Res., vol. 2,
pp. 38–55, 1939.

[10] H. Stommel, “The westward intensification of wind-driven ocean currents,” Eos, Transactions
American Geophysical Union, vol. 29, no. 2, pp. 202–206, 1948.

[11] W. H. Munk and G. F. Carrier, “The wind-driven circulation in ocean basins of various shapes,”
Tellus, vol. 2, no. 3, pp. 158–167, 1950.

[12] C. Rossby, “On displacements and intensity changes of atmospheric vortices,” Journal of Marine
Research, vol. 7, no. 3, 1948.

[13] T. Matsuno, “Quasi-geostrophic motions in the equatorial area,” Journal of the Meteorological
Society of Japan. Ser. II, vol. 44, no. 1, pp. 25–43, 1966.

[14] K. Yoshida, “A theory of the cromwell current (the equatorial undercurrent) and of the equatorial
upwelling an interpretation in a similarity to a costal circulation,” Journal of the Oceanographical
Society of Japan, vol. 15, no. 4, pp. 159–170, 1960.

[15] M. Margules, Air motions in a rotating spheroidal shell. Advanced Study Program, National
Center for Atmospheric Research, 1980.

[16] S. S. Hough, “V. on the application of harmonic analysis to the dynamical theory of the
tides.—part ii. on the general integration of laplace’s dynamical equations,” Philosophical
Transactions of the Royal Society of London. Series A, Containing Papers of a Mathematical
or Physical Character, vol. 191, pp. 139–185, 1898.

[17] M. S. Longuet-Higgins, “The eigenfunctions of laplace’s tidal equation over a sphere,”
Philosophical Transactions of the Royal Society of London. Series A, Mathematical and Physical
Sciences, vol. 262, no. 1132, pp. 511–607, 1968.

[18] A. F. Bridger and D. E. Stevens, “Long atmospheric waves and the polar-plane approximation to
the earth’s spherical geometry,” Journal of the Atmospheric Sciences, vol. 37, no. 3, pp. 534–544,
1980.

[19] D. Müller and J. O’Brien, “Shallow water waves on the rotating sphere,” Physical Review E,
vol. 51, no. 5, p. 4418, 1995.

[20] P. J. Dellar, “Variations on a beta-plane: derivation of non-traditional beta-plane equations from
hamilton’s principle on a sphere,” Journal of Fluid Mechanics, vol. 674, pp. 174–195, 2011.

[21] N. Paldor, Shallow water waves on the rotating Earth. Springer, 2015.

[22] G. M. Vasil, D. Lecoanet, K. J. Burns, J. S. Oishi, and B. P. Brown, “Tensor calculus in spherical
coordinates using jacobi polynomials. part-i: Mathematical analysis and derivations,” Journal of
Computational Physics: X, vol. 3, p. 100013, 2019.

[23] F. Faure, “Manifestation of the topological index formula in quantum waves and geophysical
waves,” Annales Henri Lebesgue, vol. 6, pp. 449–492, 2023.

[24] P. Delplace, “Berry-chern monopoles and spectral flows,” SciPost Physics Lecture Notes, p. 039,
2022.

19



[25] H. Qin and Y. Fu, “Topological langmuir-cyclotron wave,” Science Advances, vol. 9, no. 13,
p. eadd8041, 2023.

[26] M. Perrot, P. Delplace, and A. Venaille, “Topological transition in stratified fluids,” Nature
Physics, vol. 15, no. 8, pp. 781–784, 2019.

[27] A. Venaille and P. Delplace, “Wave topology brought to the coast,” Physical Review Research,
vol. 3, no. 4, p. 043002, 2021.

[28] N. Perez, P. Delplace, and A. Venaille, “Unidirectional modes induced by nontraditional coriolis
force in stratified fluids,” Physical Review Letters, vol. 128, no. 18, p. 184501, 2022.

[29] A. Leclerc, G. Laibe, P. Delplace, A. Venaille, and N. Perez, “Topological modes in stellar
oscillations,” The Astrophysical Journal, vol. 940, no. 1, p. 84, 2022.

[30] J. B. Parker, J. Marston, S. M. Tobias, and Z. Zhu, “Topological gaseous plasmon polariton in
realistic plasma,” Physical Review Letters, vol. 124, no. 19, p. 195001, 2020.

[31] H. Qin and Y. Fu, “Topological langmuir-cyclotron wave,” Science Advances, vol. 9, no. 13,
p. eadd8041, 2023.

[32] Z. Wang, Y. Chong, J. D. Joannopoulos, and M. Soljačić, “Observation of unidirectional
backscattering-immune topological electromagnetic states,” Nature, vol. 461, no. 7265, pp. 772–
775, 2009.

[33] A. Souslov, B. C. Van Zuiden, D. Bartolo, and V. Vitelli, “Topological sound in active-liquid
metamaterials,” Nature Physics, vol. 13, no. 11, pp. 1091–1094, 2017.

[34] S. Shankar, M. J. Bowick, and M. C. Marchetti, “Topological sound and flocking on curved
surfaces,” Physical Review X, vol. 7, no. 3, p. 031039, 2017.

[35] L. M. Nash, D. Kleckner, A. Read, V. Vitelli, A. M. Turner, and W. T. Irvine, “Topological me-
chanics of gyroscopic metamaterials,” Proceedings of the National Academy of Sciences, vol. 112,
no. 47, pp. 14495–14500, 2015.

[36] A. B. Khanikaev, R. Fleury, S. H. Mousavi, and A. Alu, “Topologically robust sound propagation
in an angular-momentum-biased graphene-like resonator lattice,” Nature communications, vol. 6,
no. 1, p. 8260, 2015.

[37] N. Perez, Topological waves in geophysical and astrophysical fluids. PhD thesis, Ecole normale
supérieure de lyon-ENS LYON, 2022.

[38] C. Aerts, J. Christensen-Dalsgaard, and D. W. Kurtz, Asteroseismology. Springer Science &
Business Media, 2010.

[39] M. S. Longuet-Higgins, “Planetary waves on a rotating sphere. ii,” Proceedings of the Royal
Society of London. Series A. Mathematical and Physical Sciences, vol. 284, no. 1396, pp. 40–68,
1965.

[40] D. Müller, B. Kelly, and J. O’brien, “Spheroidal eigenfunctions of the tidal equation,” Physical
review letters, vol. 73, no. 11, p. 1557, 1994.

[41] H. Taşeli, “Exact analytical solutions of the hamiltonian with a squared tangent potential,”
Journal of mathematical chemistry, vol. 34, pp. 243–251, 2003.

20



[42] N. Paldor, I. Fouxon, O. Shamir, and C. I. Garfinkel, “The mixed rossby–gravity wave on
the spherical earth,” Quarterly Journal of the Royal Meteorological Society, vol. 144, no. 715,
pp. 1820–1830, 2018.

[43] K. J. Burns, G. M. Vasil, J. S. Oishi, D. Lecoanet, and B. P. Brown, “Dedalus: A flexible
framework for numerical simulations with spectral methods,” Physical Review Research, vol. 2,
p. 023068, Apr. 2020.

[44] X. Tan and A. P. Showman, “Atmospheric circulation of tidally locked gas giants with increasing
rotation and implications for white dwarf–brown dwarf systems,” The Astrophysical Journal,
vol. 902, no. 1, p. 27, 2020.

[45] J. Monnier, R. Townsend, X. Che, M. Zhao, T. Kallinger, J. Matthews, and A. Moffat, “Rota-
tionally modulated g-modes in the rapidly rotating δ scuti star rasalhague (α ophiuchi),” The
Astrophysical Journal, vol. 725, no. 1, p. 1192, 2010.

[46] A. P. Showman, J. Y. Cho, and K. Menou, “Atmospheric circulation of exoplanets,” Exoplanets,
vol. 526, pp. 471–516, 2010.

[47] O. Shamir, C. I. Garfinkel, E. P. Gerber, and N. Paldor, “The matsuno–gill model on the sphere,”
Journal of Fluid Mechanics, vol. 964, p. A32, 2023.

[48] A. D. Del Genio and W. B. Rossow, “Planetary-scale waves and the cyclic nature of cloud top
dynamics on venus,” Journal of Atmospheric Sciences, vol. 47, no. 3, pp. 293–318, 1990.

[49] E. S. Johnson and M. J. Mc Phaden, “Structure of intraseasonal kelvin waves in the equatorial
pacific ocean,” Journal of physical oceanography, vol. 23, no. 4, pp. 608–625, 1993.

[50] J. Sprintall, A. L. Gordon, R. Murtugudde, and R. D. Susanto, “A semiannual indian ocean forced
kelvin wave observed in the indonesian seas in may 1997,” Journal of Geophysical Research:
Oceans, vol. 105, no. C7, pp. 17217–17230, 2000.

[51] G. N. Kiladis, M. C. Wheeler, P. T. Haertel, K. H. Straub, and P. E. Roundy, “Convectively
coupled equatorial waves,” Reviews of Geophysics, vol. 47, no. 2, 2009.

[52] T. Sakazaki and K. Hamilton, “An array of ringing global free modes discovered in tropical surface
pressure data,” Journal of the Atmospheric Sciences, vol. 77, no. 7, pp. 2519–2539, 2020.

[53] K. Menou and E. Rauscher, “Atmospheric circulation of hot jupiters: a shallow three-dimensional
model,” The Astrophysical Journal, vol. 700, no. 1, p. 887, 2009.

[54] A. P. Showman, A. P. Ingersoll, R. Achterberg, and Y. Kaspi, “The global atmospheric circulation
of saturn,” Saturn in the 21st Century, vol. 20, p. 295, 2018.

[55] N. Gavriel and Y. Kaspi, “The number and location of jupiter’s circumpolar cyclones explained
by vorticity dynamics,” Nature geoscience, vol. 14, no. 8, pp. 559–563, 2021.

[56] J. Legarreta, N. Barrado-Izagirre, E. García-Melendo, A. Sanchez-Lavega, and J. M. Gómez-
Forrellad, “A large active wave trapped in jupiter’s equator,” Astronomy & Astrophysics, vol. 586,
p. A154, 2016.

[57] Z. Zhu, C. Li, and J. Marston, “Topology of rotating stratified fluids with and without background
shear flow,” Physical Review Research, vol. 5, no. 3, p. 033191, 2023.

[58] K. Iga, “Transition modes of rotating shallow water waves in a channel,” Journal of Fluid
Mechanics, vol. 294, pp. 367–390, 1995.

21



[59] C. Tauber, P. Delplace, and A. Venaille, “A bulk-interface correspondence for equatorial waves,”
Journal of Fluid Mechanics, vol. 868, p. R2, 2019.

[60] F. Faure and B. Zhilinskii, “Topological chern indices in molecular spectra,” Physical review
letters, vol. 85, no. 5, p. 960, 2000.

[61] Y. Fu and H. Qin, “Topological phases and bulk-edge correspondence of magnetized cold plas-
mas,” Nature Communications, vol. 12, no. 1, p. 3924, 2021.

[62] A. Venaille, Y. Onuki, N. Perez, and A. Leclerc, “From ray tracing to waves of topological origin
in continuous media,” SciPost Physics, vol. 14, no. 4, p. 062, 2023.

[63] B. C. Hall, Quantum theory for mathematicians. Springer, 2013.

[64] R. G. Littlejohn and W. G. Flynn, “Geometric phases in the asymptotic theory of coupled wave
equations,” Physical Review A, vol. 44, no. 8, p. 5239, 1991.

[65] Y. Onuki, “Quasi-local method of wave decomposition in a slowly varying medium,” Journal of
Fluid Mechanics, vol. 883, p. A56, 2020.

[66] N. Perez, P. Delplace, and A. Venaille, “Manifestation of the berry curvature in geophysical ray
tracing,” Proceedings of the Royal Society A, vol. 477, no. 2248, p. 20200844, 2021.

[67] D. S. Ageev and A. A. Iliasov, “Unveiling topological modes on curved surfaces,” Physical Review
B, vol. 109, no. 8, p. 085435, 2024.

[68] C. Gneiting, T. Fischer, and K. Hornberger, “Quantum phase-space representation for curved
configuration spaces,” Physical Review A, vol. 88, no. 6, p. 062117, 2013.

[69] F. D. M. Haldane, “Model for a quantum hall effect without landau levels: Condensed-matter
realization of the" parity anomaly",” Physical review letters, vol. 61, no. 18, p. 2015, 1988.

[70] L. Jezequel and P. Delplace, “Mode-shell correspondence, a unifying phase space theory in topo-
logical physics – part i: Chiral number of zero-modes,” arXiv preprint arXiv:2310.05656, 2023.

[71] A. Kaufman, J. Morehead, A. Brizard, and E. Tracy, “Mode conversion in the gulf of guinea,”
Journal of Fluid Mechanics, vol. 394, pp. 175–192, 1999.

[72] C. I. Garfinkel, I. Fouxon, O. Shamir, and N. Paldor, “Classification of eastward propagating
waves on the spherical earth,” Quarterly Journal of the Royal Meteorological Society, vol. 143,
no. 704, pp. 1554–1564, 2017.

[73] R. Green, J. Armas, J. de Boer, and L. Giomi, “Topological waves in passive and active fluids
on curved surfaces: a unified picture,” arXiv preprint arXiv:2011.12271, 2020.

[74] C. Finnigan, M. Kargarian, and D. K. Efimkin, “Equatorial magnetoplasma waves,” Physical
Review B, vol. 105, no. 20, p. 205426, 2022.

[75] G. Li and D. K. Efimkin, “Equatorial waves in rotating bubble-trapped superfluids,” Physical
Review A, vol. 107, no. 2, p. 023319, 2023.

[76] M. V. Berry, “Quantal phase factors accompanying adiabatic changes,” Proceedings of the Royal
Society of London. A. Mathematical and Physical Sciences, vol. 392, no. 1802, pp. 45–57, 1984.

[77] T. Fukui, Y. Hatsugai, and H. Suzuki, “Chern numbers in discretized brillouin zone: efficient
method of computing (spin) hall conductances,” Journal of the Physical Society of Japan, vol. 74,
no. 6, pp. 1674–1677, 2005.

22



Part III
A topological wave in stellar oscillations
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Chapter V

The nature of f -modes

Résumé

Ce chapitre présente une étude des ondes propagatives dans les intérieurs d’étoiles, l’objet d’étude
de l’astérosismologie. Le but était d’adapter et généraliser les résultats de [199] qui étudiait des
atmosphères isothermes à des intérieurs stellaires, ce qui demande de traiter deux obstacles : la strat-
ification sphérique et la variation de vitesse du son. Les résultats obtenus montrent que des ondes
Lamb-like devraient génériquement se propager dans les étoiles, grâce à la géométrie sphérique. Ce
sont des modes d’oscillations de grandes longueurs d’ondes radiales et horizontales, donc avec des
ordres et degrés n = 0 et ℓ ∼ 1. Cette situation est difficile à étudier théoriquement car elle échappe
aux approximations locales type WKB habituellement utilisées comme présenté au Chapitre I. Cette
étude a été le premier travail de cette thèse.

The work presented in this chapter discusses waves propagating inside stars, the main subjects of
asteroseismology studies. The aim of the analysis is to generalize the results of [199] on isothermal
atmospheres to stars, which demands to overcome two main obstacles: spherical stratification and
varying sound speed. The results show that Lamb-like waves should generically propagate in stars.
They are their oscillation modes with radial and horizontal wavelengths comparable to the size of the
star, i.e n = 0 and ℓ ∼ 1. This case is difficult to analyze theoretically, as it falls out of WKB domains
of validity, as presented in Chapter I.

This work was the starting point of this thesis. The results presented in this Chapter have been
published in Topological modes in stellar oscillations, Leclerc, Laibe, Delplace, Venaille, Perez, The As-
trophysical Journal 2022 [341]. The decomposition on spherical harmonics was not used in the most
efficient way, which was improved later. Here, we redo the derivation using an improved way rely-
ing upon vectorial spherical harmonics.

The main result is the prediction that Lamb-like waves must propagate in stars, in the form of a
large scale bulk mode. At the time, this prediction was difficult to put in perspective of the aster-
oseismology literature, as such a mode was not described. It was therefore required to pursue the
characterization of this mode, and understand whether it did indeed propagate in stars and where
was its place in the literature. This lead to the works presented in Chapter VI and Chapter IX.
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V. The nature of f -modes

V.1 A practical set of variables

Derivation of the wave equation

We are interested in the seminal case of adiabatic perturbations of a non-rotating, non-magnetic,
stably stratified star, neglecting gravity perturbations, as was presented in Section I.2 of Chapter I.
Let us then recall that the equations of such perturbations are

∂tv
′ = − 1

ρ0
∇P ′ +

ρ′

ρ20
∇P0, (V.1)

∂tρ
′ + ρ0∇ · v′ + v′r

dρ0
dr

= 0, (V.2)

∂tP
′ + v′r

dP0

dr
= c2s (∂tρ

′ + v′r
dρ0
dr

), (V.3)

where ρ0(r), P0(r) and cs(r) are the equilibrium profiles of density, pressure and sound speed of
the star. The steady state is spherically symmetric, such that these profiles only depend on the r
coordinate of spherical geometry. v′, ρ′, P ′ are the Eulerian perturbation of velocity, density and
pressure.
In order to perform a topological analysis, one needs to re-write this system of equations into a
Schrödinger-like equation i∂tX = ĤX , in order to extract the eigenvectors as described in Chapter II
(e.g. Figure II.5). Furthermore, Ĥ must be self-adjoint with respect to the canonical scalar product
for an easy application of Wigner transform.
With this aim and inspiration from [199], it was found that this is accomplished by the change of
variable

v′ 7→ ∼
v = ρ

1/2
0 r v′, (V.4)

p′ 7→ ∼
p = ρ

−1/2
0 c−1

s r P ′, (V.5)

ρ′ 7→
∼
Θ = ρ

−1/2
0 r

g

N
(ρ′ − 1

c2s
P ′). (V.6)

Let us go through the steps of applying the change of variable Equations (V.4)-(V.6) on the evolu-
tion equations (V.1)-(V.3). At some point in the derivations, one needs the two equations from the
background

dP0

dr
= −gρ0, (V.7)

N2 = g

(
1

Γ1

d lnP0

dr
− d ln ρ0

dr

)
= −g

d ln ρ0
dr

− g2

c2s
, (V.8)

as well as the re-writing of Equation (V.6) to eliminate the ρ′ terms as

g√
ρ0

ρ′ =
N

r

∼
Θ+

g

csr

∼
p. (V.9)

Let us start with the radial component of Equation (V.1):

∂tv
′
r = − 1

ρ0
∂rP

′ +
ρ′

ρ20

dP0

dr
= − 1

ρ0
∂r

(
cs
√
ρ0

r

∼
p

)
− ρ′

ρ0
g = − 1

ρ0
∂r

(
cs
√
ρ0

r

∼
p

)
− 1√

ρ0r

(
N

∼
Θ+

g

cs

∼
p

)

=
1

r
√
ρ0

∂t
∼
vr (V.10)

Developing the radial derivative in the r.h.s and using Eq. (V.8) yields

∂t
∼
vr = −cs∂r

∼
p − 1

2

dcs
dr

∼
p +

(
cs
r
− 1

2

dcs
dr

+
cs
2g

(
N2 − g2

c2s

))∼
p −N

∼
Θ. (V.11)
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V. The nature of f -modes

We will justify the choice of isolating the 1
2
dcs
dr term below.

Let us now establish the evolution of
∼
p. From Equation (V.3) and Equation (V.2), one has

∂tP
′ + v′r

dP0

dr
= c2s

(
∂tρ

′ + v′r
dρ0
dr

)
= −c2sρ0∇ · v′. (V.12)

We now split the radial and horizontal directions as v′h = (0, v′θ, v
′
ϕ)

⊤ and ∇h = (0, 1r∂θ,
1

r sin θ∂ϕ)
⊤.

Equation (V.12) thus transforms as

∂tP
′ = −c2sρ0

1

r2
∂r(r

2v′r)−
dP0

dr
v′r − c2sρ0∇h · vh = −c2sρ0

1

r2
∂r

(
r√
ρ0

∼
v
′
r

)
− 1

r
√
ρ0

dP0

dr

∼
v
′
r −

c2s
√
ρ0

r
∇h ·

∼
vh

=
cs
√
ρ0

r
∂t

∼
p. (V.13)

Once again developing the radial derivative in the r.h.s and using Eq. (V.8), one has

∂t
∼
p = −cs∂r

∼
vr −

1

2

dcs
dr

∼
vr −

(
cs
r
− 1

2

dcs
dr

+
cs
2g

(
N2 − g2

c2s

))∼
vr − cs∇h ·

∼
vh. (V.14)

There is two more equations to establish, namely the evolutions of
∼
Θ and

∼
vh. From Equation (V.3),

re-arranging the terms yields

∂t

(
ρ′ − 1

c2s
P ′
)

=

(
1

c2s

dP0

dr
− dρ0

dr

)
v′r =

ρ0
g
N2v′r =

√
ρ0

rg
N2∼vr

=
N
√
ρ0

rg
∂t

∼
Θ

⇒ ∂t
∼
Θ = N

∼
vr. (V.15)

The last equation is the easiest to establish, as the horizontal directions are insensitive to the change
of variable, yielding

∂tv
′
h = − 1

ρ0
∇hP

′ = − cs
r
√
ρ0

∇h
∼
p

=
1

r
√
ρ0

∂t
∼
vh

⇒ ∂t
∼
vh = −cs∇h

∼
p. (V.16)

Defining the quantity

S ≡ cs
r
− 1

2

dcs
dr

+
cs
2g

(
N2 − g2

c2s

)
, (V.17)

which reads as a characteristic frequency of the medium, one obtains that the set of evolution equa-
tions as

∂t
∼
vh = −cs∇h

∼
p, (V.18)

∂t
∼
vr = −cs∂r

∼
p − 1

2

dcs
dr

∼
p + S

∼
p −N

∼
Θ, (V.19)

∂t
∼
Θ = N

∼
vr, (V.20)

∂t
∼
p = −cs∂r

∼
vr −

1

2

dcs
dr

∼
vr − S

∼
vr − cs∇h ·

∼
vh. (V.21)

We now deal with the horizontal directions by projecting onto spherical harmonics, by first defin-
ing

Y m
ℓ ≡ Y m

ℓ er, (V.22)

Ψm
ℓ ≡ ir√

ℓ(ℓ+ 1)
∇Y m

ℓ or 0 if ℓ = 0, (V.23)

Tmℓ ≡ i√
ℓ(ℓ+ 1)

r ∧∇Y m
ℓ or 0 if ℓ = 0. (V.24)

86



V. The nature of f -modes

Y m
ℓ is the spherical harmonic function of harmonic and azimuthal degrees (ℓ,m), er is the unit vector

in the radial direction. The normalization slightly differs from [342]. These complex vector fields are
orthonormal with respect to the scalar product on the sphere, satisfying

∫
dΦ Y m

ℓ · Y m′∗
ℓ′ = δℓℓ′δmm′ , (V.25)

∫
dΦ Ψm

ℓ ·Ψm′∗
ℓ′ = δℓℓ′δmm′ , (V.26)

∫
dΦ Tmℓ · Tm′∗

ℓ′ = δℓℓ′δmm′ , (V.27)
∫

dΦ Y m
ℓ ·Ψm′∗

ℓ′ =

∫
dΦ Ψm

ℓ · Tm′∗
ℓ′ =

∫
dΦ Tmℓ · Y m′∗

ℓ′ = 0. (V.28)

Φ is the solid angle (dΦ = sin θ dθdϕ). One can thus decompose the (rescaled) velocity perturba-

tions as
∼
v(r, θ, ϕ, t) =

∼
vr(r, t)Y

m
ℓ (θ, ϕ) +

∼
vh(r, t)Ψ

m
ℓ (θ, ϕ), along with

∼
Θ,

∼
p ∝ Y m

ℓ . Using relations on
vectorial spherical harmonics, one has from Equations (V.18) and (V.21) that

∂t
∼
vh(r, t) =

∫
dΦ ∂t

∼
v ·Ψm

ℓ
∗ =

∫
dΦ (−cs∇∼

p) ·Ψm
ℓ

∗ = ics

√
ℓ(ℓ+ 1)

r

∼
p, (V.29)

∂t
∼
p(r, t) =

∫
dΦ

(
−(S +

c′s
2
+ cs∂r)

∼
vrY

m
ℓ − cs∇h · (

∼
vhΨ

m
ℓ )

)
Y m∗
ℓ

= −(S +
c′s
2
+ cs∂r)

∼
vr − ics

√
ℓ(ℓ+ 1)

r

∼
vh. (V.30)

Introducing the Lamb frequency Lℓ = cs

√
ℓ(ℓ+1)

r , one obtains the desired equation which reads

i∂t




∼
vh
∼
vr
∼
Θ
∼
p


 =




0 0 0 Lℓ
0 0 −iN −ics∂r − i

2
dcs
dr + iS

0 iN 0 0

Lℓ −ics∂r − i
2
dcs
dr − iS 0 0







∼
vh
∼
vr
∼
Θ
∼
p


 . (V.31)

This equation is a re-writing of the evolution of linear, adiabatic waves in non-rotating non-magnetic
stars. By enforcing the symmetrisation of the equations, we revealed a third characteristic frequency
S, which in addition to the well-known Lamb Lℓ and Brunt-Väisälä N frequencies, govern the waves.
The operator

Ĥ =




0 0 0 Lℓ
0 0 −iN −ics∂r − i

2
dcs
dr + iS

0 iN 0 0

Lℓ −ics∂r − i
2
dcs
dr − iS 0 0


 (V.32)

is self-adjoint for the boundary conditions
∼
vr(r = 0) =

∼
vr(r = R) = 0.

Topological analysis

Employing the wave topology methodology described on Figure II.5, we compute the Wigner symbol
of the operator Ĥ as being

H =




0 0 0 Lℓ
0 0 −iN Kr + iS
0 iN 0 0
Lℓ Kr − iS 0 0


 . (V.33)

In other words, locally plane wavesX ∝ e−iωt−ikrr are solutions of ωX = HX , where Kr = cskr.
Interestingly, we find the exact same symbol as [199] did for waves in atmospheres. The sphericity
and variations of sound speed correct the expression of S, but do not impact the local propagation
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of the waves. Therefore, the Berry curvature and Berry-Chern monopoles are identical, and the full
expression of the former is derived and given in Appendix B. We recall that they are located at

Kr = S = 0 and Lℓ = ±N, (V.34)

with Chern numbers C = ∓1 for the acoustic wavebands, and C = ±1 for the internal gravity wave-
bands.
We therefore expect generically a spectral flow between the two wavebands in the spectrum of a star.
Interestingly, where [199] found that S was never changing sign in the bulk of atmospheres, we find
that the curvature term cs/r crucially helps in having radii where it goes to zero. It is thus expected
that Lamb-like waves would be trapped at these radii in stars.
This analysis is equivalent and more straightforward than the one published in [341], the article
which is shown below, truncated of its appendices.
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ABSTRACT

Stellar oscillations can be of topological origin. We reveal this deep and so-far hidden property
of stars by establishing a novel parallel between stars and topological insulators. We construct an
hermitian problem to derive the expression of the stellar acoustic-buoyant frequency S of non-radial
adiabatic pulsations. A topological analysis then connects the changes of sign of the acoustic-buoyant

frequency to the existence of Lamb-like waves within the star. These topological modes cross the
frequency gap and behave as gravity modes at low harmonic degree ` and as pressure modes at high `.
S is found to change sign at least once in the bulk of most stellar objects, making topological modes

ubiquitous across the Hertzsprung-Russel diagram. Some topological modes are also expected to be
trapped in regions where the internal structure varies strongly locally.

Keywords: Stellar oscillations – Internal waves – Theoretical techniques

1. INTRODUCTION

Stars are opaque. Fortunately, deformations of the

stellar surface depend on their interiors Cowling (1941);
Gough (1993); Ledoux & Walraven (1958); Unno et al.
(1979); Christensen-Dalsgaard et al. (1996); Aerts et al.

(2010) and as such, asteroseismology is the Rosetta
Stone to infer details of stellar structures Christensen-
Dalsgaard et al. (1996); Aerts et al. (2010). Stellar
spectra consist principally of low-frequencies gravity (g-)

modes and high-frequencies pressure (p-) modes, defin-
ing two bands separated by a finite interval of frequen-
cies, also referred as a gap. The stellar spectrum may

also be enriched by additional branches, such as sur-
face wave modes confined in the outer regions. In re-
cent years, a novel type of waves propagating in strat-
ified compressible fluids has been discovered. This so-

called Lamb-like wave fills the gap between the p- and
the g- band. Although this mode bears similarities with
the Lamb wave Lamb (1911); Iga (2001), it is confined

around peculiar values specific of the stratification pro-
file, and not at the boundaries. The key point is that

Corresponding author: Guillaume Laibe

guillaume.laibe@ens-lyon.fr

these waves have been postulated using arguments from
topology Perrot et al. (2019). Modes in the original spa-

tially homogeneous system can be predicted from the
analysis of the topological invariant of a simpler dual
wave problem with constant coefficients. Similar topo-
logical approaches were developed in condensed mat-

ter since the eighties, and flourished across all field of
physics, including fluid dynamics and plasma over the
last few years Hasan & Kane (2010); Delplace et al.

(2017); Shankar et al. (2020); Parker (2021).
The Lamb wave has been detected in the atmosphere,

but the Lamb-like wave is hardly expected to propagate
on Earth, neither in the atmosphere nor in oceans. Stars

were speculated to provide favourable conditions for it
to propagate Perrot et al. (2019). However, this study
lacked the treatment of self-gravity, spherical geometry

and variations of sound speed, three critical processes as
we shall show. We therefore adapt tools that have been
originally developed by the topological insulator com-

munity to study the seminal case of adiabatic perturba-
tions of a non-rotating, non-magnetic, stably stratified
stellar fluid neglecting gravity perturbations (Cowling’s
approximation Cowling (1941)). The physical quanti-

ties are first rescaled to express the evolution of linear
perturbations under the form of a Schrödinger-like wave
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2 Leclerc et al.

equation

i∂tY = HY (1)

where H =

i




0 0 0 0 − csr ∂θ
0 0 0 0 − cs

r sin(θ)∂φ

0 0 0 −N S − cs∂r − c′s
2

0 0 N 0 0

− cs
r sin(θ)∂θ(sin(θ)·) − cs

r sin(θ)∂φ −S − cs∂r −
c′s
2 0 0



,

and the perturbation vector contains rescaled veloci-
ties, density and pressure

Y =>
(
ũ, ṽ, w̃, Θ̃, p̃

)
. (2)

See Appendix A for details.
As such, the 5 × 5 wave operator H of the problem is

explicitely Hermitian. H depends on the sound speed
cs, the Brunt-Väisälä frequency N and a characteris-
tic frequency further referred to as the acoustic-buoyant

frequency S that emerges explicitly

S ≡ cs
2g

(
N2 − g2

c2s

)
− 1

2

dcs
dr

+
cs
r
. (3)

All three parameters vary with radius r. Usually, these
equations are combined into a single differential equa-
tion of high order. Instead, preserving the vectorial
structure of the problem is better suited for a topological

analysis.

2. ACOUSTIC-BUOYANT FREQUENCY S

The acoustic-buoyant frequency S is a coupling pa-
rameter for momentum exchange between buoyant and
acoustic oscillations, and was called stratification param-
eter in Perrot et al. (2019). This role of mode cou-

pling is shown in details below. Two extra terms appear
compared to the plan-parallel case Perrot et al. (2019):
cs/r, which accounts for sphericity effects at small radii,

and 1
2

dcs
dr , which becomes important when the internal

structure of the object varies strongly. S combines the
four physical processes responsible for mirror-symmetry
breaking in the radial direction: gravity, density stratifi-

cation, curvature, and radial variations of sound speed.
The profile S(r) varies between stellar objects ; however
the sound speed is expected to go to 0 at the surface as a

positive power law of the density Chandrasekhar (1939);
Horedt (1987). S is then −∞ at the surface. At small
radii, the curvature term guarantees S to reach +∞.

S(r) being continuous, it must change sign in the bulk
of the star at least once. We confirm this analytically
on a stellar polytrope in Appendix B and numerically
on models of typical stellar objects computed with the

MESA code Paxton et al. (2011) (Fig. 2).

The physical nature of the acoustic-buoyant frequency
S is disclosed by considering the equivalent of Eq. (1) in
the 2D plane-parallel (y, z) geometry. After performing

a Fourier transform in time and space in the invariant
direction y and performing the rescaling (u,w,Θ, p) 7→
c
1/2
s (u,w,Θ, p), one obtains

∂tu= icskyp, (4)

∂tΘ =Nw, (5)

∂tw=−NΘ− cs∂zp+ Sp, (6)

∂tp= icskyu− cs∂zw − Sw. (7)

Combining the equations gives

(∂tt +N2)w = −∂t(cs∂zp− Sp), (8)

(∂tt + c2sk
2
y)p = −∂t(cs∂zw + Sw), (9)

a system where acoustic and buoyant vibrations are ex-
plicitly coupled (no Boussinesq or anelastic approxima-

tion is assumed). The first term of the right-hand side
of Eq. (8) consists of local pressure forces that competes
with buoyancy. The first term of the right-hand side of
Eq. (9) comes from fluid compression in the direction z

and is generic from 2D purely acoustic waves. In the
long wavelength limit in the stratification direction z,
these two terms become negligible and

(∂tt +N2)w = S∂tp, (10)

(∂tt + c2sk
2
y)p = −S∂tw, (11)

showing that S is the frequency of periodic exchanges

of momentum between acoustic and buoyant vibrations.
Non-Boussinesq contributions allow local densities to
be affected by acoustic compression, providing an ef-

fect that compets with buoyancy when S is large. Con-
versely, pressure increases not only through compres-
sion, but also through advection in a differential back-
ground. These two effects on coupling between g-modes

and p-modes were identified by Lighthill (1978). Multi-
plying Eq. (10) by ∂tp and Eq. (11) by ∂tw shows that
the power transmitted by one mode to the other oc-

curs without losses, as expected from the adiabatic as-
sumption. Such a coupling has been widely studied in
polariton physics, and shown to result in gap opening

Lagoudakis (2013). The condition S = 0 is therefore
associated to local mode decoupling (see Fig. 1).

3. TOPOLOGICAL PROPERTIES OF THE

PROBLEM

Eigenvalues of H are constrained by topology when
varying the physical parameters. These constraints can

be efficiently studied by associating a simple matrix to



Topological mode in stellar oscillations 3

ky

N2

ω2

S = 1, kz = 0.5

S2 + k2
z

ky

ω2

S = kz = 0

Figure 1. Local dispersion relation of the problem, as mod-
elled by Eqs. (8)-(9). The p-mode and the g-mode (solid
lines) result from the coupling of acoustic and buoyant os-
cillations (dashed lines for kz = 0). Both S and kz pull the
bands away. For any mode, including kz = 0, a gap exists as
soon as S 6= 0.

r

0

Sun

S

N

r

High mass

r

White Dwarf

r

Jupiter

Figure 2. Profiles of S for four different typical stellar ob-
jects. N is plotted for comparison. Solid orange line indi-
cates the region where the topological mode is trapped, as
measured by the trapping length L defined by Eq. (25). Stel-
lar interiors are computed with Mesa. The High mass star is
an M = 100M� main-sequence star. The White Dwarf mass
is 0.6M�, during its cooling phase. The Jupiter model has
a solid core of 10 Earth masses. S cancels always at least
once, whether in the radiative or convective region. Light
grey area indicates the convective zone.

H that retains the topological constraints. The corre-
spondence is established via a Wigner transform, which
allows us to define rigorously a wave that is locally plane

without any hypothesis of scale separation (Appendix
C). Here, topological properties of H can be charac-

terised through the eigenvalue problem of the matrix

M ≡
(

N2 −NS − iNcskr
−NS + iNcskr L

2
` + S2 + c2sk

2
r

)
, (12)

ωX =MX, (13)

where the Lamb frequency is L` ≡ cs
√
`(`+ 1)/r. M is

Hermitian and parametrised by a radial wavenumber kr
and parameters L`, cs, N and S that are constant.

As expected, the two eigenvalues of M correspond to
the square of the frequencies of the local pressure and

gravity modes. Interestingly, these two bands intersect
when kr = 0, L` = N , S = 0 for any value of cs and
N , i.e. the two frequencies degenerate into a single one
(see Appendix C). Such a degeneracy point behaves like

a topological monopole in parameter space (kr, L`, S),
which is characterised by an integer called the Chern
number Chern (1946). A non-zero Chern number trans-

lates the topological obstruction to smoothly define the
phase of the eigenvectors – that describe the local po-
larization relations of M – all around the degeneracy
point in parameter space. In that case, the eigenvec-

tors can only be defined smoothly over patches in pa-
rameter space, corresponding to different gauge choices.
The U(1) gauge transformation that connects the dif-

ferent patches is a phase whose winding is the Chern
number. In our case, we find the Chern numbers as-
sociated to the gravity and the pressure bands to be

Cg = +1 and Cp = −1 respectively (see Appendix D for
computations). These topological considerations can be
back-connected to the original problem : any change
of sign of the acoustic-buoyant frequency S(r) is asso-

ciated to the existence of a branch that transits from
the g-band towards the p-band as ` increases. Mathe-
matically, this correspondence is ensured by index theo-

rems Atiyah & Singer (1963); Chern (1946); Perrot et al.
(2019); Faure (2019); Delplace (2022); Nakahara (1990);
Esposito (1997). The transiting branch flows from the
upper-band to the lower-band or vice-versa, depending

on the sign of S′ at the change of sign of S. In stars,
S′ < 0 and the mode transits from the g- to the p- band:
this mode is the Lamb-like wave Perrot et al. (2019).

Fig. 3 confirms the deep relation between a change of
sign of S(r) and the existence of a mode transiting from
the g-band at small ` to the p-band at large `. The

physical validity of this mode is carefully verified in Ap-
pendix E.

By analogy with similar modes encountered in a va-
riety of other physical systems Hasan & Kane (2010);

Delplace et al. (2017); Shankar et al. (2020); Parker
(2021), one may expect for the global stellar mode to
have no node, and to transit between the bands at a

value of ` such that L` ∼ N . One may also expect for
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Figure 3. A mode develops between the gravity band and the pressure band (bottom) when the acoustic-buoyant frequency S
(top) of Eq. (3) changes sign. From left to right: toy profile that cancels in the bulk, decaying positive profile of S, polytrope
with polytropic index n = 3 and a Mesa Solar-like profile. Physical values of the harmonic degree ` are integer, and plotted
with large points, from 0 to 20. Non-integer values are plotted with small points for readability. Surface gravity waves are
filtered out by appropriate boundary conditions. The mode transiting between bands is highlighted in black. These values are
computed by solving Eq. (1) numerically using Dedalus Burns et al. (2020).

the eigenfunctions to be located around the radius r0

where S(r0) = 0. These properties of the topological
mode can be verified on a simple analytically solvable

model presented in the next section.

4. TOPOLOGICAL MODE IN ANALYTICAL
MODEL

We present a simple analytical model featuring a can-

cellation in S, and show that the analytical solution of
the wave equation include the topological mode. Con-
sider a fluid where all quantities but S are constant in

space:

S(r) =−α(r − r0), (14)

N(r) =N0, (15)

cs(r) = cs,0, (16)

L2
`(r) =L2

`,0 = cs,0
`(`+ 1)

r2
0

. (17)

This parametrisation mimics a situation where varia-

tions of S would be infinitely more abrupt than the
other quantities. In this minimal model, S vary linearly
and cancels in r0. This model may thus be thought
of as the compressible-stratified analogue to the equa-

torial shallow water model solved by Matsuno Mat-

suno (1966). Perform the transform (u, v, w,Θ, p) 7→
c
1/2
s (u, v, w,Θ, p) in Eq. (1), then apply a time-Fourier

Transform and project on spherical harmonics. The

variables combine into a a single ODE on p
(

d2

dr2
−
(
S(r)

cs,0

)2

−
(
S(r)

cs,0

)′
+ k2

r,0

)
p = 0, (18)

where we denote

k2
r,0 ≡

(L2
`,0 − ω2)(N2

0 − ω2)

c2s,0ω
2

, (19)

and use the symbol ′ for derivatives with respect to r
for background quantities. Eq. (18) holds for any S(r),

and can be seen as a Schrödinger equation describing a
particle of energy k2

r,0 in the potential V = S2/c2s,0 +
S′/cs,0. For the model of Eq. (14), this reduces to

[
d2

dx2
−
(

1

4
x2 − 1

2
(1 +

cs,0
α
k2
r,0)

)]
p = 0, (20)

using the dimensionless quantity x ≡
√

2
√

α
cs,0

(r −
r0). The solution is a Parabolic Cylinder Function U
Abramowitz & Stegun (1972)

p = U

(
−1

2
(1 +

cs,0
α
k2
r,0), x

)
. (21)
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Regularity at infinity imposes the first argument to be
negative half-integer, leading to the quantization

cs,0
α
k2
r,0 = 2n+ 1, (22)

for any n ∈ N.

`
0

N

ω

−1 0 1

x

−1

0

1

Error

n = 0

n > 0

Figure 4. Left: spectrum of the minimal model
parametrized by Eq. (14). The topological mode is the n = 0
mode, and transits between the bands. Right: Measure of
the error a JWKB approximation of the solutions would
make. The error on the n = 0 mode is not small.

Solutions reduce then to Hermite functions
p = e−x

2/2Hn(x), where Hn denotes the nth Hermite

polynomial. Fig. 4 shows the spectrum associated to this
problem. The values of ω can be inverted in Eq. (22).
For n > 1, each value of kr,0 give two eigenfrequencies,

the nth g-mode and the nth p-mode. The expected
topological mode corresponds to n = 0. One of the two
eigenfrequencies associated with this solution is unphys-
ical, since the eigenfunctions diverges quickly at infinity.

The other verifies
ω = L`,0, (23)

which transits between the bands as ` increases, as
shown on Fig. 4. This property is associated to the fact

that S′(r0) = −α < 0 at the cancellation point.
The topological mode has the profile

p(r) = p0 exp

(
− α

cs,0
(r − r0)2

)
, (24)

an expression that provides a definition of the length

over which the mode has significant amplitude

L ≡
√
cs,0
α

=

√
cs,0/

∣∣∣dS
dr

∣∣∣
S=0

, (25)

which we call the trapping length. Denoting
R(x) ≡ − 1

4x
2 + n+ 1/2 the second term of Eq. (20)

that corresponds to a solution for a given n, we find for
JWKB approximation of the solution to be valid when

the condition |R−3/2 dR
dx | � 1 is satisfied (Daghigh &

Green 2012). Fig. 4 shows this quantity for the first
modes. The topological mode n = 0 breaks strongly
this validity condition. As expected, JWKB techniques

cannot capture the topological mode.
This analytical solution confirms that the topological

mode is the mode with zero node of the system, and

that this mode is not accessible with scale separation
methods.

5. DISCUSSION

Interestingly, the topological mode and the surface-

gravity mode have both zero node and similar disper-
sion relations. Numerical experiments show that when
they coexist, they hybridize to form a unique n = 0

mode. A comprehensive study including various bound-
ary conditions is performed in Appendix F. We interpret
this hybridised mode as the f-mode of asteroseismology
Gough (1993); Rozelot & Neiner (2011), revealing its

previously unexpected hybrid nature.
Finally, strong local gradients of thermodynamical
quantities may give rise to peaks of acoustic-buoyant

frequency where S changes sign twice over a short scale,
as in the White Dwarf model showed on Fig. 2. This
results in two modes of topological origin that may be

used to probe fine details of the structure of the stellar
object. The white dwarf is the canonical object for ap-
plication of this study, as it is fully radiative. Its profile
of S cancels three times, two of them resulting from a

phase transition close to the surface. For this model, we
predict three topological modes, one for each cancella-
tion. One crossing the gap, with long trapping length L,

as the slope of S where it changes sign is low at the first
cancellation. Two more modes with zero nodes are pre-
dicted close to the peak of S just underneath the surface,
with much smaller trapping lengths L, as the slope of S

is high when S changes sign. They potentially overlap
each other, such that they would hybridise. This hy-
bridisation could serve as a measure of the peak in S,

meaning the modes could serve as probes for the associ-
ated phase transition. This hybridization is illustrated
on Fig. 5.

The current study focuses on stably stratified stars,
for which index theorems on Hermitian systems apply.
However the effect of a convective zone on the Lamb-like
wave remains to be investigated. Such a region, where

N2 vanishes, is indeed sustained by the convective circu-
lation of the background. Fig. 2 shows that in the Sun,
S cancels in the radiative zone, close to the convective

zone. The trapping length of the topological mode in-
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Figure 5. Peaks of S through positive values imply the
existence of two topological modes in the spectrum. The
sharper the peak, the more the modes hybridize, and their
branches avoid crossing in the spectrum.

dicates interactions with the convective zone, although
convection is out of the scope of this study. In High
Mass stars, S cancels within the convective core where

the topological mode is not guaranteed by this study,
as no background flow is considered in the wave equa-
tion Eq. (1). The same conclusion applies to Jupiter,

which is fully convective, and has interesting multiple
cancellations of S.

Lamb-like waves are neither Lamb waves, surface-
gravity waves, nor mixed modes Dziembowski et al.

(2001); Dupret et al. (2009); Deheuvels & Michel (2010).
Mixed modes are linear combinations of g-modes and p-
modes standing in different cavities in the star, due to

spatial variations of N and L` and can have a high num-
ber of nodes. The Lamb-like wave emanates as a mode
n = 0 of a single cavity hosting both g-modes and p-

modes.
We expect generic properties of stellar pulsations related
to topology such as ray tracing to be encoded in S(r)
Perez et al. (2021). Other discrete symmetries can be

broken in the presence of rotation Perez et al. (2021) and
magnetic fields Cally (2006); Parker et al. (2020), and
one should expect the emergence of new classes of topo-

logical waves when these additional ingredients are taken
into account, potentially at the stellar tachocline where
strong shear develops. The resilience of these topological
modes on unstable stratification when N2 < 0, or with

the inclusion of dissipative effects, is a highly promising
avenue of research in the currently flourishing field of
non-Hermitian topological waves Delplace et al. (2021);

Gong et al. (2018); Yao & Wang (2018); Bergholtz et al.
(2021).

6. CONCLUSION

In this study, we revisit the old field of stellar pulsa-
tions under the bright new prism of topology. By doing a
novel parallel between stars and topological insulators,

we establish for the first time the existence of a wave
of topological origin in stars. We derive the expression
of a novel key physical parameter, the acoustic-buoyant

frequency. We demonstrate in a comprehensive anal-
ysis that topological modes are associated to zeros of
this frequency, and show the ubiquitous existence of at
least one topological mode across the entire spectrum

of stellar object in the Universe. More importantly, we
show that local phase transitions, which are key for un-
derstanding the evolution of stars within the cosmolog-

ical context, may give rise to pairs of robust topological
modes. The hunt of these modes may therefore become
a critical target for future cutting-edge instruments such

as the PLATO mission.
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Chapter VI

Topological mixed f/g modes in the Sun

Résumé

Ce chapitre est le résultat d’un travail collaboratif avec Arthur Le Saux, et constituait la naturelle
étape suivant les résultats du Chapitre V. L’existence de l’onde topologique dans les oscillations
d’étoiles était prédite dans le cas général ; cette étude se concentre sur le cas particulier de l’étoile la
mieux connue, le Soleil.
En comparant les prédictions sur cette onde avec des simulations hydrodynamiques de pointe de
l’intérieur du Soleil, deux choses ont été montrées :

• L’onde topologique Lamb-like est naturellement excitée et se propage effectivement dans les
étoiles de type solaire. Elle constitue la partie à bas degré ℓ de la branche f .

• Cette onde s’hybride avec les modes g solaires tant recherchés. Le résultat de cette hybridation
est une oscillation du Soleil agitant aussi bien la surface que son coeur. Elle est donc observ-
able et sensible à la dynamique du coeur, offrant la perspective intéressante de le sonder sans
observer les modes g directement.

This chapter is the next step following the results obtained in Chapter V, and is the result of a
collaborative work with Arthur Le Saux. The existence of a topological mode in stellar oscillations
was suggested in the general case; this work investigates the particular case of the most well-known
star: the Sun.
Comparing state-of-the-art numerical simulations of the flows happening inside the Sun with the
predictions on the topological wave, two important things are shown:

• The stellar topological wave propagates and is naturally excited in solar-like stars. It is part of
the f branch of modes, at low harmonic degree ℓ.

• This wave hybridizes with the long-sought solar g-modes. The result of this hybridization is an
oscillation of the Sun agitating both its core and its surface. It is thus observable and sensitive
to the Sun’s core, a unique feature offering interesting seismic probing perspectives without
requiring observations of g-modes directly.

The results presented in this chapter have been published in The Astrophysical Journal Letters as
A one-hour topological oscillation explores the Sun’s core, Le Saux, Leclerc, Laibe, Delplace, Venaille, 2025
[343]. My personal interest in this work was to test the predictions on the topological modes with a
realistic, non-linear simulation. I performed the linear calculations of the spectrum, eigenprofiles and
rotation kernels, as well as the interpretation of the Lamb-like to free-surface wave transition using
the effective potential.
The results, beyond confirming the predictions on this mode, suggested a way to probe the Sun’s core
which may be much more accessible than the currently pursed one, which rests on pure g-modes.
This suggestion was obtained because of the special focus the topological analysis brought on the
f -mode, and may provide the value and profile of the solar core rotation rate, a strong lock on the
advancement of angular momentum scenarios. This perspective makes this study the culmination of
the project, where topology truly contributed to asteroseismology.
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ABSTRACT

Helioseismology has revolutionized our understanding of the Sun by analyzing its
global oscillation modes. However, the solar core remains elusive, limiting a full un-
derstanding of its evolution. In this work, we study a previously unnoticed global
oscillation mode of the Sun using a fully compressible, hydrodynamical simulation of
the solar interior, and assess that it is a mixed 𝑓 /𝑔 mode with a period of about one
hour. This is the first global stellar hydrodynamics simulation that successfuly couple
compressible and gravity modes. To understand this coupling, we invoke a recent theory
on the nature of 𝑓 -modes seen through the prism of wave topology, characterizing their
ability to propagate deep into stellar interiors. We demonstrate that the mixed 𝑓 /𝑔
mode is highly sensitive to the core’s rotation rate, providing a new promising pathway
to explore the Sun’s core.

1. INTRODUCTION

The Sun, our closest star, serves as a fundamental reference for understanding stellar evolution.
Its proximity offers a unique window into the physical processes governing the life cycles of stars,
with broader implications for astrophysics, as stars are the building blocks of galaxies and hosts
of exoplanets. In recent decades, helioseismology - the science that studies solar oscillations - has
revolutionized our understanding of the Sun. Seismic inversion techniques of these modes have
provided precise constraints of the Sun’s internal structure and dynamics, such as the location of
the interface between the radiative and convective zones, the abundance of helium in the convective
envelope, the efficiency of chemical diffusion or the rotation profile of the solar interior (R. Howe
2009; S. Basu 2016). These advances have been driven by high-precision data from space telescopes
(A. Gabriel et al. 1997; J. T. Hoeksema et al. 2018) and ground-based networks of solar observatories
(E. Fossat 1991; W. J. Chaplin et al. 1996; J. Harvey et al. 1996). Today, we know most of the
Sun’s internal structure (outer 90 % of the total radius) and rotation profile (outer 80 %) (see the

Email: arthur.lesaux@cea.fr
∗ These authors contributed equally to this work
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detailed review by J. Christensen-Dalsgaard 2021). However, a global understanding of the theories
of angular momentum transport and mixing of elements in stellar interiors requires observational
constraints for the innermost 10-20% of the Sun’s radial layers (J. Leibacher et al. 2023).
Unfortunately, the solar core remains inaccessible to helioseismology. Indeed, the non-radial acous-

tic modes, or 𝑝-modes, used for inversion are refracted before reaching the core, where their horizon-
tal wavelength becomes infinitesimally small, confining them outside. Recently, inertial and Rossby
waves, supported by solar rotation, have provided new insights into superadiabaticity and turbulent
viscosity in the deep convection zone (L. Gizon et al. 2021), and on the Sun’s latitudinal differential
rotation (Y. Bekki et al. 2024). But these modes are confined to the convective envelope and do not
probe the core.
So far, the only constraints on the solar core come from neutrinos, which have recently revealed the

Carbon-Nitrogen-Oxygen cycle and provided insights into stellar metallicity and energy production
(M. Borexino Collaboration et al. 2020). A long-standing goal of helioseismology is the detection
of solar internal gravity waves, or 𝑔-modes, buoyant oscillations that could provide unprecedented
information about the Sun’s interior. While some claims of detection exist (R. A. Garćıa et al. 2007;
E. Fossat et al. 2017), these results remain unconfirmed (T. Appourchaux et al. 2010; H. Schunker
et al. 2018). Their detection is difficult due to their small amplitude at the surface, and frequency
domain overlapping with solar granulation noise (K. Belkacem et al. 2022), making them elusive to
current instruments.
In this study, we show that some 𝑔-modes couple with 𝑓 -modes at large horizontal wavelength and

form mixed 𝑓 /𝑔 modes, which have amplitude both in the core and at the surface. This key property
makes them potential observational probes of the Sun’s deep interior dynamics. This result, evidenced
by state-of-the-art hydrodynamical simulations, challenge the usual depiction of 𝑓 -modes as being
surface waves (F.-L. Deubner & D. Gough 1984; D. Gough 1993; C. Aerts et al. 2010), a description
which only holds at short horizontal wavelength. We demonstrate that at large horizontal wavelength,
𝑓 -modes are topological waves that propagate in the bulk of the star, as recently predicted by A.
Leclerc et al. (2022). Topological waves are a class of large-scale modes characterized by topological
arguments inherited from condensed matter physics (P. Delplace et al. 2017; M. Perrot et al. 2019;
N. Perez 2022). The identification of such topological 𝑓 -modes explains their ability to couple with
𝑔-modes, as they have spatial and frequency overlaps.

2. THE TWO KINDS OF 𝐹-MODES

The normal modes of non-rotating non-magnetic stars are classified as 𝑝-modes, 𝑔-modes or 𝑓 -
modes as by the seminal paper T. G. Cowling (1941). Each mode is identified by two numbers: its
radial order 𝑛 and angular degree ℓ ≥ 0 , which correspond to the numbers of radial and angular
nodes of the perturbation of pressure respectively. The 𝑝-modes, characterized by high frequencies,
permeate the entire solar interior, whereas the 𝑔-modes, with lower frequencies, are confined to
the radiative region. The 𝑓 -modes are the 𝑛 = 0 modes and as such are fundamental modes with
generically intermediate frequencies (W. Unno et al. 1979). In the literature, 𝑓 -modes have mostly
been described as motion of the free surface of the Sun as surface gravity waves in the plane-parallel
approximation (F.-L. Deubner & D. Gough 1984; D. Gough 1993), which works for short horizontal
wavelengths with ℓ ≫ 1 and in good agreement with numerical models and helioseismic data (J.
Christensen-Dalsgaard 2002; S. Basu 2016). These surface waves are mostly unaffected by the Sun’s
interior and cannot provide information about its internal structure. Instead, they have been used
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to measure the solar radius and its variations (H. M. Antia 1998; S. Lefebvre et al. 2007).
Nevertheless, the interpretation of 𝑓 -modes as surface waves does not hold at low ℓ. Recent studies
show that for long horizontal wavelengths (ℓ ∼ 1), 𝑓 -modes are Lamb-like waves (M. Perrot et al.
2019; A. Leclerc et al. 2022). These waves have been named due to similarities with the atmospheric
Lamb waves (H. Lamb 1911; F. Bretherton 1969). While atmospheres support Lamb waves trapped
at their bottom solid boundary, Lamb-like waves in stars occur at a specific radius, depending on
sphericity. This radius is defined at the location where the characteristic frequency

𝑆 =
𝑐s
2𝑔

(
𝑁2 − 𝑔2

𝑐2s

)
− 1

2

d𝑐s
d𝑟

+ 𝑐s
𝑟
, (1)

goes to zero and changes sign. In this equation 𝑔 is the gravity field, 𝑐s is the sound speed, and 𝑁
is the buoyancy frequency. Therefore, 𝑓 -modes at low degree ℓ are Lamb-like waves, and propagate
close to the radius where 𝑆 = 0. In spherical geometry, the curvature term 𝑐s/𝑟 in Eq. (1) ensures
that the frequency 𝑆 will change sign at least once in any star. This property was never identified
before, and is key to understanding why 𝑓 -modes leave the surface and hybridize with 𝑔-modes.
The prediction of stellar Lamb-like waves relies on an analysis of the topological properties of the

propagation equation of local plane waves (A. Leclerc et al. 2022). In summary, this topological
analysis shows that the region where 𝑆 = 0 is a phase singularity for plane waves, which results in
a branch of modes, here the Lamb-like modes, whose frequencies transition from the low-frequency
(𝑔-modes) to the high-frequency (𝑝-modes) wavebands as ℓ increases. These modes, classified as
topological modes, are imposed to localize where 𝑆 = 0 as predicted by the bulk-boundary correspon-
dence. For further details on wave topology, we refer the reader to (B. A. Bernevig 2013; M. Perrot
et al. 2019; P. Delplace 2022; N. Perez 2022).

Then, as ℓ increases, the 𝑓 -modes is confined in outer layers, and become the surface wave usually
described. These two types of waves forming the 𝑓 branch - Lamb-like and surface - arise from
competing effects between the buoyant-acoustic 𝑆 and the Lamb frequencies, the latter being defined
as 𝐿ℓ =

√︁
ℓ(ℓ + 1)𝑐s/𝑟. As shown in Supplementary Materials Eq. (E15), the profile of 𝑆 tends to trap

low ℓ modes where it is zero, while 𝐿ℓ tends to repulse high-frequency modes to the surface. The
competition between the two effects place the 𝑓 -modes in different regions of the star depending on
the value of ℓ.
To show clearly these two regimes of 𝑓 -modes, we create a model of a fictitious star, in which the

buoyant-acoustic frequency 𝑆deformed has been deformed from the solar case 𝑆⊙, as presented in the
panel A of Fig. 1. We then numerically solve for the frequencies of linear eigenmodes of this model
(see Appendix A). Looking at the wave spectrum in the panel B of Fig. 1, we can see that for ℓ ≲ 15
the 𝑛 = 0 mode propagates in the bulk of the star as a Lamb-like wave close to the 𝑆deformed = 0
radius, while for ℓ ≳ 15, it is confined at the surface. In the case of the Sun, the repulsive effect of 𝐿ℓ
overcomes the trapping at 𝑆⊙ = 0, causing Lamb-like modes at low ℓ to delocalize, making it more
difficult to clearly distinguish the two regimes. This situation is atypical in topological physics and
explains why solar Lamb-like waves are difficult to identify at first glance (see Fig. 7 of Supplementary
Materials).
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Figure 1. Normal linear adiabatic modes of oscillations. (A) Model and (B) frequencies of a
fictitious star with 𝑆deformed(𝑟) = 10𝑆⊙ (𝑟). The spectrum show that the low-ℓ part of the 𝑓 branch consists
in bulk modes localized where 𝑆 = 0. The radial 𝜉𝑟 and horizontal 𝜉h displacements are represented by
dotted and solid lines, respectively. (C) Model and (D) frequencies of the modes of our solar model for the
first hundreds of harmonic degree ℓ. Linear theory predicts frequencies matching observed modes (colored
crosses indicate data from T. Larson & J. Schou (2008); R. Kiefer & A.-M. Broomhall (2021)). Lamb-like
modes are difficult to identify when the 𝑓 -branch penetrates the 𝑔-band.

3. NON-LINEAR COMPRESSIBLE 2D SIMULATIONS WITH MUSIC

In this study, we demonstrate the natural excitation of Lamb-like waves in the Sun. Similar to
acoustic waves, Lamb-like waves can only propagate in compressible media, necessitating the use of
a fully compressible hydrodynamics code. Given that both anelastic and Boussinesq approximations
inherently filter out acoustic waves including Lamb-like, these methods are unsuitable for the present
investigation.
We present a 2D simulation of the solar interior using the music code (M. Viallet et al. 2013, 2016;

T. Goffrey et al. 2017), one of the few stellar hydrodynamic codes that solves the fully compressible
equations of hydrodynamics. This code uses a time-implicit method to solve the continuity, the
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momentum and internal energy equations for a fully compressible, inviscid fluid, which are described
in Appendix C.1. The initial conditions of the 2D music simulation are obtained from a 1D structure
of the Sun computed with the stellar evolution code mesa (B. Paxton et al. 2011), calibrated to match
observed characteristics of the Sun (see Appendix B). We will refer to the latter as the 1D model in
the following. Linear modes of this 1D model agree excellently with the frequencies of the observed
solar oscillation modes, as shown in panel D of Fig. 1, confirming that it accurately describes the
Sun.
The numerical domain of the music simulation is a two-dimensional shell shown in the left panel

of Fig. 2, covered by two spherical coordinates: the radius 𝑟 and the co-latitude 𝜃. This domain is
large enough to model realistic properties of waves and their excitation by convective motions (A.
Le Saux et al. 2022). The boundary conditions are described in details in Appendix C.2. In order to
conclusively prove that Lamb-like waves propagate in the Sun, we apply solid boundary conditions
at the outer surface for the radial velocity. This setup thus prevents the propagation of free surface
gravity waves, ensuring that any 𝑛 = 0 mode consists exclusively of a Lamb-like mode.

4. SOLAR LAMB-LIKE WAVES UNVEILED IN SIMULATIONS

Panel (A) of Fig. 2 shows a snapshot of the horizontal velocity in the simulation. The large-scale
coherent flows, characteristic of convective motions in the Sun’s envelope, appear prominently. In
the radiative interior (𝑟 < 0.7 𝑅), the tightly wound spirals are characteristic of the wavefronts of
internal gravity waves. These features are similar to what is usually observed in solar hydrodynamical
simulations in two- (T. M. Rogers et al. 2006) or three-dimensions (A. S. Brun et al. 2011; L. Alvan
et al. 2014).
The wave analysis is based on the methodology described in A. Le Saux et al. (2022, 2023). To

compute the power spectra of the velocity components v𝑖, with 𝑖 = 𝑟 or h, we first perform a
temporal Fourier transform to obtain a pulsation 𝜔 dependence, and then use wedge harmonics to
get an angular wavenumber ℓ̃ dependence, transforming v𝑖 (𝑟, 𝜃, 𝑡) into v̂𝑖 (𝑟, ℓ̃, 𝜔). Wedge harmonics
extend spherical harmonics to wedge-shaped domains, resulting in non-integer harmonic degrees ℓ̃
(see Appendix D). Panel (B) of Fig. 2 shows the power spectrum of the horizontal velocity vh as a
function of frequency 𝜔/2𝜋 and effective angular degree ℓ̃ averaged over a few radial cells around
𝑟 = 0.55𝑅star. This spectrum is characteristic of the radiative zone. At the surface (𝑟 = 𝑅star), the
frequencies of the modes would remain unchanged compared to the radiative zone, but the spectrum
would be much more noisy due to surface convection. Detection and identification of normal modes
in the simulation is performed by looking for peaks in the amplitude of the power spectrum localized
in (𝜔, ℓ̃). The colored symbols (red for 𝑝-modes, green for 𝑔-modes and blue for 𝑓 -modes) are linear
modes calculated independently. We observe excellent agreement between these frequencies and those
measured in the simulation. Taking a slice of the power spectrum at a specific (𝜔, ℓ̃), we extract the
targeted mode, which provides the radial profile of the squared horizontal velocity |vℎ |2(𝑟) obtained
in the simulation. This measurement is shown for four selected modes on panel (C) of Fig. 2. The
modes’ amplitude are normalised to 1 at 𝑟 = 0.6𝑅star for better comparison (this radius was chosen to
be close to the radiative boundary, but not too close to avoid contamination by convective boundary
mixing). The modes (𝜔/2𝜋, ℓ̃) = (428 𝜇Hz, 6.7), (508 𝜇Hz, 9.1) and (588 𝜇Hz, 11.5), represented by
the yellow, orange and red curves respectively, are 𝑓 -modes. As predicted by Eq. (E15), the 𝑓 -
modes are confined to outer layers as ℓ̃, or equivalently ℓ, increases. We compare the simulated
velocities with the eigenfunctions of the corresponding linear modes (shown as dotted lines) and
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Figure 2. Non-linear simulation of the solar interior shows the Lamb-like wave among the
standing waves. The simulation results demonstrate that 𝑓 -modes propagate within the Sun, driven by
convective excitation, even at low values of ℓ. (A) A snapshot of horizontal velocities, with values normalized
at each radius by their root-mean-square. (B) The power spectrum of the horizontal velocity in the radiative
zone displays peaks corresponding to normal modes. Red, blue, and green symbols indicate the numerically
computed frequencies for linear standing 𝑝-modes, 𝑓 -modes, and 𝑔-modes, respectively. The frequencies
of the normal modes show excellent agreement with linear theory. At the surface and in observations, the
power spectrum is more noisy due to convection and granulation. (C) When a normal mode frequency is
selected, the radial profile of the horizontal displacement from the simulation (solid line) aligns perfectly with
the numerically computed linear eigenfunction of the corresponding mode (dotted line). Displayed here are
the profiles for a mixed 𝑓 /𝑔-mode (blue) and three pure 𝑓 -modes (yellow, orange, red). The corresponding
modes are marked by matching-colored boxes in the power spectrum in panel B.

find excellent agreement. This demonstrates that Lamb-like waves are indeed excited and propagate
within the Sun, exhibiting the properties predicted by linear theory. Now, these Lamb-like waves
reveal another notable feature: they can couple with other modes deep within the solar interior.

5. MIXED 𝐹/𝐺-MODES IN THE SUN

In the simulation, the mode at (𝜔/2𝜋, ℓ̃) = (344 𝜇Hz, 4.3) represented by the blue curve, shows a
different structure than the other three 𝑓 -modes: it has a node in the radiative zone. We identify here
a mixed mode, resulting from the coupling of the 𝑓 -mode with the 𝑔1-mode. Mixed modes occur
when two oscillations of different nature propagating in distinct layers of a star become coupled.
One of the major successes of asteroseismology has been to predict and detect mixed 𝑝/𝑔 modes in
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stars evolving beyond the main sequence (R. Scuflaire 1974; H. Kjeldsen et al. 1995), thus having
amplitude not only in the deep core but also at the surface, making it possible to probe the entire
interior of a star (see S. Hekker & J. Christensen-Dalsgaard 2017, and references therein).
The results of our simulation predict that mixed 𝑓 /𝑔 modes should exist in the Sun, at possibly
different frequency and degree because of the shorter size of the simulated domain. By examining
the linear modes of the full Sun (Fig.1 D), we do find a mixed mode at ℓ = 4 between the 𝑓 -mode and
the fifth 𝑔-mode oscillating at a frequency 𝜔/2𝜋 = 265 𝜇Hz, an oscillation period of almost an hour.
We predicted the overlapping of 𝑓 -modes and 𝑔-modes eigenfunctions from the properties of Lamb-
like waves inherited from their topological origin. Indeed, for decreasing ℓ, the 𝑓 -mode frequency
crosses the values of 𝑔-modes frequencies (Fig.1 D), and has more and more amplitude in the interior
(Figs.1 B and Fig.2 C) leading to an overlap of their eigenfunctions. These two conditions cause the
hybridization of the modes.
We show this hybridization by considering the kinetic energy-weighted average position of the modes

⟨𝑟⟩ =
∫
d𝑟 𝑟 𝑟2𝜌0(𝜉2𝑟 + 𝜉2ℎ)∫
d𝑟 𝑟2𝜌0(𝜉2𝑟 + 𝜉2ℎ)

, (2)

which provides a diagnosis for mode coupling in the simulations. Panel (A) of Fig. 3 shows that the
average position of the fifth 𝑔-mode is much higher than that of the other 𝑔-modes, all located close
to the maximum of buoyancy frequency 𝑁2 as expected for pure gravity modes. Panel (B) displays
the standard diagnostic of mixed modes commonly used in observations (R.-M. Ouazzani et al. 2020).
The periods 𝑃𝑛 of pure 𝑔-modes are expected to be nearly uniformly spaced (W. Unno et al. 1979;
D. Gough 1993). However, due to mode mixing, the period spacing Δ𝑃 ≡ 𝑃𝑛+1 − 𝑃𝑛 dips significantly
at 𝑛 = 5.
The value of the order 𝑛 of the 𝑔-mode implicated in the coupling with the 𝑓 -mode is sensitive to the
exact frequency of the latter, and could thus depend on the 1D model. Still, we find that a mixed
𝑓 /𝑔 mode at ℓ = 4 happens with radial order 𝑛 = 5 also for the standard model S of the Sun (J.
Christensen-Dalsgaard et al. 1996) and the seismic solar model of (G. Buldgen et al. 2020), such that
we do not expect a very different order in the Sun.
Mixed 𝑓 /𝑔 modes have not been noticed in the solar spectrum before. To our knowledge, the

existence of a coupling between solar 𝑓 and 𝑔-modes was only studied in the dipolar case ℓ = 1 when
discussing the effect of Cowling’s approximation (J. Christensen-Dalsgaard & D. Gough 2001). J.
Provost et al. (2000) observed that the fifth solar 𝑔-mode at low ℓ exhibited a mixed nature, but did
not realize this was due to its coupling with a deeply propagating 𝑓 -mode. K. Belkacem et al. (2022)
noticed a coupling of 𝑔-modes with an external mode in recent seismic solar models as well, which
in the light of our results appears to be these mixed 𝑓 /𝑔 modes.

6. SENSITIVITY TO THE SOLAR CORE ROTATION RATE

To date, the solar rotation rate Ω(𝑟, 𝜃) has been accurately determined using 𝑝-modes in both
the radiative and convective zones, but only for radii greater than 20% of the solar radius. We
demonstrate here that the mixed 𝑓 /𝑔5 mode identified above is very sensitive to the rotation rate of
the solar core and thus provides a new method to potentially probe the innermost layer of the Sun.
Rotation causes a peak in the power spectrum of a given (𝑛, ℓ) mode to split into 2ℓ+1 distinct peaks
that correspond to each value of the azimuthal order 𝑚 upon action of the Doppler effect and Coriolis
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Figure 3. Identification of mixed 𝑓 /𝑔-modes in the solar spectrum. The ℓ = 4 Lamb-like wave
couples with the 𝑔5 mode to form a mixed mode. (A) The average position ⟨𝑟⟩ of the 𝑔-modes defined
in the main text is close to the maximum of buoyancy frequency 𝑁2, except for two: they result from the
coupling of the 𝑓 -mode and the 𝑔5 mode, which thus have more amplitude in the outer layers. (B) The
period spacing Δ𝑃 = 𝑃𝑛+1 − 𝑃𝑛 shows a dip at the fifth 𝑔-mode. (C) The kernel 𝐾 of the 𝑓 /𝑔5 mixed mode,
in dark blue, shows significant amplitude in the solar core (𝑟/𝑅⊙ < 0.2), implying a significant sensitivity
to the core rotation rate. Dark crosses are data points for Ω from M. J. Thompson et al. (2003) obtained
observationally. (D) Representation of the horizontal displacement 𝜉h of the mixed mode at frequency 265
𝜇Hz in the Sun (red for positive, blue for negative, linear scale). It has amplitude at the surface, as well as
in the deep interior.

force. By measuring this splitting, one can infer the solar rotation rate Ω(𝑟, 𝜃) by inversion (R. Howe
2009). The split is generically expressed Δ𝜔𝑛,ℓ,𝑚 ≡ 𝜔𝑛,ℓ,𝑚 − 𝜔𝑛,ℓ,0 =

∫
𝐾𝑛,ℓ,𝑚 (𝑟, 𝜃)Ω(𝑟, 𝜃)d𝑟d𝜃, where

𝐾𝑛,ℓ,𝑚 is the kernel of the mode computed without rotation. The expression of 𝐾𝑛,ℓ,𝑚 for a given mode
is given in J. Schou et al. (1994). In the following, subscripts (𝑛, ℓ, 𝑚) are omitted.
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To quantify how effectively a mode can probe the core rotation rate Ωc, we define the sensitivity
for solid body rotation of the core as

𝑠 ≡ 𝜕𝜔

𝜕Ωc
=
∫
𝑟<0.2𝑅⊙

𝐾 d𝑟d𝜃, (3)

such that the splitting specifically due to the rotation of the core is Δ𝜔core = 𝑠Ωc. The solar modes
used for inversion of rotation so far are acoustic and have limited sensitivity to core rotation since
they do not travel in such deep layers. For instance, the mode 𝑛 = 5 and ℓ = 𝑚 = 1, one of the
deepest propagating 𝑝-modes, has 𝑠 = 7.27 × 10−2. This implies that a core rotation of ∼ 400 nHz
would cause its splitting to increase by around 30 nHz. This change is too small to be conclusively
measured with the current frequency resolution of approximately 10 nHz provided by the BiSON
dataset (R. Howe et al. 2023).
In contrast, we find that the 𝑓 /𝑔5 mixed mode at ℓ = 𝑚 = 4 has a sensitivity 𝑠 = 2.24, thirty times

more than 𝑝-modes. Figure 3 shows the substantial amplitude of the kernel 𝐾 of this mixed mode
in the core, explaining its high sensitivity. For this mode, the known rotation rate in the radiative
and convective regions account for a splitting of 786 nHz, leading to the expression

Δ𝜔/2𝜋 = 786 nHz + 2.24 Ωc/2𝜋. (4)

The frequency resolution of 10 nHz in observations implies that the method presented here allows
for the determination of Ωc with a precision of ∼5 nHz. For a hypothetical rotation rate of ∼ 400
nHz, similar to that of the radiative region, the additional splitting would be around 103 nHz. As a
comparison, at ℓ = 𝑚 = 4, a 𝑔-mode at 𝜔/2𝜋 = 103𝜇Hz has 𝑠 = 3.16. It is thus as sensitive as the
mixed mode, but we argue that it is a more difficult observational target because of its evanescence
in the radiative zone and its lower frequency.
From an observational perspective, the mixed 𝑓 /𝑔 mode is found in a frequency range that is not

accessible yet with currently available data. However, using the music simulation, the eigenfunction
computed from the 1D model and observational data from G. R. Davies et al. (2014), we can estimate
the relative surface amplitudes between different modes. We find that the mixed 𝑓 /𝑔-mode at 265
𝜇Hz have a surface amplitude comparable to those of 𝑝-modes within the same frequency range,
whereas 𝑔-modes in this range exhibit significantly lower surface amplitudes (see details in Appendix
G). Instead, we find that 𝑔-modes have comparable surface amplitudes at lower frequencies (∼ 50–100
𝜇Hz), where they are expected to have largest surface amplitudes (K. Belkacem et al. 2022). But
as background noise from granulation and turbulence increases at lower frequencies in the solar
spectrum, the detection threshold at 265 𝜇Hz is two to three times lower (K. Belkacem et al. 2022).
Consequently, despite having similar sensitivities, we conclude that the higher frequency of the mixed
𝑓 /𝑔5 mode makes it an easier target and a more promising opportunity for probing the solar core in
the future than pure 𝑔-modes.

7. SUMMARY & DISCUSSION

For decades, 𝑓 -modes have been thought to “provide no information about the solar interior” (C.
Aerts et al. 2010). Indeed, 𝑓 -modes are often considered to be only surface gravity waves. We
overturn this longstanding belief by demonstrating that low degree 𝑓 -modes are bulk modes in the
form of topological waves, in the process making a novel use of a topological wave as a probe rather
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than for transport properties as done in condensed matter physics. By performing a state-of-the-
art simulation of the solar interior using the fully compressible hydrodynamical code music, we
demonstrate that not only low-degree 𝑓 -modes in the Sun have this topological origin, but also that
they are naturally excited by solar convection. In addition, we identify a previously unnoticed mixed
𝑓 /𝑔 mixed mode of the Sun. The coupling is due to properties inherited from the topological origin
of the 𝑓 -mode at low degree which imposes that it propagates deep in the solar interior. This mixed
mode, oscillating every hour, is found to exhibit significant amplitude both in the Sun’s core and at
its surface. Its sensitivity to the core’s rotation rate is over 30 times greater than currently observed
modes. Thus, it provides a novel way to measure this rotation rate, that represents to date our most
promising opportunity for future measurements as it is located in a less noisy region of power spectra
than 𝑔-modes with expected maximum amplitudes (100 𝜇Hz).
The argument is general, implying that topological mixed modes should universally be found in bodies
having a stably stratified interior. We suspect that the 𝑓 /𝑔 mode found in Saturn is such a mode
(J. W. Dewberry et al. 2021). Our study highlights the key role of compressible hydrodynamics in
modelling stellar interiors, presenting the first-ever simulation of the coupling between compressible
and gravity modes. Altogether, this holds great promise for asteroseismology with the upcoming
launch of the PLATO mission (H. Rauer et al. 2014) in 2026, which will provide low degree oscillations
of solar-like stars, whose cores could be accessed with mixed 𝑓 /𝑔 modes.
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A. LINEAR THEORY

The Sun is stratified by gravity and maintains a state of hydrostatic equilibrium. Two types of
motion perturb this static balance. In the convective zone, turbulent motion occurs in the form of
convective eddies driven by the convective instability. In addition, acoustic and internal gravity waves
propagate inside different layers of the Sun, depending on their nature and frequency (T. G. Cowling
1941; W. Unno et al. 1979; D. Gough 1993; C. Aerts et al. 2010). These waves are primarily excited
by the convective motion and are classified by their normal modes, with frequencies characteristic
of the Sun. Since the background structure through which they propagate is spherically symmetric,
the normal modes generally take the form e−𝑖𝜔𝑡𝑌𝑚ℓ (𝜃, 𝜙) 𝑓 (𝑟), where 𝜔 is the frequency, 𝑌𝑚ℓ (𝜃, 𝜙) is a
spherical harmonics. 𝑓 is a function to be determined for each component of the wave (radial and
horizontal velocities, pressure, density, temperature).
Assuming linear and adiabatic perturbations, along with no perturbations in the gravitational

potential (Cowling’s approximation T. G. Cowling 1941), the normal modes of the sun are solutions
of

𝜔𝑋 = H𝑋, with H ≡
©­­­­«

0 0 0 𝐿ℓ (𝑟)
0 0 𝑖𝑁 −𝑖𝑆 + 𝑖

2𝑐
′
s + 𝑖𝑐s𝜕𝑟

0 −𝑖𝑁 0 0

𝐿ℓ (𝑟) 𝑖𝑆 + 𝑖
2𝑐

′
s + 𝑖𝑐s𝜕𝑟 0 0

ª®®®®¬
, (A1)

where the perturbation vector 𝑋 (𝑟) ≡
(
𝑣h 𝑣𝑟 Θ̃ 𝑝

)⊤
is based on re-scaled perturbed quantities of

the horizontal velocity, radial velocity, entropy and pressure respectively, by

𝑣′ ↦→ 𝑣 = 𝜌1/20 𝑟 𝑣′ = 𝑣𝑟 (𝑟)𝑌𝑚ℓ e𝑟 + 𝑣h(𝑟)
𝑖𝑟√︁

ℓ(ℓ + 1)
∇(𝑌𝑚ℓ e𝑟),

𝑝′ ↦→ 𝑝 = 𝜌−1/20 𝑐−1s 𝑟 𝑝
′,

𝜌′ ↦→ Θ̃ = 𝜌−1/20 𝑟
𝑔

𝑁
(𝜌′ − 1

𝑐2s
𝑝′),

(A2)

The buoyant-acoustic frequency 𝑆 is given by Eq. (1), the buoyancy frequency squared is 𝑁2 ≡
−𝑔 d ln 𝜌0d𝑟 − 𝑔2

𝑐2s
, the Lamb frequency squared 𝐿2ℓ ≡ 𝑐2s ℓ(ℓ + 1)/𝑟2 and 𝑐′s ≡ d𝑐s

d𝑟 . Equation (A1) must be

accompanied by appropriate boundary conditions. Solar boundaries require 𝑣𝑟 = 0 at 𝑟 = 0 and a
free surface condition at the surface 𝜕𝑡 𝑝 + 𝑣𝑟 d𝑃0d𝑟 = 0. The numerical wedge domain used in music

requires 𝑣𝑟 = 0 at 𝑟 = 𝑟out.
The eigenfrequencies and eigenvectors of H are obtained by solving Eq. (A1) numerically, for a

given model of the Sun which provides 𝑁 (𝑟), 𝑆(𝑟) and 𝑐s(𝑟). The numerical procedure utilizes the
EVP class of the dedalus code (K. J. Burns et al. 2020). It allows us to find the set of (𝜔, 𝑋 (𝑟))
which satisfy Eq. (A1) for any value of ℓ. Dedalus uses spectral methods which decompose solutions
on 𝑁𝑟 Chebyshev polynomials, in order to obtain a matrix eigenvalue problem which is then solved by
linear algebra techniques. This method can capture eigenmodes with radial order up to 𝑁𝑟 . Examples
of eigenfunctions of different solar modes are shown in Fig. 4.

B. SOLAR 1D MODEL

To investigate the oscillation modes of the Sun, we construct a one-dimensional model of the Sun
using mesa (B. Paxton et al. 2011, 2013, 2015, 2018, 2019; A. S. Jermyn et al. 2023). This involves
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Figure 4. Modes of different types are located in different regions of the Sun. Red and blue
are regions of positive and negative horizontal displacement 𝜉h. (A) is the 𝑛 = 1, ℓ = 4 𝑝-mode, (B) is the
𝑛 = 35, ℓ = 4 𝑔-mode, (C) is the ℓ = 10 𝑓 -mode, (D) is the mixed 𝑓 /𝑔5 mode discussed in the main text.

Table 1. Characteristics of the Sun and of our solar model. Obtained after calibration.

Parameter Obs. 𝜎𝑗 Model Model/Obs

Age (Gyr) 4.57 - 4.57 1.0

M (g) 1.9884 × 1033 - 1.9884 × 1033 1.0

𝑇eff (K) 5772.0 - 5760.1 0.998

R (cm) 6.957 × 1010 3.211 × 108 6.9575 × 1010 1.00007

L (erg.s−1) 3.828 × 1033 1.4 × 1030 3.797 × 1033 0.992

(Z/X)surf 0.0252 10−3 0.0259 0.972

Ysurf 0.2485 0.0035 0.2537 1.021

𝑅CZ/R⊙ 0.713 10−3 0.714 0.999

calibrating a 1D solar model with the simplex solar calibration routine provided by mesa. This
method aims at minimizing a 𝜒2 function, which is defined as

𝜒2 =
∑︁
𝑗

(𝑂 𝑗 − 𝑀 𝑗 )2
𝜎2
𝑗

, (B3)

with 𝑂 𝑗 the observed characteristics of the Sun and 𝑀 𝑗 the modelled ones. These characteristics
used to calibrate the model are the luminosity L, the radius R, surface metals (Z/X)surf and helium
Ysurf abundances, the position of the interface between the radiative and the convective zones 𝑅CZ
and the sound speed profile of the solar interior. The measured values of L and 𝑇eff are the ones
given by the Resolution B3 of the International Astronomical Union (E. E. Mamajek et al. 2015) and
are the default values used in mesa. For the metals surface abundances, we use the values recently
determined by E. Magg et al. (2022), which are similar to those from N. Grevesse & A. J. Sauval
(1998) and correspond to the high metal abundance case. The helium surface abundance is based
on measurements by S. Basu & H. M. Antia (2004), and the position of the radiative/convective
interface is taken from S. Basu & H. M. Antia (1997). For the sound speed profile, we use the default
profile in mesa, which is derived from helioseismology by S. Basu et al. (1996). All observed values
for these parameters are summarized in Table 1, with the associated uncertainties 𝜎𝑗 , except for the
sound speed profile, for which we refer the reader to the original paper (S. Basu et al. 1996).
For the calibration process, the parameters to be adjusted are the iron-to-hydrogen number ratio

[Fe/H] = log ((𝑍/𝑋)/(𝑍/𝑋)⊙) and the helium abundance Y in the convective zone, as well as the
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mixing length 𝛼MLT and the overshooting 𝑓ov parameters. The subscript in (𝑍/𝑋)⊙ denotes the
reference solar value, and it is equal to the one given for surface value, (Z/X)surf , in Table 1. In
evolutionary 1D models, convective mixing is assumed to be instantaneous, thus the convective region
is assumed homogenous. As a result of the calibration process, the obtained iron-to-hydrogen number
ratio is [Fe/H] = 0.0531, the helium abundance is Y = 0.25375, the mixing length and overshooting
parameters are 𝛼MLT = 2.0678 and 𝑓ov= 0.0253. For this best calibrated model, the value of the loss
function is 𝜒2 = 4.33. The results of the calibration are presented in Table 1, where the last column
compares our solar model parameters to the observed values. The parameters presented in Table 1
for which no uncertainties are given, were not included in the calibration process.
To validate the seismic accuracy of our calibrated model, we compute the eigenfrequencies of its

oscillation modes using the Dedalus code as described above. The right panel of Fig. 1 confirms
that our model accurately reproduces the eigenfrequencies for the global oscillation modes of the
Sun, allowing for a precise comparison with helioseismic observations. In this figure, the red crosses
represent the observed oscillations frequencies of 𝑝-modes measured by R. Kiefer & A.-M. Broomhall
(2021) and the blue crosses the oscillation frequencies of the 𝑓 -modes measured by T. Larson & J.
Schou (2008). This good agreement between our model and the observed oscillations frequencies is
the result of using the sound speed profile for the calibration. Indeed, the sound speed profile itself
is inferred from helioseismology (S. Basu et al. 1996). The 1D model used in this study is publicly
available, as well as the numerical treatment of the linear theory.

C. NUMERICAL SIMULATIONS

C.1. The music code

We present a 2D simulation of the solar interior using the stellar hydrodynamics code music (M.
Viallet et al. 2016; T. Goffrey et al. 2017). This code employs a time-implicit method (M. Viallet
et al. 2013) to solve for the mass, the momentum and internal energy for a fully compressible, inviscid
fluid, i.e.,

𝜕𝜌

𝜕𝑡
= −®∇ · (𝜌®v), (C4)

𝜕𝜌®v
𝜕𝑡

= −∇ · (𝜌®v ⊗ ®v) − ®∇𝑝 + 𝜌®𝑔, (C5)

𝜕𝜌𝑒

𝜕𝑡
= −®∇ · (𝜌𝑒®v) − 𝑝 ®∇ · ®v − ®∇ · ®𝐹𝑟 + 𝜌𝜖nuc, (C6)

where 𝜌 is the density, 𝑒 the specific internal energy, ®v the velocity field, 𝑝 the gas pressure, 𝜖nuc is
the specific energy released by nuclear burning and ®𝑔 the gravitational acceleration. The radial profile
of nuclear energy 𝜖nuc is taken from the 1D model, and is assumed constant during the simulation
time, as nuclear burning evolves on much longer timescales. The hydrodynamical simulation run for
this work assumes spherically symmetric gravitational acceleration, ®𝑔 = −𝑔®e𝑟 , which is updated after
each time step:

𝑔(𝑟) = 4𝜋
𝐺

𝑟2

∫ 𝑟

0
𝜌(𝑢)𝑢2d𝑢, (C7)

with 𝜌(𝑟) radial density profile given by

𝜌(𝑟) = ⟨𝜌⟩S (C8)
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where the operator ⟨.⟩S is an angular average over the whole unit sphere, defined as

⟨ℎ⟩S B
1

4𝜋

∫
S
ℎ(𝜃, 𝜙) 2𝜋 sin 𝜃d𝜃d𝜙. (C9)

For the solar simulations considered in this work, the major heat transport that contributes to
thermal conductivity is radiative transfer characterised by the radiative flux ®𝐹𝑟 , given within the
diffusion approximation by

®𝐹𝑟 = −16𝜎𝑇
3

3𝜅𝜌
®∇𝑇 = −𝜒 ®∇𝑇, (C10)

with 𝜅 denotes the Rosseland mean opacity of the gas, 𝜎 the Stefan–Boltzmann constant and 𝜒

the thermal conductivity respectively. music incorporates realistic stellar opacities (OPAL, C. A.
Iglesias & F. J. Rogers 1996) for solar metallicity and equations of state (OPAL EOS, F. J. Rogers
& A. Nayfonov 2002) suitable for describing the solar interior.

C.2. 2D solar simulations

The radial extent of the simulation described in the main text spans from 𝑟in = 0.15𝑅star to
𝑟out = 0.9𝑅star. The co-latitudinal range is 𝜃 ∈ [

𝜋
12 ;

11𝜋
12

]
. We use a grid resolution of 𝑁𝑟 × 𝑁𝜃 =

1024 × 1024 cells, with uniform distribution in the radial direction. The size of a unit radial grid
cell is d𝑟 = 5.1 × 107cm. The characteristic size of an angular grid cell is d𝜃 = 2.3 × 10−3 rad. The
resolution in the 𝜃-direction is defined by the requirement to preserve a satisfying aspect ratio of the
grid cells on the whole domain on a spherical grid, ensuring adequate resolution for both the excited
wave and convective motions (I. Baraffe et al. 2021; D. G. Vlaykov et al. 2022; A. Le Saux et al.
2022). The simulation takes into account the variable helium mass fraction Y, which is set from the
1D model and do not evolve during the simulation, and we impose the metallicity Z = 0.02.
The boundary conditions in the radial direction are the imposition of a constant radial derivative

on the density at the inner and outer radial boundaries (see discussion in J. Pratt et al. 2016). The
energy flux at both 𝑟in and 𝑟out is fixed and equal to the value of the energy flux at the corresponding
radii in the calibrated 1D model. In terms of velocity, we impose reflective conditions at the radial
boundaries as

• v𝑟 = 0 and 𝜕v𝜃

𝜕𝑟 = 0 at 𝑟in and 𝑟out.

The boundaries in the latitudinal directions are periodic for the density, the energy and the veloc-
ities. For instance, for the velocity this is expressed as

• v𝑟 (𝜃min) = v𝑟 (𝜃max),
• v𝜃 (𝜃min) = v𝜃 (𝜃max),

with 𝜃min = 𝜋/12 to 𝜃max = 11𝜋/12 in this case.
In panel A of Fig. 2 shows a snapshot of the horizontal velocity in the simulation as a function of

radius and co-latitude. For better visibility, we normalize its values at each radius by the root-mean-
square value of the horizontal velocity. Indeed, the amplitude of the velocity in the radiative zone is
much smaller than in the convective zone. The root-mean-square of the component v𝑖 of the velocity
vi,rms is defined as
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Figure 5. Evolution of the total kinetic energy in the simulation over time. The convective
instability begins to develop around 2× 105 s and then saturates as the convective layer fully develops. The
simulation reaches a dynamical steady state once the plateau in kinetic energy is reached, around 3 × 106 s.
The wave analysis is performed after that time.

vi,rms(𝑟) B
√︃〈

v2𝑖 (𝑟, 𝜃, 𝑡)
〉
S,𝑡 , (C11)

with 𝑖 = 𝑟, h denotes the radial and horizontal components of the velocity vector. The operator ⟨.⟩S
is defined in Eq. C9 and ⟨.⟩𝑡 denotes the temporal average, and it is defined by

⟨ 𝑓 (𝑡)⟩𝑡 B
𝑡0
𝑇

∫ 𝑇

0
𝑓 (𝑡)d𝑡, (C12)

with 𝑡0 the time when the simulation reaches steady state convection and 𝑇 the final time of the
simulation. To estimate when the convection reaches a steady state, we plot on Fig. 5 the evolution
of the total kinetic energy in the numerical model as a function of time. The initial peak in kinetic
energy at comes from strong acoustic waves generated at the start of the simulation. Then, convection
starts around 2 × 105 s and then reaches a plateau around 3 × 106 s, which define the value of 𝑡0 in
Eq. (C12). We then run the simulation for a total time of 𝑇 ∼ 3 × 107 s.

D. WEDGE HARMONICS DECOMPOSITION

The wedge harmonics basis is a basis of eigenfunctions of the Laplacian on wedge-shaped domains
that do not span an entire hemisphere in the latitudinal direction, as in the case used in this study (see



16

Apendix C of A. Le Saux 2023). It is a generalization of the spherical harmonics basis, designed for
wedges. This alternative choice of angular basis is the reason why the power spectra computed from
music work with effective angular degrees ℓ̃ that take non integer values, rather than the classical
angular degree ℓ used in spherical harmonics. ℓ̃ still measures an angular wavenumber of waves with
typical angular wavelength 𝜋/ℓ̃. In the case of the spherical harmonics, eigenvalues of −𝑟2Δ on the
sphere are 𝜆sphere = 𝜆SHℓ = ℓ(ℓ + 1). By equating the eigenvalues in the spherical harmonics case and

wedge harmonics cases, an effective angular degree ℓ̃ can be defined such that

𝜆wedge = 𝜆
WH
ℓ̃

= ℓ̃(ℓ̃ + 1), (D13)

yielding

ℓ̃ =

√︂
𝜆WH
ℓ̃

+ 1

4
− 1

2
. (D14)

The wedge harmonics basis and effective wavenumbers are only consequences of the removal of the
north and south poles in the simulation, and have no impact on the underlying physics. For the
wedge geometry used in the simulation, i.e. 𝜃 ∈ [

𝜋
12 ;

11𝜋
12

]
, the first values of ℓ̃ are

(0, 1.9, 4.3, 6.7, 9.1, 11.5, 13.9, ...).
E. EFFECTIVE POTENTIAL THEORY

To highlight why both surface-intensified waves and interior-localized waves can exist on the 𝑓 -
branch, we derive an effective potential theory within the Cowling approximation. Building on the
work of S. Vorontsov & V. N. Zharkov (1989), we find that in the high-frequency limit 𝜔 ≫ 𝑁, the
linear perturbation equations reduce to the Schrödinger equation(

− d2

d𝜏2
+ 𝑆2 + d𝑆

d𝜏
+ 𝐿2ℓ

)
𝑝 = 𝜔2𝑝, (E15)

with effective potential 𝑉eff ≡ 𝑆2+ d𝑆
d𝜏 +𝐿2ℓ . 𝜏 denotes the acoustic radius (d𝜏 = d𝑟/𝑐s), 𝑝 ≡ 𝑟√

𝜌0𝑐s
𝑝′ and

𝑝′ is the Eulerian pressure perturbation and 𝐿ℓ = 𝑐s
√︁
ℓ(ℓ + 1)/𝑟 is the Lamb frequency measuring the

angular wavelength in spherical geometry. The competition between 𝑆2+ d𝑆
d𝜏 and 𝐿2ℓ in 𝑉eff determines

whether the modes are localized in the bulk of the star, where 𝑆2 + d𝑆
d𝜏 is minimum, or in the outer

layers where 𝐿2ℓ is minimum. Figure 6 shows profiles of effective potential 𝑉eff at ℓ = 6 obtained for
the Sun and a fictitious star, where the buoyant-acoustic frequency has been amplified 𝑆 = 10𝑆⊙.
For the fictitious star, the effective potential is dominated by the contribution of 𝑆2 + d𝑆

d𝜏 , as in the
academic case derived by A. Leclerc et al. (2022). As such, topological waves are trapped locally in
the bulk of the star. For the Sun, the contribution of 𝑆2 + d𝑆

d𝜏 is counterbalanced by the repulsive
effect of 𝐿2ℓ , implying mode delocalization.

F. DISTORSION OF THE BUOYANT-ACOUSTIC FREQUENCY 𝑆(𝑅)
In order to confirm that the 𝑓 -modes at low 𝑙 are indeed of topological origin, we deform contin-

uously deform the values of 𝑆(𝑟) in order to make the contribution 𝑆2 + d𝑆
d𝜏 dominate the effective

potential, similarly to the normal form analysed in A. Leclerc et al. (2022). This academic situation
corresponds to a case of high coupling, where 𝑆 exhibits large positive and negative values around the
cancellation point and varies rapidly. In this regime, the Lamb-like wave consists solely of horizontal
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Figure 6. Effective potential of Eq. E15 for the 𝑝- and 𝑓 -modes in the high-frequency limit.
In he case ℓ = 6, the minimum of the potential in the Sun is at the surface. In the fictitious star discussed
in the main text for which 𝑆(𝑟) = 10𝑆⊙ (𝑟), the minimum is located inside the bulk of the star, where the
𝑓 -mode is much closely described by a Lamb-like mode.

velocity with no radial velocity, and its eigenfunctions are confined around the cancellation point of
𝑆(𝑟).
We compute the linear normal modes of the solar interior with 𝑆 = 𝑆⊙ (𝑟), 𝑆 = 10𝑆⊙ (𝑟), and

𝑆 = 50𝑆⊙ (𝑟), where 𝑆⊙ (𝑟) is derived from the calibrated 1D solar model used in the simulation. We
compare the eigenfunctions of the Lamb-like wave at ℓ = 6.754 in these three spectra. Figure 7 shows
the results, the blue curves being the solar model simulated in MUSIC.
As the values of 𝑆 increase, the Lamb-like waves become more confined around their cancellation

point, and the horizontal displacement 𝜉h dominates the vertical displacement 𝜉𝑟 , as calculated in
A. Leclerc et al. (2022). Although properties of 𝑓 -modes at low 𝑙 are inherited from topology,
the procedure above explains why these modes are additionally delocalized in the Sun. We expect
topological modes in stars with steeper profiles of buoyant-acoustic frequencies to be closer to the
academic situation studied in A. Leclerc et al. (2022).

G. AMPLITUDE OF THE MODES AT THE SURFACE AND OBSERVABILITY

Due to numerical constraints, the radial domain of the simulations is restricted to 𝑟 = 0.15𝑅star
and 𝑟 = 0.9𝑅star. Starting from data on this restricted domain, we identify normal modes excited by
convective motion, and estimate their amplitude at the surface of the Sun. We begin by measuring
the amplitude of the normal mode in the simulation at a selected radius within the radiative zone
(outside the convective envelope and penetration zone to avoid measuring velocities from convective
motions). This is done using the radial velocity extracted from the power spectrum. We choose
𝑟 = 0.6𝑅star, and verify that this choice does not affect the subsequent results. Next, we calculate the
amplitudes of the linear modes for a non-truncated star to determine the ratio of the mode amplitude
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Figure 7. Displacements of the Lamb-like wave for increasing values of 𝑆(𝑟). (A) Three deformed
profiles of 𝑆(𝑟). (B) Displacements of the 𝑛 = 0, ℓ = 4 modes for the 3 profiles. As the values of 𝑆 increase,
the wave becomes more localized around the point where 𝑆 cancels (black dashed line). The horizontal
displacement is also larger, consistent with the analysis of A. Leclerc et al. (2022).

at 𝑟 = 0.6𝑅star to that at the surface. This correction factor is then applied to estimate the mode
amplitude at the surface of the Sun. Due to the difference in cavity size between the simulation and
the complete 1D model, the eigenfunctions and eigenfrequencies of the normal modes are not exactly
identical. In particular, the mixed 𝑓 /𝑔-mode in the simulation is at 344 𝜇Hz, the hybridization
occurring with the 𝑔1 mode, whereas in the extended 1D model and thus in the Sun, its frequency
is 265 𝜇Hz, the hybridization being with the 𝑔5 mode. The left panel of Figure 8 shows the mixed
modes for the simulation (blue line) and for the extended linear model (red dashed line).
Estimates for the surface amplitude of different modes are presented in the column vsurf of Table. 2.

We obtain an estimate of 2.1× 10−4cm s−1 for the surface amplitude of the mixed 𝑓 /𝑔 mode, similar
as 𝑝-modes in the same frequency range. However, in this frequency range, 𝑔-modes have signifi-
cantly lower surface amplitudes. The only 𝑔-modes with similar amplitude as the mixed 𝑓 /𝑔 mode
are at much lower frequencies, typically around ∼ 50 or 100 𝜇Hz. Because stellar hydrodynamical
simulations are far from stellar interior regimes, we find it more pertinent to compare the relative am-
plitudes between different modes rather than using the absolute amplitude of a given mode in cm s−1.
This frequency dependence of the highest amplitude mode plays a key role in observational detection.
In helioseismology, surface convection noise, which is the main obstacle to detecting normal modes,
intensifies with decreasing frequencies (C. Pinçon et al. 2021). Thus, despite having similar surface
amplitudes, the mixed 𝑓 /𝑔5 mode presents a significantly higher likelihood of detection compared to
𝑔-modes.
A limitation of our study is that the convection zone is truncated at 𝑟 = 0.9𝑅star. However, it is

well known that the outer layers of the convection zone play a major role in the excitation of the
modes, at least for the high frequency ones. To test this, we run an additional simulation of the
same solar model that extends from 𝑟 = 0.3𝑅star to 𝑟 = 0.98𝑅star. We do not include more convective
layers for numerical reasons. The extension of the numerical domain to the photosphere ( 𝑟 = 𝑅star )
is an open challenge for stellar hydrodynamical simulations given the sharp decrease of the pressure
scale height with increasing radius. Because the size of the cavity is different, modes frequencies
are shifted compared to our main simulations. We now identify the mixed 𝑓 /𝑔 mode at 252.8 𝜇Hz.
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Figure 8. Amplitude of standing modes To estimate the surface amplitude of a mode, we compute its
linear eigenfunction (dashed red lines) and fix its amplitude at 𝑟 = 0.6𝑅star with the one measured in the
MUSIC simulations (blue lines). We can then extrapolate the amplitude of the mode at 𝑟 = 𝑅star.

Table 2. Surface amplitude vsurf of normal modes estimated using MUSIC simulation. The
angular degree and frequency of the normal modes correspond to those of the complete 1D model and are
therefore consistent with the predictions for the Sun. See the text for details on the methodology used
for this estimation. As there are no 𝑔-modes with a frequency of 230 𝜇Hz in the simulation extended to
𝑟 = 0.98𝑅star, we take instead the highest frequency 𝑔-mode for ℓ = 4, which is 177 𝜇Hz.

Mode ℓ 𝜔/2𝜋 (𝜇Hz) vsurf (cm.s−1) vsurf ,ro98 (cm.s−1)
Mixed 𝑓 /𝑔 4 265 2.1 × 10−4 3.3 × 10−2

𝑝 4 610 2.6 × 10−4 4.3 × 10−2

𝑝 2 543 1.1 × 10−4 2.4 × 10−2

𝑔 4 230 3.7 × 10−5 -

𝑔 4 177 - 3.3 × 10−3

𝑔 4 93 5.3 × 10−6 9.6 × 10−3

𝑔 2 100 2.1 × 10−5 1.7 × 10−2

𝑔 4 51 1.1 × 10−4 3.7 × 10−3

The estimated surface amplitude using this simulation, vsurf ,ro98, are presented in the last column of
Table 2. The amplitudes of all modes increase significantly. This is expected as the inclusion of more
external layers of the convective envelope drives convection stronger as was shown in D. G. Vlaykov
et al. (2022). Nevertheless, our conclusions regarding the relative amplitudes of the modes remain
unchanged.
Based on these results, an alternative estimate of the 𝑓 /𝑔 mode amplitude at the surface can

be obtained by using the observed amplitudes for 𝑝-modes, and assuming that the ratio of these



20

amplitudes to that of the 𝑓 /𝑔 mode is accurately described by linear theory. This method was
already used in K. Belkacem et al. (2022). G. R. Davies et al. (2014) use observations of low-order,
low-degree 𝑝-modes to estimate their amplitude as a function of frequency (see their Fig. 4). Using
their results and assuming that the amplitude-frequency relationship remains valid at low frequencies,
we estimate the surface amplitude of a 𝑝-mode with frequency ∼ 265𝜇Hz, and therefore of the mixed
𝑓 /𝑔 mode, to be approximately 0.02 cm s−1, which is similar to amplitude estimated using our
simulation extended to 𝑟 = 0.98𝑅star. To date, the most accurate data available comes from the
GOLF mission. With a time series spanning over 22 years, the detection threshold is approximately
0.3 cm s−1 around 265 𝜇Hz (K. Belkacem et al. 2022).
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Chapter VII

Berry phase importance of solar p-modes

Résumé

Le Chapitre V montre que les ondes dans les étoiles ont une courbure de Berry non nulle, qui émane
de deux monopoles de Berry-Chern de charge C = ±1 dans leur espace des paramètres. C’est la
propriété topologique causant l’existence des ondes topologiques.
Comme discuté dans le Chapitre II, une courbure de Berry cause également une phase de Berry non-
nulle, amassée par les ondes lors de changements périodiques lents. Ce chapitre montre que de tels
changements périodiques ont lieu quand on considère le tracé de rayon des ondes astérosismiques,
ce qui amène à l’identification d’un terme de phase de Berry dans les fréquences propres des modes
stellaires. Une phase de Berry a été trouvée dans les modes d’ondes équatoriales par [142], suggérant
sa présence aussi dans les modes stellaires. Ce résultat donne un nouveau pont conceptuel entre
physique quantique et dynamique des fluides. De plus, l’expression de ce terme de phase de Berry
est obtenue exactement, et il corrige les lois classiques de Duvall et Tassoul, notamment à bas ordre
radial n.

Chapter V showed that waves in stars have a non-zero Berry curvature, emanating from Berry-
Chern monopoles with Chern numbers C = ±1 in their parameter space. This is the topological
property, causing the presence of the topological wave in stellar spectra.
As discussed in Chapter II, a non-zero Berry curvature also causes a non-zero Berry phase, picked up
by the waves upon performing periodic slow changes. This chapter shows that such periodic slow
changes can be found in ray-tracing solutions in asteroseismic context, leading to the identification of
a Berry phase term in the frequencies of stellar modes. A Berry phase was identified in the equatorial
shallow water modes in [142] which inspired this work, investigating its presence in asteroseismic
waves.
This result strengthens the conceptual bridge between quantum physics and fluid dynamics. Ad-
ditionally, it provides the expression of this term of Berry phase, which is shown to be a corrective
term to the well-known laws of Duvall and Tassoul. These laws are obtained by WKB approximation
of the normal modes’ equation yielding the behavior of modes with high radial order n. The Berry
phase corrects the laws at low n.

The results presented in this chapter have been published in The importance of Berry phase in solar
acoustic modes, Leclerc & Laibe, The Astrophysical Journal Letters 2025 [344].
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The importance of Berry phase in solar acoustic modes

Armand Leclerc 1, ∗ and Guillaume Laibe1, 2
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ABSTRACT

An analytic expression for the frequencies of standing waves in stars, applicable to
any radial order n, is derived from ray-tracing equations by the mean of Wigner-Weyl
calculus. A correction to previous formulas currently employed in asteroseismology is
identified as the Berry phase, which accounts for the vectorial nature of wave propa-
gation in stars. Accounting for this quantity significantly improves upon previous laws
for low n modes of the Sun, and we show that the Berry phase is indeed present in the
available observational data of solar modes. This phase is due to inhomogeneities of
the medium.

Keywords: waves — helioseismology — analytical

1. INTRODUCTION

Mechanical waves that travel through the interiors of stars provide the most accurate insights into
their inner structures (e.g. Basu 2016; Christensen-Dalsgaard 2021). Since these waves manifest
as standing oscillations on the surface, a standard approach consists in deriving the equations that
describe standing waves to obtain the theoretical frequency distributions of pulsations for large radial
orders (n≫ 1). The frequencies are expressed as functions of the harmonic degree ℓ and the physical
parameters of the star: the sound speed cs and the buoyant frequency N , which both vary with
radius r. Acoustic modes follow a relationship known as Duvall’s law: frequencies are distributed
approximately uniformly, as given by the formula ν = (n+ ℓ

2
+ 3

4
)∆ν, where ∆ν = (2

∫ R
0
dr/cs)

−1

is the so-called large frequency separation (Duvall Jr 1982). Gravity modes obey Tassoul’s law:

periods are approximately uniformly spaced and expressed as P =
2π2(n+ 1

2
)√

ℓ(ℓ+1)
(
∫ r2
r1

N
r
dr)−1 (Shibahashi

1979; Tassoul 1980). These laws give explicit constrain on N and cs from the observed oscillation
frequencies. At large radial orders n, deviations from these distributions are caused by the acoustic
cut-off frequency ω2

c = c2s/4H
2(1− 2dH/dr), where H is the pressure scale height. For acoustic

modes, these corrections are usually grouped into a parameter called the phase function α(ω) (e.g.
Deubner and Gough 1984; Christensen-Dalsgaard and Pérez Hernández 1992), which leads to a
small frequency separation δν = νn,ℓ − νn+1,ℓ−2, offering valuable information about the temperature
gradient of the star (Tassoul 1980).

∗ Corresponding author: armand.leclerc@ens-lyon.fr
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Vectorial (Berry)
ωv

Scalar (no Berry)

ωs

Figure 1. Ray-tracing equations accounting for the Berry curvature are slightly deviated, correcting the
frequencies of standing waves. Left: The polarization of the wave adds a Berry term in the ray-tracing
equations, changing the bending of the ray between a scalar and fully vectorial theory. The resulting standing
wave traced by the rays have a different frequency. Right: Frequency estimates of solar acoustic modes for
azimuthal degree ℓ = 25 significantly improve when accounting for the Berry phase, in particular for low
radial orders n. The scalar and the two vectorial theories account for the phase function α(ω), the ”vectorial
(no Berry)” theory accounts for correction of Ω arising from spatial variation of background quantities,
the ”vectorial (Berry)” theory further incorporate ϕB. For n ≤ 20, only the predictions accounting for ϕB

match the observed frequencies to the current degree of precision of the 1D model (1%). The observational
uncertainties (vertical bars) are undistinguishable at this scale (0.1% in (Hill et al. 1996)).

In this study, we provide a more precise equation for the frequencies of standing waves that is
valid for all radial orders. Importantly, this equation introduces a correction term to the previously
established laws that improves significantly their accuracy for low n. It is possible to relax the usual
high n approximation by relying instead on a high ℓ approximation. For this, we treat asteroseis-
mology from the alternate perspective of geometrical optics, which describes the paths of wave rays
(Gough 1986, 1993; Loi 2020). While ray-tracing is generally based on a scalar description of the
wave, we account here for polarization effects due to the multicomponent nature of the perturbations
in the equations, resulting in a more accurate formulation. This result is obtained by treating the full
perturbations equations as a Schrödinger equation, and taking its semi-classical limit which yields
the dynamics of p-quasi-particles and g-quasi-particles.

2. RAY-TRACING WITH VARYING POLARIZATIONS

The evolution of linear, adiabatic perturbations of a non-rotating, non-magnetic stars under the
Cowling approximation can be expressed in a symmetric form by adopting the appropriate change
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of variables

v=ρ
1/2
0 c1/2s rv′, (1)

p=ρ
−1/2
0 c−1/2

s rp′, (2)

Θ=ρ
−1/2
0 r

g

N
(ρ′ − 1

c2s
p′), (3)

where p′, ρ′ and v′ are the Eulerian perturbations in pressure, density and velocity. It slightly differs
here from the changes of variables performed in (Leclerc et al. 2022, 2024), in which the detailed
derivations are presented.
Further decomposing the velocity perturbation onto the basis of vectorial spherical harmonics, one
has

v(r, θ, ϕ) = vr(r)Y
m
ℓ + vh(r)Ψ

m
ℓ , (4)

where Y m
ℓ = Y m

ℓ er and Ψm
ℓ = ir√

ℓ(ℓ+1)
∇Y m

ℓ . By introducing the acoustic radius zs defined by

dzs = dr/cs as a new radial coordinate, the equations of perturbation read

i∂t




vh

vr

Θ

p


 =




0 0 0 Lℓ

0 0 −iN−i∂zs + iS

0 iN 0 0

Lℓ−i∂zs − iS 0 0







vh

vr

Θ

p


 . (5)

Defining the slow acoustic radius and slow time as z = ϵzs, τ = ϵt with ϵ = 1/
√
ℓ(ℓ+ 1), one obtains

the wave equation

iϵ∂τX = ĤX, (6)

with Ĥ =




0 0 0 Lℓ

0 0 −iN−iϵ∂z + iS

0 iN 0 0

Lℓ−iϵ∂z − iS 0 0


 , (7)

where X =
(
vh vr Θ p

)⊤
, Lℓ = cs/ϵr and N

2 = g( 1
Γ1

d lnP0

dr
− d ln ρ0

dr
) are the Lamb and the buoyancy

frequencies and S = cs
2g

(
N2 − g2

c2s

)
− 1

2
dcs
dr

+ cs
r
. The parameter ϵ ≡ 1/

√
ℓ(ℓ+ 1) is the angular

wavelength which acts as a small parameter for large azimuthal degrees ℓ.
In principle, other small parameters ϵ can be chosen, as long as the limit ϵ→ 0 is a limit in which the
frequencies of p-modes and g-modes are well-separated which is needed in the following. This choice

of variables
(
vh vr Θ p

)⊤
and coordinate z yields an operator which is self-adjoint with respect to

the scalar product ⟨X1,X2⟩ =
∫
dz X†

1 ·X2. The expressions of our results are obtained for those
specific variables and coordinate.
Obtaining the equations of rays from Eq. (7) at order ϵ1 is involved and requires a number of

technical steps. The derivation is analogous to the ones of Perez et al. 2021 and Venaille et al. 2023.
We first aim to transform the vectorial equation (7) to a scalar one by transforming it to the form

iϵ∂τψ = Ω̂ψ, (8)
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and this, for a selected waveband (either acoustic or internal gravity). The idea is to reconstruct
the multicomponent perturbations field X(τ, z) is from the scalar field ψ(τ, z) through a vectorial
operator χ̂(z, ∂z) by X = χ̂ψ. ψ is the scalar field that evolves according to the dispersion relation,
and χ̂ is a vector of differential operators used to reconstruct all perturbed fields of the wave from the
scalar field. In general, such transform is not possible. It become however feasible when ϵ≪ 1, which
ensures that the wave bands are well-separated. This section shows that the ray-tracing equations
for X and ψ differ slightly, by a term involving the polarization relations given by χ̂.
The expressions of Ω̂ and χ̂ are unknown and have to be determined. The condition χ̂† · χ̂ = 1 is
imposed, so that the energy of the wave is E =

∫
dz X† ·X =

∫
dz ψ∗ψ = 1. The symbol † denotes

the conjugate-transpose in the sense of 4 × 4 complex matrices and vectors. Consistency of time
evolution imposes

Ĥχ̂ = χ̂Ω̂. (9)

The operators are then expanded to first order in ϵ as

Ĥ=Ĥ0 + ϵĤ1, (10)

Ω̂=Ω̂0 + ϵΩ̂1, (11)

χ̂= χ̂0 + ϵχ̂1. (12)

We now apply the Wigner transform, which transforms a differential operator Â(z, ∂z) into a function
on the phase space A(z, kz). It is the reciprocal transform of the Weyl transformation, which is a
quantization rule. See (Onuki 2020) for a detailed description of the Wigner transform and its
usefulness in fluid mechanics. For instance, the Wigner transform gives the maps

−i∂z 7→kz, (13)

cs(ẑ) 7→cs(z). (14)

It is a way of representing the local action of operators on plane waves. Wigner-Weyl calculus comes
with a general way of computing products of operators, the so-called Moyal product ⋆, such that

ÂB̂ = Â ⋆ B, (15)

which is particularly useful to treat Eq. (9). The Moyal product is defined as the expansion on ϵ

(Onuki 2020)

A ⋆ B ≡
∑

p,q∈N2

(−1)p

p!q!

(
i

2
ϵ

)p+q
(∂qz∂

p
kz
A)(∂pz∂

q
kz
B), (16)

which gives at first order in ϵ the r.h.s of Eq. (9) as

χ̂Ω̂= χ̂ ⋆ Ω (17)

and χ ⋆ Ω=χ0Ω0 + ϵ

(
χ1Ω0 + χ0Ω1 +

i

2
{χ0,Ω0}

)
, (18)

where {, } are the Poisson bracket in the phase space (z, kz) defined in the main text.
From Eq. (18), one determines the symbols Ω0, Ω1 and χ0. At zeroth order in ϵ, one has

H0Ω0 = χ0Ω0, (19)
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where Ω0 and χ0 are an eigenvalue and an eigenvector of the matrix H0, as obtained with direct
linear algebra. The matrix H0 reads

H0(z, kz) =




0 0 0 Lℓ

0 0 −iN kz + iS

0 iN 0 0

Lℓ kz − iS 0 0


 . (20)

The full expressions of χ0, Ω0 are given in Appendix A for both acoustic and internal gravity waves.
Exploiting the limit ϵ≪ 1, Wigner-Weyl calculus has therefore provided the mathematical framework
to project the operator Ĥ onto the acoustic band, by separating the scalar propagation operator Ω̂
and the polarisation operator χ̂. Pursuing the expansion of Eq. (9) at order ϵ1, one finds

Ω1 =
i

2
χ†

0{H0 − Ω0I4,χ0}+
i

2
χ†

0{Ω0I4,χ0}. (21)

The first term of the r.h.s is involved in the ray-tracing dynamics. The second term is not involved
in the ray-tracing equations (Perez et al. 2021; Venaille et al. 2023).

We can now establish the time evolution of a wavepacket of the formX(τ, z) = χ̂(z, k(τ, z))ψ(τ, z),
where

ψ(τ, z) = a0(τ, z)e
i
ϵ
(ϕ0+ϵϕ1). (22)

The envelope a0 is chosen to have has significant values within a narrow spatial region ∆z that is
small compared to any other length-scale in the star. From Venaille et al. (2023), one has at order ϵ

X=a0e
i
ϵ
(ϕ0+ϵϕ1)χ0(z, k(τ, z)), (23)

k(τ, z)≡∂zϕ0 + ϵ∂zϕ1. (24)

The average position and momentum of the wavepacket are then determined by a0 and ϕ0 + ϵϕ1

respectively. The coordinates of the scalar wavepacket in phase space are

⟨z⟩ψ≡
∫

dz ψ∗zψ =

∫
dz z a20, (25)

⟨kz⟩ψ≡
∫

dz ψ∗(−iϵ∂z)ψ = (∂zϕ0 + ϵ∂zϕ1)
∣∣
z=⟨z⟩ψ . (26)

Taking the derivative with respect to time, using the property that Ω̂ is self-adjoint and the identities

ẑΩ̂− Ω̂ẑ = iϵ∂̂kzΩ and ∂zΩ̂− Ω̂∂z = ∂̂zΩ (Venaille et al. 2023), one obtains the dynamical evolution

˙⟨z⟩ψ=
∫

dz (∂τψ
∗ · ẑψ + ψ∗ · ẑ∂τψ), (27)

=

∫
dz

i

ϵ
(ψ∗ · Ω̂ẑψ − ψ∗ · ẑΩ̂ψ), (28)

=

∫
dz ψ∗∂̂kzΩψ, (29)
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and

˙⟨kz⟩ψ=
∫

dz (∂τψ
∗ · (−iϵ∂z)ψ + ψ∗ · (−iϵ∂z)∂τψ), (30)

=

∫
dz (ψ∗ · Ω̂∂zψ − ψ∗ · ∂zΩ̂ψ), (31)

=−
∫

dz ψ∗∂̂zΩψ. (32)

Using the general result that for a scalar wavepacket of small extension and any operator Â, one has∫
dz ψ∗Âψ ∼ A(⟨z⟩ψ, ⟨kz⟩ψ) (Venaille et al. 2023), one obtains for the scalar wavepacket

˙⟨z⟩ψ=+∂kzΩ, (33)

˙⟨kz⟩ψ=−∂zΩ. (34)

This is a canonical system for the Hamiltonian Ω = Ω0 + ϵΩ1. Littlejohn and Flynn (1991) showed
that this expression is not gauge-invariant under a change of global phase χ0 7→ eig(z,kz)χ0 due to the
last term in Ω1 in Eq. (21). On the other hand, the coordinates of the vectorial wavepacket

⟨z⟩X≡
∫

dzX† · zX, (35)

⟨kz⟩X≡
∫

dzX† · (−iϵ∂z)X, (36)

are necessarily gauge-independent of the choice of phase of χ0, as they are defined independently of
the decomposition X = χ̂ψ. The evolution of these coordinates can be obtained from the ones of
the scalar wavepacket by the mean of the relations

⟨z⟩X= ⟨z⟩ψ + iϵχ†
0 · ∂kzχ0, (37)

⟨kz⟩X= ⟨kz⟩ψ − iϵχ†
0 · ∂zχ0. (38)

One observes that the last terms of the right-hand side of Eqs. (37)-(38) are not gauge-independent as
they would change under χ0 7→ eig(z,kz)χ0, implying that the coordinates of the scalar wavepacket are
also not gauge-independent. Hence the necessity to formulate ray-tracing equations on the vectorial
wavepacket coordinates.
Eqs. (33)-(34) then yield

˙⟨z⟩X=+∂kzΩ̃ + ϵF ˙⟨z⟩, (39)

˙⟨kz⟩X=−∂zΩ̃ + ϵF ˙⟨kz⟩, (40)

where

Ω̃≡Ω− iϵ

2
X†

0{Ω0I4,χ0} = Ω0 +
iϵ

2
χ†

0{H0 − Ω0I4,χ0}, (41)

F = i{χ†
0,χ0}. (42)
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{a, b} are the Poisson brackets of a and b defined as {a, b} ≡ ∂za ∂kzb− ∂kza ∂zb. The full expression
of F is given in Appendix A for both acoustic and internal gravity waves.

These are the ray-tracing equations of asteroseismology at order ϵ1 in finite horizontal size. Working
with gauge-invariant coordinates in phase space, the system becomes non-canonically Hamiltonian,
due to the term F in the right-hand side (Littlejohn and Flynn 1991). Non-canonical Hamiltonian
systems are occasionally encountered in fluid mechanics (e.g.(Morrison 1998)). These systems remain
Hamiltonian, and the paths of standing waves remain closed.
This demonstrates that the spatial variations of the polarization relations χ affects the ray trajecto-
ries in addition to the dispersion relation Ω. This effect is captured in the Berry curvature F , which
is directly given by the derivatives of χ.

3. BERRY PHASE IN NORMAL MODES

Equations (39)-(40) describe the trajectory of a wavepacket for any given initial condition. The
trajectories include those of standing waves in the star, which are the specific solutions that are
periodic in time. The trajectory represents the radial oscillatory motion of the perturbation inside
the star, bouncing between two turning points. These solutions correspond to closed trajectories
(z(τ), kz(τ)) in the phase space, traveled in a time T = 2π/ω satisfying the condition

ω = Ω̃(z, kz), (43)

such that the total phase of the wavepacket over one period is an integer multiple of 2π, i.e.

∆ϕ = 2π(n+ 1) =
1

ϵ

∮

Γω

(kz dz + ϵiχ†
0 · dχ0) + π. (44)

The last term π accounts for the two reflections at the turning points of the wave. Γω represents the
periodic trajectory in phase space that satisfies ω = Ω(z, kz)

∣∣
(z,kz)∈Γω oriented clockwise. The integer

n is chosen to correspond to the conventional radial order n used in asteroseismology.
Applying Stokes’ theorem to the second term within the integral, one obtains

∮

Γω

k dz = ϵ

(
2π
(
n+

1

2

)
+ ϕB

)
, (45)

with

ϕB ≡
∫∫

Σω

F dzdkz, (46)

where Σω denotes the area of the phase space enclosed by Γω. This procedure, which derives the
normal modes from ray dynamics, is known as Bohr-Sommerfeld quantization in quantum physics.
It introduces here ϕB referred to as the geometric phase or the Berry phase (Berry 1984). This
term arises from the vectorial nature of the wave, which perturbs multiple fields simultaneously,
with relative phases determined by χ0. In an inhomogeneous medium, the gradual change of this
vector along the propagation causes the ray trajectory to bend, in addition to the variation of the
dispersion relation Ω0 (Perez et al. 2021). This phenomenon is captured by the terms proportional
to the Berry curvature F in the ray-tracing equations (39)-(40) or equivalently, as the Berry phase
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in the frequencies of the normal modes. We provide an explicit expression for F for acoustic and
gravity waves in Appendix A.

Figure 1 shows that the Berry phase can play a significant role in determining low-order p-modes in
the Sun. We numerically calculate the frequencies of the normal modes of oscillation for the standard
model of the Sun (Christensen-Dalsgaard et al. 1996) directly from Eq. (6), and compare these results
with those obtained using Duvall’s law, usual scalar theories, and the vectorial Bohr-Sommerfeld
quantization that includes ϕB. Additionally, we compare the results with the available observational
helioseismic data from GONG (Hill et al. 1996), which includes modes from n = 4 to n = 22 that
have been observed at ℓ = 25.

At high radial orders (n ≳ 20), all methods converge and agree within a relative error of ap-
proximately ∼ 1%. For low n instead, the prediction accounting for ϕB is the only method that
achieves a comparable level of accuracy. Notably, Berry’s phase contributes significantly to the total
frequency, accounting for 9% of the frequency of the n = 0 mode, and 7% of the frequency of the
n = 1 mode. For these modes, it is found to be ϕB ≃ −0.71 and ϕB ≃ −1.17 respectively. The values
of Berry curvature F for acoustic waves in the Sun are shown on Fig 2, as well as the n = 0..10
standing waves in phase space. We stress that a quantitative evaluation of the Berry phase should not
assume the Cowling approximation in order to match the high level of modern observational precision.

Equation (45) is therefore satisfied by the pulsations ω of the standing waves for small ϵ, i.e for
large degrees ℓ. In this limit, it gives the frequencies of the pulsations for any order n. The ray-
tracing equations were derived for wavepackets with small spatial extensions, leaving the possibility
that these equations are not guaranteed to hold for waves of low radial order n. However, the
Bohr-Sommerfeld quantization holds for all n, as evidenced by numerical values obtained on Fig. 1.
This effect has been identified in the past. For low n, the trajectories in phase space are close to
the extremum of Ω̃(z, kz), and as such are following the dynamics of a harmonic oscillator. Since
Bohr-Sommerfeld quantization is exact for harmonic oscillators (Argyres 1965), the law appears valid
in both the high-n and low-n limits, albeit for different reasons. The correction term should then
still be Berry’s phase and is still accurate, even though it is not a slow change of the Hamiltonian
anymore. We suspect a deeper underlying principle explains why the Bohr-Sommerfeld law applies
universally, but this remains unclear at present.

4. DISCUSSION AND CONCLUSION

The Berry phase should not be confused with the so-called phase function α(ω), which modifies
Duvall’s law by accounting for corrections due to non-zero values of S in the dispersion relation Ω0,
i.e at order ϵ0. The Berry phase is a first-order term in ϵ that arises from the polarization relations.
Neglecting ϕB is equivalent to considering a scalar ray-tracing theory that propagates using the full
dispersion relation in accounting for α (ω).

Historically, the Berry phase was studied in system that slowly vary in time. Here, it manifests
as the background quantities vary in space crossed by a propagating ray. Our results show that
vectorial ray-tracing accounts for this phase, also sometimes called the holonomy (Simon 1983), as
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well as a corrected dispersion relation ω = Ω̃.

The analytical expressions derived in this study enable the prediction of when and to what extent
effects of geometric phase will be significant in stellar objects. We find here that the Berry curvature
is significant at the surface as is shown on Fig. 2, a region where the pressure scale height is very
short and where several phenomena are poorly modeled such as temperature gradients, significant
non-adiabaticity and rapid convection (Gough 1990; Ball and Gizon 2014).
Other stellar situations are known to cause difficulties in normal modes computation, among which
are found the problem of glitches in red giants (Cunha et al. 2015), rapidly rotating stars (Lignières
and Georgeot 2009; Mirouh 2022) and magnetized stars (Loi 2020), where complex geometries and
anisotropy complicate the study of normal modes, but ray-tracing equations remain directly appli-
cable (Gough 1993). Two extensions should be performed to apply this study on these problems.
Firstly, to adapt the formalism to low degrees ℓ ≲ 3 in the spirit of Roxburgh and Vorontsov (2000).
Secondly, to extend the theory for ray-tracing of mixed modes, where frequencies of g-modes and
p-modes take similar values, implying for the bands to be not well separated as occurs in red giants
(Mosser et al. 2014).

Ray-tracing equations are successfully employed by local helioseismology, which examines point
sources and time travels of waves at the solar surface (e.g. Gizon et al. 2010). Our findings suggest
that these studies may be extended to cases where the ϵ0 order lacks sufficient accuracy, such as for
large-scale excitations.

We finally highlight that in this problem, the Berry curvature arises from two Berry-Chern
monopoles with topological charges C = ±1 situated at low ℓ values (Perrot et al. 2019; Leclerc et al.
2022). These sources of the Berry curvature impose that ϕB tends to −|C|π = −π for trajectories
that encompass the entire phase space, which corresponds to large n. This amounts to subtracting
-1/2 to n+ 1/2 in the quantization law for high n.

Acknowledgments: The authors thank the anonymous referee for a thorough review, and Isabelle
Baraffe for discussions on applications. AL is funded by Contrat Doctoral Spécifique Normaliens.
GL acknowledges funding from ERC CoG project PODCAST No 864965. The scripts written to
support our conclusions are available in the Zenodo dataset 10.5281/zenodo.14944308.
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Figure 2. The phase-space trajectories of solar standing acoustic waves enclose a specific amount of Berry
curvature Fp, which gives rise to the Berry phase. A sharp feature appears close to the surface (z ∼ 140).
Radial orders shown vary from n = 0 to n = 10 for ℓ = 25.
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SV Ajukov, ER Anderson, HM Antia, Sea Basu,
VA Baturin, G Berthomieu, B Chaboyer,
SM Chitre, et al. The current state of solar
modeling. Science, 272(5266):1286–1292, 1996.

PN Argyres. The bohr-sommerfeld quantization
rule and the weyl correspondence. Physics
Physique Fizika, 2(3):131, 1965.

Barry Simon. Holonomy, the quantum adiabatic
theorem, and berry’s phase. Physical Review
Letters, 51(24):2167, 1983.

Douglas Gough. Comments on helioseismic
inference. In Y. Osaki and H. Shibahashi,
editors, Progress of Seismology of the Sun and
Stars, pages 281–318, Berlin, Heidelberg, 1990.
Springer Berlin Heidelberg. ISBN
978-3-540-46645-1.

Warrick H Ball and Laurent Gizon. A new

correction of stellar oscillation frequencies for

near-surface effects. Astronomy & Astrophysics,

568:A123, 2014.

MS Cunha, D Stello, PP Avelino,

J Christensen-Dalsgaard, and RHD Townsend.

Structural glitches near the cores of red giants

revealed by oscillations in g-mode period

spacings from stellar models. The Astrophysical

Journal, 805(2):127, 2015.

F Lignières and Bertrand Georgeot. Asymptotic

analysis of high-frequency acoustic modes in

rapidly rotating stars. Astronomy &

Astrophysics, 500(3):1173–1192, 2009.

Giovanni M Mirouh. Forward modelling and the

quest for mode identification in rapidly rotating

stars. Frontiers in Astronomy and Space

Sciences, 9:952296, 2022.

IW Roxburgh and SV Vorontsov. Semiclassical

approximation for low-degree stellar p

modes—ii. classical ray tracing. Monthly

Notices of the Royal Astronomical Society, 317

(1):151–157, 2000.
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APPENDIX

A. EXPRESSIONS OF DISPERSION RELATIONS, POLARIZATIONS, AND BERRY
CURVATURE

For acoustic waves, the dispersion relation at order ϵ0 reads

ω = Ω0,p(z, kz) =
1√
2

√
k2z + L2

ℓ +N2 + S2 +
√
(k2z + L2

ℓ +N2 + S2)2 − 4N2L2
ℓ . (A1)

Their normed polarization relations at order ϵ0 are


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vh
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Θ

p


 = χ0,p =




1
Ω0,p

Lℓ
Ω0,p

Ω2
0,p−N2 (kz + iS)

iN
Ω2

0,p−N2 (kz + iS)

1




/∣∣∣∣∣

∣∣∣∣∣




1
Ω0,p

Lℓ
Ω0,p

Ω2
0,p−N2 (kz + iS)

iN
Ω2

0,p−N2 (kz + iS)

1




∣∣∣∣∣

∣∣∣∣∣. (A2)

The expression of the Berry curvature for acoustic waves is

Fp(z, kz)=
1

((
k2z + (Lℓ −N)2 + S2

)(
k2z + (Lℓ +N)2 + S2

))3/2

[

(
k2z + S2 + L2

ℓ + 3N2
)
SLℓL

′
ℓ

−
(
k2z + S2 + 3L2

ℓ +N2
)
SNN ′

−
(
k2z + S2 + L2

ℓ +N2
)(
L2
ℓ −N2

)
S ′
]
. (A3)

The three external parameters N,Lℓ and S are functions of z and describe the stratified background.
′ denotes the derivative with respect to z.

For internal gravity waves, the dispersion relation at order ϵ0 reads

ω = Ω0,g(z, kz) =
1√
2

√
k2z + L2

ℓ +N2 + S2 −
√
(k2z + L2

ℓ +N2 + S2)2 − 4N2L2
ℓ . (A4)

Their polarization relations at order ϵ0 are
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vr

Θ

p


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1


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/∣∣∣∣∣

∣∣∣∣∣




1
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1




∣∣∣∣∣

∣∣∣∣∣. (A5)
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The Berry curvature of internal gravity waves is given by

Fg = −Fp. (A6)

Mathematically, there are two additional wavebands: the acoustic and internal gravity waves with
negative frequencies, making a total of four. The only differences are that their dispersion relations
have the opposite sign of their positive counterparts, while their Berry curvatures remain unchanged.
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Chapter VIII

PT symmetry in waves and instabilities

Résumé

Tous les chapitres précédents discutent de topologie des ondes dans des situations Hermitiennes,
c’est-à-dire dans des cas où elles conservent leur énergie : elles ne sont ni dissipées, ni instables.
L’opérateur d’intérêt Ĥ décrivant l’évolution à travers l’équation i∂tX = ĤX est effectivement Her-
mitien, de sorte que l’énergie X† ·X est une constante du mouvement. Le cadre est alors de topolo-
gie Hermitienne, qui est bien établi et bien compris. L’hypothèse d’hermiticité est cruciale pour le
théorème d’index et donc de la correspondance bord-volume, et il ne tient pas pour les opérateurs
non-Hermitiens. C’est le point de départ du domaine de recherche actuel qu’est la topologie non Her-
mitienne. Les opérateurs non Hermitiens ont des spectres riches et variés, et les liens éventuels entre
des nombres topologiques et des propriétés spectrales ne sont pas encore tous évidents ni clairs.
Une classe spéciale d’opérateurs obéit à une structure spectrale particulière : les opérateurs PT -
symétriques, qui ne changent pas lorsqu’on renverse simultanément le temps et l’espace.
Puisque la dissipation et les instabilités sont des phénomènes cruciaux en astrophysique, il est ap-
paru important d’étudier si la topologie des ondes pouvait s’appliquer aussi à ces problèmes. Mais
étant intrinsèquement non Hermitiens puisqu’ils affectent l’amplitude des perturbations, cela im-
plique d’étudier de la topologie non Hermitienne. Ce chapitre présente des problèmes d’ondes
et d’instabilités astrophysiques, qui se révèlent être PT -symétriques, ou symétriques selon une
symétrie analogue. Il se trouve que beaucoup d’instabilités et processus dissipatifs classiques sont
symétriques selon de telles symétries. Il est montré que ces symétries structurent les répartitions
d’énergie des modes instables / dissipés de manière particulière.

All of the chapters above discuss wave topology in Hermitian situations. That is, for waves which
conserve their energy: they are not damped, nor are they unstable. In these situations, the operator
of interest Ĥ involved in the evolution equation i∂tX = ĤX is indeed self-adjoint, in order to have
the energyX† ·X which is a constant of motion. The framework is then the one of Hermitian topology,
which is well-understood and known. Indeed, it is a crucial assumption of the index theorem, which
does not hold for non-Hermitian operators. This is the entry to a modern active field of research:
non-Hermitian topology.
Non-Hermitian operators exhibit a wide variety of spectra, and the links between topological num-
bers and spectral features are not yet clear. However, a special class of non-Hermitian operators have
special constraints which structure their spectrum: PT -symmetric operators, which are invariant
under a reflection in both time and space, hence the name.
As dissipation and instabilities are both crucially important phenomena in astrophysics, it was im-
portant to investigate if wave topology could apply to these situations as well. But being intrinsically
non-Hermitian processes as they change the energy of perturbations, this implies dealing with non-
Hermitian topology. This chapter presents astrophysical waves problems and instabilities which are
PT -symmetric - or symmetric under a similar symmetry. It just so happens that a lot of famous
instabilities and dissipative processes are symmetric under one or several of these symmetries.

The results presented in this chapter have been published in PT and anti-PT symmetry for astrophys-
ical waves, Leclerc, Laibe, Perez, Astronomy and Astrophysics 2024 [345]. The article is shown here,
truncated of its appendices.
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ABSTRACT

Context. Discrete symmetries have found numerous applications in photonics and quantum mechanics, but remain little studied in
fluid mechanics, particularly in astrophysics.
Aims. We aim to show how PT and anti-PT symmetries determine the behaviour of linear perturbations in a wide class of astrophys-
ical problems. They set the location of Exceptional Points in the parameter space and the associated transitions to instability, and are
associated to the conservation of quadratic quantities that can be determined explicitly.
Methods. We study several classical local problems: the gravitational instability of isothermal spheres and thin discs, the
Schwarzschild instability, the Rayleigh-Bénard instability and acoustic waves in dust-gas mixtures. We calculate the locations and the
order of the Exceptional Points with a method of resultant, as well as the conserved quantities in the different regions of the parameter
space using Krein theory.
Results. All problems studied here exhibit discrete symmetries, even though Hermiticity is broken by different physical processes
(self-gravity, buoyancy, diffusion, drag). This analysis provides genuine explanations for certain instabilities, and for the existence
of regions in the parameter space where waves do not propagate. Those correspond to breaking of PT and anti-PT symmetries
respectively. Not all instabilities are associated to symmetry breaking (e.g. the Rayleigh-Benard instability).

Key words. Waves – Instabilities – Methods: analytical

1. Introduction

A large class of astrophysical systems, such as stars or discs,
are often treated as fluids (e.g. Pringle and King 2007; Armitage
2010). The properties and the stability of the corresponding lin-
ear modes are usually analysed with methods that, to our knowl-
edge, do not fully exploit the symmetries of the perturbed system
with respect to parity P and time T .

Some of the most striking properties of PT -symmetric sys-
tems emerged in the quantum physics community since the
seminal paper by Bender and Boettcher (1998), the first non-
Hermitian quantum Hamiltonian situation with a real spectrum,
which paved the way to open quantum systems. This frame-
work has been extended to situations exhibiting a spontaneous
PT symmetry breaking phase transition (Bender et al. 1999,
2002). Generalisations to quantum field theory have been de-
veloped in Bender et al. (2004) and considerations on the ob-
servables of such systems is found in Mostafazadeh and Batal
(2004). PT symmetry have been a particularly powerful tool
in optics and photonics, where it has led to the development of
novel designs with special properties. The analogy with quantum
mechanics comes from the fact that beam dynamics is governed
by a Schrödinger equation, where the optical index behaves as a
complex potential, which can be designed to satisfy PT symme-
try (El-Ganainy et al. 2007; Makris et al. 2008). Klaiman et al.
(2008) identified a spontaneous breaking of PT symmetry in
a waveguide. Musslimani et al. (2008) investigated the nonlin-
ear propagation of optical solitons in PT -symmetric refraction
indexes. Guo et al. (2009); Rüter et al. (2010) made the first ob-

⋆ armand.leclerc@ens-lyon.fr

servations of PT symmetry in optics with a complex index. A
decade of developments of PT symmetry in photonics lead to
a multitude of applications (e.g. Feng et al. 2017; El-Ganainy
et al. 2018; Özdemir et al. 2019). Feng et al. (2014) use sponta-
neous breaking of PT symmetry to design a pure single-mode
laser. Peng et al. (2014) propose a design for a low-power optical
diode, where the nonlinear regime of the PT symmetry induces
non-reciprocal propagation. Lin et al. (2011); Regensburger et al.
(2012); Feng et al. (2013) use PT symmetry in periodic sys-
tems (through gratings, periodic crystals, or lattices) to design
unidirectional invisibility. PT -symmetric degeneracies are now
used for their high resonant sensitivity in optical cavities (Ho-
daei et al. 2017). Similar interest has been aroused by the use of
anti-PT symmetry for novel optical designs (e.g. Ge and Türeci
2013; Zhang et al. 2020a,b). The topological properties of PT -
symmetric systems have recently been investigated in the context
of fluid dynamics (Fu and Qin 2023). PT and anti-PT symme-
tries have only recently been taken into account in fluid systems,
to directly constrain fluid flows and instabilities by spontaneous
symmetry breaking (Qin et al. 2019; Fu and Qin 2020b; David
et al. 2022). The PT symmetry framework has been demon-
strated to be particularly adapted to tackle high-dimensional pa-
rameter space (e.g. the drift wave instabilities in tokamaks, Qin
et al. 2021). The richness underlyingPT -symmetric systems has
thus been demonstrated unequivocally.

In this study, we aim to show that PT and anti-PT sym-
metries also control some of the properties of linear modes of
astrophysical systems, such as instabilities or absence of prop-
agation, stability exchange, conservation of quadratic quantities
and this, for physical processes of different origins. We first de-
fine PT and anti-PT symmetries in Sect. 2. We then study how
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they condition the outcome of the linear analysis of four canon-
ical astrophysical systems, namely the self-gravity instability in
discs (Sect. 3, wave propagation in gas-dust mixtures (Sect. 6),
and buoyancy instability in stellar (Sect. 4) and planetary inte-
riors (Sect. 5). We then discuss these analyses in a broader per-
spective for symmetric systems in Sect. 7.

2. Definitions

2.1. PT symmetry

The evolution of a monochromatic linear perturbation to the
steady state of a fluid can be written under the form of an eigen-
value problem H(a)X = ωX, where the operator H that describes
the evolution of the perturbation depends continuously on some
real parameter a. The complex eigenvalues are generically de-
noted by the frequency ω, which can be a complex number a
priori. This problem is said to be PT -symmetric if there exists
a unitary operator U such that

U HU−1 = H∗ , (1)

where ∗ stands for complex conjugation. In this case, the eigen-
values go in pairs: if ω is an eigenvalue of the problem, so is
ω∗. Indeed, HX = ωX implies H(U−1X∗) = ω∗(U−1X∗). In
PT -symmetric systems, unstable modes are therefore accompa-
nied by damped modes (imaginary parts of opposite sign). When
ω , ω∗, PT symmetry is said to be spontaneously broken by
H. By defining the symmetry operator PT ≡ UΘ where Θ de-
notes complex conjugation, one has [PT ,H] = 0. The two oper-
ators commute, but do not share X as an eigenvector for non-real
eigenvalues.
Mostafazadeh (2002a,b); Zhang et al. (2020c) showed that
PT symmetry is equivalent to another symmetry, pseudo-
Hermiticity, for finite-dimensional problems. A problem de-
scribed by the operator H is pseudo-Hermitian if there exists an
Hermitian operator V such that

VHV−1 = H†, (2)

where † denotes the Hermitian conjugate with respect to the ap-
propriate Hermitian scalar product of the problem, which we will
write · in the following such that Y1 · Y2 ≡ Y∗⊤1 Y2.
Let X1 and X2 be two eigenvectors of H satisfying Eq.(2). The
eigenvaluesω1 andω2 may take the same value: they degenerate.
When the eigenvectors also become identical, the degeneracy is
called an Exceptional Point (noted EP in the following). The lin-
ear stability of these systems is described by Krein theory (Kreı̆n
1950; Kirillov 2013): in such systems, the transition between
stability and instability necessarily involves the exceptional de-
generacy of stable eigenvalues. This phenomenon is known as a
Krein collision. Before the collision, the system is stable, ω1 and
ω2 are real, PT symmetry is said to be unbroken and the Krein
quantities defined as X1,2 · VX1,2 are non-zero and of opposite
signs. After the collision, the system is unstable, the complex
frequencies ω1 = ω

∗
2 are complex conjugates of each other, and

the two Krein quantities are necessarily zero. The Krein quantity
Y · VY is a constant of motion of a general solution Y(t, a) of the
evolution equation i∂tY = H(a)Y . Indeed,

i∂t(Y · VY) = Y · (−H†V)Y + Y · VHY (3)
= Y · (VH − H†V)Y (4)
= 0. (5)

Hence,

Y · VY = cst. (6)

Moreover, for a Fourier mode Y = e−iωtX, this conserved quan-
tity is exactly zero for unstable and damped modes, and non-zero
for propagative modes. This is shown by expressing

X · VHX = X · H†VX = ω∗ X · VX (7)
= ω X · VX. (8)

According to the identity above, a situation where ω , ω∗ im-
plies that X · VX = 0.

2.2. Anti-PT symmetry

The eigenvalue problem H (a) X = ωX is said to be anti-PT -
symmetric, or alternatively CP-symmetric, if there exists a uni-
tary operator Ũ such that

Ũ HŨ−1 = −H∗. (9)

In this case, the eigenvalues come in pairs: ω and −ω∗. They
have equal imaginary parts, and opposite real parts and describe
counter-propagating waves. In particular, H being anti-PT -
symmetric is equivalent for iH to be PT -symmetric. The same
equivalence between PT symmetry and pseudo-Hermiticity
then applies, and guarantees that an anti-PT -symmetric oper-
ator H is also pseudo-chiral: there exist an Hermitian operator Ṽ
such that

ṼHṼ−1 = −H†. (10)

The quantity X · ṼX is not strictly a Krein quantity, and is not
in general a constant of motion of a solution of i∂tX = HX.
However, for a Fourier mode Y = e−iωtX, it satisfies

Y · ṼY = e2Im(ω)t X · ṼX, (11)

and is constant to zero for modes with Re(ω) , 0, i.e for modes
that spontaneously break the anti-PT symmetry. Indeed,

X · ṼHX = X · (−H†Ṽ)X = −ω∗ X · ṼX (12)

= ω X · ṼX. (13)

One concludes that whenever ω , −ω∗, X · ṼX = 0: the Krein
quantity is zero at all times. An analogue of a Krein collision
may occur. When the anti-PT symmetry is unbroken, their exist
a pair of eigenvalues of H denoted ω1 and ω2 which are purely
imaginary.

Consider the situation in which the parameter a passes
through an Exceptional Point, so that after the degeneracy we
haveω1 = −ω∗2 with non-zero real parts. Then, the anti-PT sym-
metry is spontaneously broken. This phenomenon corresponds
to a Krein collision for the operator iH. It follows that the quan-
tity X · ṼX is non-zero and not conserved for non-propagative
modes, and strictly zero for propagating modes for all times.
Systems that are both PT and anti-PT symmetric are called bi-
symmetric.

The eigenvalues of bi-symmetric systems take the form of
(ω,−ω) pairs of real or purely imaginary frequencies. When ω
is real, the associated eigenvector spontaneously breaks the anti-
PT symmetry. Conversely, when ω is imaginary, the associated
eigenvector spontaneously breaks PT symmetry. Thus, one of
those two symmetries is necessarily broken for any value of the
parameters a, and either X · VX = 0 (broken PT ) or X · ṼX = 0
(broken anti-PT ). In bi-symmetric systems, X · VX is always a
constant of motion, while X · ṼX is constant only when it is zero,
in the spontaneously broken anti-PT symmetry phase.
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3. Gravitational instabilities

3.1. Jeans instability

The stability of self-gravitating objects plays a central role in the
formation of structures throughout the Universe. The simplest
problem to study would be the Jeans instability of a collapsing
sphere (Jeans 1902). We consider local radial adiabatic pertur-
bations of a 3D homogeneous self-gravitating, non-rotating, in-
viscid sphere of constant density ρ0 and sound speed cs. Linear
perturbations of mass and momentum conservation as well as
Poisson equation form a 4×4 system that can be written after
Fourier transforms in time and space

ω


ρ′/ρ0

v′/cs

 = HJ


ρ′/ρ0

v′/cs

 ≡


0 cs k⊤
(
1 − 4πGρ0

c2
s |k|2

)
cs k 0




ρ′/ρ0

v′/cs

 .

(14)

This problem is invariant under both parity and time reversal.
It is therefore trivially PT -symmetric, as can be proved by the
statement HJ = H∗J . As such, HJ is pseudo-Hermitian, with the

symmetry operator V = diag
((

1 − 4πGρ0

c2
s |k|2

)
, 1, 1, 1

)
. The Krein

quantity associated to the Krein collision of the Jeans instability

is then X · VX =
(
1 − 4πGρ0

c2
s |k|2

)
|ρ′|2 + |v′|2. This quantity is non-

zero for propagating waves, and zero for the unstable modes.
Complementarily, HJ is anti-PT symmetric and pseudo-chiral.

Indeed, it satisfies Eq.10 for Ṽ = diag(−
(
1 − 4πGρ0

c2
s |k|2

)
, 1, 1, 1).

The quantity X · ṼX = −
(
1 − 4πGρ0

c2
s |k|2

)
|ρ′|2 + |v′|2 is then zero

for propagative modes and non-constant and non-zero for unsta-
ble modes. The Krein collision occurs at an Exceptional Point
for which H cannot be diagonalised. This EP corresponds to
marginal stability, which is reached at the Jeans wavenumber
|k| = kJ ≡

√
4πGρ0/cs. Longer wavelengths are unstable, and

shorter wavelengths are propagating.

3.2. Toomre instability

More interesting is the case of a self-gravitating disc (Goodman
and Narayan 1988; Goodman 2003; Bertin and Lodato 1999).
In this system, P and T are broken individually, but the over-
all system of linear perturbations is still PT -symmetric. Stabi-
lization of large and small scales by rotation and pressure can
be sufficient to stabilize astrophysical discs against gravitational
collapse (Toomre 1964). We discuss here the simplest case of
axisymmetric perturbations of short radial wavelengths evolving
in a razor-thin Keplerian disc. The stability of linear perturba-
tions is given by the celebrated Toomre criterion: Q ≡ csκ

πGΣ0
> 1,

where κ denotes the epicyclic frequency of the disc and Σ0 its
surface density. The razor-thin disc is integrated vertically (Ar-
mitage 2010), to give the following set of radial linear perturba-
tion

Hsgd


h′
v′r
v′ϕ

 =



0 csk 0
− k

cs

(
2

Q|k| − 1
)

0 2i
0 − i

2 0




h′
v′r
v′ϕ

 = ω

h′
v′r
v′ϕ

 ,

(15)

where we used perturbations of the enthalpy h′ and the two hor-
izontal velocities v′r and v′ϕ as variables, and the orbital time Ω−1

and the pressure length csΩ
−1 as units of time and length.

With U = diag(1, 1,−1), this problem satisfies Eq. (1) and
is therefore PT -symmetric. Rotation breaks the reflection sym-
metry in the azimuthal direction and the time reversal symmetry,
but not the combination of both. It is expected that the system is
pseudo-Hermitian, which can be shown explicitly. With

V =



1
c2

s
0 − 4ik

csQ|k|
0 1 0

4ik
csQ|k| 0 4

(
2|k|
Q + 1

)

 , (16)

the system satisfies Eq. (2). The Krein quantity associated with
this PT symmetry provides the following energy partition,
which applies to the unstable mode

X · VX = 0 =
|h′|2
c2

s
+ |v′r |2 + 4|v′ϕ|2

(
1 +

2πGΣ0

Ω2 |k|
)

− 8πGΣ0

c2
sΩ

sgn(k)Im
(
hv∗ϕ

)
, (17)

where k denotes the wavenumber in dimensional form. We il-
lustrate this result by computing numerically the value of this
quantity through a Krein collision, since Hsgd has degenerated
eigenvalues when Q = 2|k|

1+k2 . These are the positions of Excep-
tional Points for Hsgd, which corresponds to positions of a Krein
collision. The curve of Exceptional Points separates two regions
in (Q, k)- space: one is the stable region, the other is the unstable
region. Figure 1 shows the EPs curve and the Krein collision that
occurs when crossing this curve.

In addition to being PT -symmetric, Hsgd is also anti-PT -
symmetric since

ŨHsgdŨ−1 = −H∗sgd, (18)

with Ũ = diag(1,−1,−1). The anti-PT symmetry is comple-
mentary to the PT symmetry, and the combination of the two
symmetries implies that the eigenvalues always come in pairs:
they are always opposite (ω,−ω), either real or purely imaginary.
They are never general complex numbers, a generic property for
bi-symmetric systems, since one of the two symmetries is nec-
essarily spontaneously broken.
One has

ṼHsgdṼ−1 = −H†sgd, (19)

Ṽ ≡


1
c2 0 − 4ik(Q|k|−1)

cQ|k|
0 1 0

4ik(Q|k|−1)
cQ|k| 0 − 8k2

Q|k| + 8k2 − 4

 . (20)

Equation (20) explicitly shows that Hsgd is pseudo-chiral as
expected, and Krein theory then applies. When iHsgd has real
eigenvalues, anti-PT symmetry is unbroken, and the Krein
quantities X · ṼX are non-zero. This holds when PT -symmetry
is spontaneously broken, i.e in the unstable region of parame-
ters, where the first Krein quantity X · VX is zero. Conversely,
in the stable range, anti-PT symmetry is broken and PT sym-
metry is unbroken. In this case, X · ṼX is zero and X · VX is
not equal to zero. The Krein quantity X · ṼX associated to the
anti-PT -symmetry gives the following energy distribution for
propagating waves in dimensional form

X · ṼX =
|h′|2
c2

s
+ |v′r |2 + |v′ϕ|2

(
−4 + 8

(
c2

s k2

Ω2 −
πGΣ0

Ω2 |k|
))

− 8πGΣ0

c2
sΩ

sgn(k)
(

c2
s

πGΣ0
|k| − 1

)
Im

(
hv∗ϕ

)
. (21)
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Propagative

Unstable

-1 0 1
k

1

Q

X ·V XX ·V

X

Re(ω)Im(ω)

1 1.5
Q

Fig. 1. Top panel : curve of Exceptional Points corresponding to
marginal stability. Maximum is reached for Q = 1 as expected. Bot-
tom panel : Krein collision of the stability of the Toomre problem when
varying the parameters along the black line of the top panel. Depending
on the value of Q, exactly one of the two Krein quantities identified is
zero, depending on which symmetry is broken by the perturbation. The
curve in green is X ·VX, orange is X · ṼX, solid blue is Re(ω) and dotted
blue is Im(ω), for a destabilizing mode.

Hence, for each mode, either X · VX or X · ṼX is necessarily
zero: the former is zero for unstable modes and the latter is zero
for propagating waves. Both are exactly zero at the degeneracy,
i.e. for ω = 0, which is true for Q = 2|k|

1+k2 . Figure 1 shows this ex-
change in non-zero quantities when crossing the Krein collision.
Krein quantities simply provide energy partitions of the system
in both regimes.

The matrices V and Ṽ identified above are particular cases of
more general families of matrices

V =



2cs(−2k2+(−1+k2)Q|k|)a+k(−2+Q|k|)c
4c2

s kQ|k| b (kQ−2sgnk)
2csQ ia

b (kQ−2sgnk)
2csQ

1
4 (2cska + c) ib

−ia −ib c


,

(22)

with a, b, c any real numbers such that det W , 0. The matrix of
Eq. (16) is recovered with a = − 4k

csQ|k| , b = 0 and c = 8|k|
Q + 2.

Similarly,

Ṽ =



2cs(−2k2+(−1+k2)Q|k|)a+k(−2+Q|k|)c
4c2

s kQ|k| b i(kQ−2sgnk)
2csQ ia

−b i(kQ−2sgnk)
2csQ − 1

4 (2cska + c) b
−ia b c



(23)

The matrix of Eq. (20) is recovered with a = − 4k(Q|k|−1)
csQk , b = 0

and c = − 8
Q |k|+ 8k2 − 4. The same remark holds for the different

problems adressed in this study.

4. Buoyancy instability in stars

Consider a non-rotating star in static equilibrium, balanced by
thermal pressure and self-gravity. The steady state is spherically
symmetric, the density is stratified and decreases towards the
surface. This equilibrium can be unstable, since a perturbation
can be amplified by buoyancy if the square of the buoyancy fre-
quency N2 is negative, as given by the Schwarzschild criterion
(Schwarzschild 1906).

This problem has been revisited by Leclerc et al. (2023) in
inhomogeneous media, where the system proved to be pseudo-
Hermitian and pseudo-chiral. Pseudo-Hermiticity was used to
determine the Krein quantity. We will now complete the picture
by determining the Krein quantity associated to pseudo-chirality,
and show the Krein collision in this bi-symmetric problem.
Neglecting the self-gravity of the perturbations (Cowling’s ap-
proximation Cowling 1941), we start from Eq.5 of Leclerc et al.
(2023), which is the eigenvalue equation

ωX = HbX, (24)

Hb =



0 0 0 Lℓ
0 0 |N | Kr − iS
0 −|N| 0 0
Lℓ Kr + iS 0 0


(25)

where ω is the complex eigenfrequency of the perturbation, and
X ≡

(
v w Θ p

)⊤
contains the perturbation’s horizontal ve-

locity, radial velocity, entropy and pressure after appropriate
rescaling. N2 ≡ −g dln ρ0

dr − g2

c2
s

is the square of the buoyancy fre-

quency which is negative here, S ≡ cs
2g

(
N2 − g2

c2
s

)
− 1

2
dcs
dr +

cs
r

is another characteristic frequency called the buoyant-acoustic
frequency, which quantifies the coupling between g-modes and
p-modes in asteroseismic problems, Lℓ =

cs
r

√
ℓ(ℓ + 1) is the

Lamb frequency, Kr represents the local radial wavenumber of
the wave (see Appendix E of Leclerc et al. (2023) for details).
This problem is both pseudo-Hermitian and pseudo-chiral, and
is associated with the two matrices

V = diag(1, 1,−1, 1), (26)
Ṽ = diag(1, 1, 1,−1). (27)

Krein theory can therefore be applied to determine how discrete
symmetries constrain the partition of energy. X · X is generally
not a conserved quantity, since Hb is not Hermitian. It grows ex-
ponentially for unstable modes and is conserved only for stable
modes. However, X · VX is a constant of motion for any solu-
tion of ∂tX = HbX, as it has been shown in Sect.2.1. Moreover,
this constant is exactly zero only for unstable modes. In contrast,
X · ṼX also grows exponentially for unstable modes, but is con-
stantly equal to zero for stable modes. As such,

X · X = |v|2 + |w|2 + |Θ|2 + |p|2 ∝ e2Im(ω)t, (28)

X · VX = |v|2 + |w|2 − |Θ|2 + |p|2 = cst δIm(ω),0, (29)

X · ṼX = |v|2 + |w|2 + |Θ|2 − |p|2 ∝ e2Im(ω)tδRe(ω),0, (30)

where δ is the Kronecker delta.
For the radial modes Lℓ = 0, the modes degenerate over the ring
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N 
| Kr
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|
N 

X ·V X

X ·V

X

Re(ω)
Im(ω)

S

Fig. 2. Same as Fig. 1 for the Schwarzschild instability. Non-hermiticity
is broken in this case by buoyancy instead of self-gravity.

parameterised by K2
r + S 2 = −N2 > 0. These parameter val-

ues are Exceptional Points, as Hb can no longer be diagonalized
there. The ring separates two ranges of parameters, the stable and
the unstable part. Figure 2 shows the Krein quantities, over the
ring of EPs in which the collision takes place. The Krein colli-
sion behaves as expected: inside the ring, the system is unstable,
and X · VX is zero and X · ṼX is non-zero. Outside the ring, the
modes are stable and propagate as sound waves, and X · VX is
non-zero and X · ṼX is zero.

This structure is equivalent to the bi-symmetric problem of
self-gravitating discs discussed in Sect.3, and shown on Fig.1,
even if the physical situation is very different. The approach fol-
lowed in this problem is the reverse of that followed in section 3
for the Toomre problem: it is easier to first establish that the sys-
tem is pseudo-Hermitian and pseudo-chiral, since the matrices V
and Ṽ have ±1 on the diagonal.

5. Rayleigh-Bénard instability

Not all instabilities correspond to spontaneous symmetry break-
ings. The Rayleigh-Bénard instability (Bénard 1900; Rayleigh

1916) is such a case. Interiors of rocky planets are often treated
as incompressible with both significant viscous and thermal dif-
fusion (e.g. Bergé and Dubois 1984; Bodenschatz et al. 2000;
Brandenburg 2021). This results in a regime of buoyancy insta-
bility that is controlled by diffusion effects and differs fundamen-
tally from that discussed in Sect. 4 for adiabatic perturbations in
compressible stars or planetary atmospheres. In the Rayleigh-
Bénard regime, the instability criterion is given by the value of
the Rayleigh number Ra = gαβL4/νκ, which needs to be greater
than some critical value of order 102 − 103 which depends on
the boundary conditions. This famous problem admits analyti-
cal solutions for an homogeneous background configuration with
rigid-lids isothermal boundary conditions, which provides an il-
lustrative example in this study for discussing the symmetries
involving diffusive effects.
The basic set of equations consists of the incompressibility con-
dition, a Navier-Stokes equation, and thermal heat diffusion for
a 2D (x, z) fluid (see Appendix A). The x- direction is invariant
by translation and infinite, the z- direction is of length L, along
which a constant temperature gradient ∂zT0 = −β is directed.
With dimensionless variables, the problem for Fourier modes
exp (−iωt + ikzz + ikxx) can be converted into the symmetrical
form

ω


ṽz

T̃

 = HRB


ṽz

T̃

 , (31)

HRB = −i


k2 − kx

k

(
Ra
Pr

)1/2

− kx
k

(
Ra
Pr

)1/2
k2/Pr

 , (32)

where Pr = ν/κ is the Prandtl number and k =
√

k2
x + k2

z .
This problem is anti-PT -symmetric and pseudo-chiral, since
one reads that

HRB = −H∗RB = −H†RB, (33)

for Ra ≥ 0. In this case, the anti-PT symmetry is protected and
cannot be spontaneously broken since HRB is anti-Hermitian (i.e.
iHRB is Hermitian). Indeed, the spectral theorem guarantees that
the eigenvalues are purely imaginary and the eigenvectors are
orthogonal to each other.
The location of EPs is given by

Ra =
(
1 − (1 + Pr)2

4Pr

)
(k2

x + k2
z )3

k2
x

, (34)

which requires Ra to be negative. This condition can only be ful-
filled for an inverted temperature gradient, which corresponds
to a stably stratified liquid. In this case, the anti-PT symmetry
is no longer protected and can be broken spontaneously, which
would lead to propagating, damped internal waves.
Anti-Hermiticity ensures that the eigenvalues ω = iη are purely
imaginary for all kx, kz,Ra,Pr. The transition to instability is
given by the change of sign η < 0 to η > 0. This necessarily
occurs for ω = 0, providing the marginal stability criterion for
the Rayleigh-Bénard instability. This condition is satisfied when

Ra =
(k2

x + k2
z )3

k2
x

, (35)

whose minimum for each kx,kz compatible with the boundary
conditions gives the critical value of the Rayleigh number (e.g.
Rac =

27
4 π

4 for stress-free, impenetrable and isothermal bound-
aries). Figure 3 shows the regions of this problem.
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kx

Ra

Unstable, unbroken anti-PT

Damped, unbroken anti-PT

Propagative, broken anti-PT

Pr = 2, kz = π /L

Fig. 3. Different regions of the Rayleigh-Bénard problem in the parame-
ter space. In the upper part Ra > 0, anti-PT symmetry is protected, fre-
quencies are purely imaginary, the system exhibits an instability (black
dashed) and no EPs. In the lower part Ra < 0, anti-PT is no longer
protected by anti-Hermiticity, and the system exhibits a curve of EP2s
(red), delimiting a region where perturbations propagate. It is a region
where anti-PT symmetry is spontaneously broken.

6. Waves in dusty mixtures

Mixtures of pressureless dust and inviscid non-magnetised gas
are generically used to model basic hydrodynamical properties
of the dusty interstellar medium (e.g. Saffman 1962; Baines
et al. 1965; Ahuja 1973; Gumerov et al. 1988). Exchange of
momentum between gas and dust is modeled as a drag force
proportional to the difference in their velocities. The dustywave
problem consist of studying the propagation of a 1D acoustic
wave in an homogeneous dusty medium. The question is whether
small disturbances propagate or are simply attenuated, since both
regimes are possible (e.g. Laibe and Price 2011; David-Cléris
and Laibe 2021). The mixture is initially homogeneous and at
rest. Looking for small perturbative solutions as Fourier modes
exp (i(ωt − kx)), one obtains the eigenvalue equation

HdwX = ωX, (36)

Hdw ≡



0 0 k 0
0 0 0 k
k 0 iϵ −i(1 − ϵ)
0 0 −iϵ i(1 − ϵ)


, (37)

after appropriate rescaling and choice of dimensionless parame-
ters given in App. B. The operator Hdw formally depends on two
parameters: the wavenumber k and the dust density fraction of
the mixture ϵ. Hdw satisfies Eq. (9) with Ũ = diag(1, 1,−1,−1),
meaning that Hdw is anti-PT -symmetric. This property stems
from the reflection symmetry x 7→ −x of the fluid in physical
space, as it has been shown generically by David et al. (2022).
Hence, the eigenvalues of Hdw are either imaginary or consist of
pairs of complex numbers with opposite real parts. In parameter
space, the transition between propagating and non-propagative
regions must then be an Exceptional Points at which the solution
of two counter-propagating waves degenerates.

The characterization of these EPs is carried out according to
the procedure described in Delplace et al. (2021) (see App. C for
details). Exceptional Points of order 2 (or EP2s) are located on
a manifold of dimension 1 in the parameter space (k, ϵ), which
is a curve in a plane. Values of (k, ϵ) for which an eigenvalue
has a multiplicity of two are characterized by the fact that the

characteristic polynomial P(X) of Hdw has a root of multiplicity
two. Such a root is therefore also a root of its derivative P′(X),
which means that the resultant R1 ≡ R(P, P′) between the two
polynomials is 0. The resultant between two polynomials only
cancels out if they have a common root. Since Hdw is anti-PT -
symmetric, R1 is a real quantity. The values of (k, ϵ), for which
R1 = 0, therefore define a curve. We calculate

R1 = −4k6(ϵ − 1)2
(
1 + k4 − ϵ + k2(2 + 9ϵ(−1 +

3
4
ϵ)

))
, (38)

and show on Fig.4 the curve R1 = 0 (top panel, red). This curves
provide a simple alternative derivation of the result of David-
Cléris and Laibe (2021). Non-propagating waves exist for ϵ >
8/9, which is indeed the minimum of the curve of EPs.

Interestingly, in addition to the EP2s, the above method re-
veals the existence of Exceptional Points of order 3 for which
three eigenvectors merge. These EP3s form a fold of dimension
0, which are two points in (k, ϵ) space. These two points are lo-
cated at

k = ± 1√
3
, ϵ =

8
9
, (39)

which are the points at which the curve of the EP2s loses its regu-
larity. At these EP3s, Hdw has only two eigenvectors correspond-
ing to the two eigenvalues 0 and −i

3 . We note that these EP3s
carry topological charges, also called winding numbers W3,

W3

∣∣∣∣
EP31
= +1, W3

∣∣∣∣
EP32
= −1, (40)

where EP31 is the point (k, ϵ) = (+ 1√
3
, 8

9 ) and EP32 is the point

(k, ϵ) = (− 1√
3
, 8

9 ) (see App. D). The question of connecting these
topological charges to edge modes or particular global modes
remains open (e.g. Leclerc et al. 2023).

According to the discussion in Sect. 2.2, Hdw must be
pseudo-chiral. The operator Ṽ can be found explicitly

Ṽ =



ϵ ϵ − 1 ik 0
ϵ − 1 (ϵ−1)2

ϵ
0 − ik(ϵ−1)

ϵ−ik 0 0 0
0 ik(ϵ−1)

ϵ
0 0


. (41)

(42)

As has been shown, pseudo-chirality implies that ifω , −ω∗, the
quantity X · ṼX must be zero. This condition is fulfilled when
sound propagates. Although the system is not conservative, it
still possesses an associated Krein quantity X · ṼX

X · ṼX =
1 − ϵ
ϵ
|ρd|2 + ϵ

1 − ϵ |ρg|2 (43)

−2
(
Re(ρgρd) − k

ρ0

cs
Im(ρgv∗g + ρdv∗d)

)
,

where ρ0 = ρg,0+ρd,0 is the total background density. X ·ṼX must
be zero for propagating waves and non-zero for non-propagating
waves. Figure 4 shows the numerical confirmation of this result.
X · ṼX is only a constant of motion if it is zero, i.e. only for
sound waves. Another technique, where the anti-PT operator is
diagonalized, can be used to extract constants of motions in the
unbroken phase, as it is done on the Kelvin-Helmholtz instabil-
ity by Qin et al. (2019) (see App. E for details).
Finally, it should be noted that in a monofluid description of the
mixture, the variables are ρ = ρg + ρd, v = ρgvg + ρdvd, ρd

ρg
and
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Fig. 4. Same as Fig. 1 for the Dustywave problem. For k = 0.4, the
Krein quantity X · ṼX is represented as a function of ϵ. This Krein quan-
tity provides a quadratic constant of motion for dusty sound waves in
the propagating phase (low ϵ).

∆v = vd − vg (Laibe and Price 2014). If the perturbed quantities
are denoted by ′, the Krein quantity that cancels out for propa-
gating perturbations is

X · ṼmonoX =

(1 − ϵ)3

ϵ

∣∣∣∣∣∣

(
ρd

ρg

)′∣∣∣∣∣∣
2

+ 2kIm
(
(1 − ϵ)2

(
ρd

ρg

)′
∆v′∗ +

ρ′

ρ0
v′∗

)
.

It is associated with the symmetry operator

Ṽmono =



0 0 −ik 0
0 (ϵ−1)3

ϵ
0 −ik(ϵ − 1)2

ik 0 0 0
0 ik(ϵ − 1)2 0 0


. (44)

Squire and Hopkins (2018) have shown that when grains are
additionally streaming though the gas, a generic resonant drag
instability develops in the mixture. The system is neitherPT nor
anti-PT symmetric and Krein theory can not be applied directly.
The instability comes from a more complex mechanism where
a resonance occurs between an anti-PT symmetric correction
due to drag to a leading PT symmetric perturbation that arises
from the streaming (e.g. Zhuravlev 2019; Magnan et al. 2024).
Analysis of these problems from the point of view of discrete
symmetries requires further specific studies.

7. Gravitational instability of a dusty disc

To our knowledge, there are still no theoretical predictions about
what happens when systems with different discrete symmetries

are combined. To illustrate this, we consider a final example,
drawing on the analysis of Longarini et al. (2022), which deals
with the gravitational instability of a dusty razor-thin disc. In the
context of planet formation, the aim is to quantify the ways in
which dust can favor the local collapse of gas or even clump
itself into planetary embryos. This problem is a combination of
the two problems presented in Sect. 3 and Sect. 6 and as such,
is of order 6. With the notations used above, the matrix of linear
perturbation in the local shearing box is

Hsgd =


0 ikΣg 0 0 0 0

−ik
(

2πG
|k| −

c2
g

Σg

)
ϵ
ts

−2Ω − 2iπGk
|k| − ϵts

0
0 −2B ϵ

ts
0 0 − ϵts

0 0 0 0 ikΣd 0

− 2iπGk
|k| − 1

ts
0 −ik

(
2πG
|k| −

c2
d
Σd

)
1
ts

−2Ω

0 0 − 1
ts

0 −2B 1
ts



,

(45)

where Ω is the orbital frequency and B is the local Oort param-
eter. cg and cd denote the sound speeds of the gas and dust re-
spectively. Time and lengths are rescaled to the stopping time ts
and the stopping length cgts. The characteristic polynomial of the
system is of order 5, so that the roots ω (k) cannot be determined
analytically. In the regime of weak drag, Longarini et al. (2022)
determines the marginal stability numerically.

On the other hand, this problem is PT -symmetric, with
the operator U = diag(−1, 1, 1,−1, 1, 1). The marginal stability
curve is therefore a curve of EPs that corresponds to the spon-
taneous breaking of PT symmetry. From the analysis above, its
exact expression is

Rsgd(P, P′) = 0, (46)

a polynomial of high order with respect to the parameters of
the problem. The explicit expression of Eq. (46) extends over
two pages and is given in the worksheet in the Acknowledge-
ments. Hence, from a general perspective, the PT -symmetric
characterization of a marginal stability criterion allows to derive
directly its analytical expression, albeit cumbersomely, without
approximations relying on asymptotically strong or weak drag
regimes. Following Qin et al. (2021), this astrophysical exam-
ple shows that the analysis of discrete symmetries therefore pro-
vides a powerful way to make analytical predictions about the
marginal stability of symmetric systems with high dimensional-
ities.

8. Conclusion

For several astrophysical objects, the properties of the small per-
turbations around the equilibrium are controlled by discrete sym-
metries, such as thePT symmetry or the anti-PT symmetry. For
example, we show that such symmetries are relevant for

– The stability of isothermal spheres and thin self-gravitating
disc: the Jeans and the are Toomre problem are bi-symmetric
due to self-gravity.

– The propagation of waves and the onset of convection in
stratified fluids for compressible and adiabatic perturbations:
the Schwarzschild problem is bi-symmetric due to buoyancy.

– The propagation of waves and the onset of convection in
stratified fluids for incompressible and diffusive perturba-
tions: the Rayleigh-Bénard problem is anti-PT -symmetric
due to diffusion, as well as anti-Hermitian.

Article number, page 7 of 12



A&A proofs: manuscript no. PTsym_in_astro

R (P, P′)  0

1
λ


1

2

Qg
2

ϵ  0.15, ξ  0.005

Fig. 5. Exceptional Points of the dusty self-gravitating disk are a con-
sequence of the spontaneous breaking of PT symmetry. The equation
R (P, P′) = 0 is obtained analytically with a resultant method, reproduc-
ing the results of Longarini et al. (2022).

– The propagation of a wave in a dust-gas mixture: the dusty-
wave problem is anti-PT symmetric due to drag.

In these systems, the parameter space can be divided into differ-
ent regions, in which the discrete symmetries are either broken
or not. These regions are separated by Exceptional Points (EPs)
for which the system of linear perturbation can no longer be di-
agonalised.

From a methodology perspective, the analysis of discrete
symmetries allows when relevant to determine directly physical
quantities that may be harder to obtain alternatively:

– The location of the EPs in the parameter space can be de-
termined analytically from the symmetries without knowing
the dispersion relation. This method is particularly effective
for systems with high dimensions, where the dispersion rela-
tions may be untractable for analytical techniques, as in the
case of the dusty self-gravitating disc.

– Krein theory then makes it possible to directly determine the
exchange of stability when EPs are crossed, as well as the
partition of energy enforced by Krein invariants associated
with the discrete symmetries, even for dissipative systems.

Some of these EPs can be of high order and carry topological
charges, as this is the case for the dustywave problem. Note that
not all physical systems allow such discrete symmetries. In par-
ticular, their spontaneous breaking is not a necessary condition
for the system to be linearly unstable, as the Rayleigh-Bénard
problem shows. We have focused here on the analysis of local
stability, which applies to homogeneous systems. The study of
global modes for inhomogeneous systems requires an extension
of the Wigner-Weyl framework to non-Hermitian systems (e.g.
Onuki 2020; Perez et al. 2021, 2022; Perez 2022; Leclerc et al.
2023).
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Chapter IX

Exceptional modes of convective instability

Résumé

La plupart des étoiles ont une zone convective. Puisque les arguments de topologie utilisés pour
prédire l’onde topologique dans le Chapitre V proviennent de topologie Hermitienne, on peut se
demander si cette onde se propage à travers une zone convective. En effet, une zone convective est
linéairement instable à la convection, et la situation est alors non Hermitienne. Ce chapitre présente
l’étude de ce problème, motivée à la fois par la question de savoir si cette onde traverse les zones
convectives et l’analyse d’un problème de topologie non Hermitienne. Ces questions avaient des
conséquences importante pour l’observabilité de cette onde, puisqu’elle doit traverser de telles zones
dans les étoiles de type solaire pour arriver à la surface.
De manière intéressante, les deux monopoles de charge C = ±1 trouvés dans la situation de stratifica-
tion stable collisionnent et disparaissent dans une stratification instable, laissant une autre structure
de courbure de Berry avec aucun nombre de Chern : un anneau de Points Exceptionnels, définis
au Chapitre VIII. Sans le théorème d’index pour garantir une correspondance bord-volume, il fal-
lait vérifier directement dans le spectre si l’onde topologique était encore présente dans le spectre.
Elle est effectivement présente, ce qui garantit qu’elle traverse les zones convectives. De plus, il est
trouvé que quelques modes instables sont différents des autres de manière inattendue qui est dé-
taillée plus bas, et il est montré comment ces modes sont liés à cet anneau. Ce problème présente
donc des preuves indirectes de modes topologiques non Hermitiens, pour lequel il semble n’y avoir
aujourd’hui aucune théorie les expliquant.

Most stars have a convective zone. As the topological wave predicted in Chapter V rests on argu-
ments of Hermitian topology, one could wonder if it still propagates in a convective zone. Indeed, a
convective zone is linearly unstable to convective motion, and the situation is then of non-Hermitian
topology. This chapter presents the investigation of this problem, both motivated by the question
of knowing if this wave propagated through convective zones and the analysis of new topological
structures. This had important implications for observability, as this wave would have to cross the
convective zone of solar-like stars to reach the surface and be observed.
Interestingly, the Berry-Chern monopoles found in the stable case collide and disappear for unsta-
ble stratification, leaving a different structure of the Berry curvature with no Chern number to it:
a ring of Exceptional Points, defined in Chapter VIII. Without the index theorem guaranteeing a
bulk-boundary correspondence, it was needed to verify if the topological wave still propagated in
this situation. It does, which ensures that this wave propagates through convective zones. It is also
found that a few unstable modes are different from the others, and are linked to this ring. It provides
a situation with circumstantial evidence of topological modes in a non-Hermitian problem, which to
our knowledge are still unexplained by known non-Hermitian topology theories.
My interest in this work was focused on the behavior of the Lamb-like in convective zones, and the
exceptional unstable modes connected to the ring we found were remarkable. However, the results
were not directly applicable for my collaborators interested in convection development in protostars.

The results presented in this chapter have been published in The Exceptional ring of buoyancy insta-
bility, Leclerc, Jezequel, Perez, Laibe, Delplace, Physical Review Research 2024 [346]. The article is
shown here, truncated of its appendices.

144



The Exceptional Ring of buoyancy instability in stars

Armand Leclerc1,∗ Lucien Jezequel2, Nicolas Perez1, Asmita Bhandare1, Guillaume Laibe1,3,† and Pierre Delplace2
1 Univ Lyon, Univ Lyon1, Ens de Lyon, CNRS,

Centre de Recherche Astrophysique de Lyon UMR5574,
F-69230, Saint-Genis,-Laval, France.

2 Ens de Lyon, CNRS,
Laboratoire de physique, F-69342 Lyon, France.

3 Institut Universitaire de France.

We reveal properties of global modes of linear buoyancy instability in stars, characterised by the
celebrated Schwarzschild criterion, using non-Hermitian topology. We identify a ring of Exceptional
Points of order 4 that originates from the pseudo-Hermitian and pseudo-chiral symmetries of the
system. The ring results from the merging of a dipole of degeneracy points in the Hermitian stably-
stratified counterpart of the problem. Its existence is related to spherically symmetric unstable
modes. We obtain the conditions for which convection grows over such radial modes. Those are
met at early stages of low-mass stars formation. We finally show that a topological wave is robust
to the presence of convective regions by reporting the presence of a mode transiting between the
wavebands in the non-Hermitian problem, strengthening their relevance for asteroseismology.

A fluid in a gravity field is stratified in density, and
results in a stable or an unstable equilibrium. Gravity
waves propagate when the stratification is stable,
whereas convection develops when the equilibrium is
unstable. To develop a convective layer, Sun-like stars
must have reached an unstable state where the square
of the buoyancy frequency is negative (Schwarzschild
criterion N2 < 0, [1]). Then, through the saturation of
a linear instability, the star develops a quasi-adiabatic
convective region consisting of large-scale flows that
excite waves and transport energy. In these regions,
N2 takes small negative values for convection to remain
sustained, depending on its efficiency (N2 ≃ −0.25µHz2

in the Sun [2, 3]). Recently, Hermitian topology has
shed new light on waves propagating in stably stratified
fluids [4–6], but the topology of the unstable case, which
involves a non-Hermitian formalism, has not yet been
studied. The topological study of waves consists of
deducing simple conditions constraining the existence of
particular linear modes of physical systems from topolog-
ical arguments. These arguments can be expressed in a
simple way, even for a complicated system of equations.
Hermitian systems benefit from general topological
index theorems from which one can predict the existence
of modes transiting between different wavebands and
quantized by a topological integer called the Chern
number [7–11]. As such, Hermitian wave topology
has become ubiquitous in physical fields as diverse as
condensed matter [12], plasma physics [13–15], optics
[16, 17], materials science [18–20], or oceanography
[6, 21, 22]. Recently, topological arguments have been
used to reveal the existence of a Lamb-like wave that
behaves as a gravity wave at large wavelengths but as a
pressure wave at small wavelengths in stably stratified
stars [4, 5], raising further questions. Does this wave also

∗ armand.leclerc@ens-lyon.fr
† guillaume.laibe@ens-lyon.fr

propagate in convective regions, which are ubiquitous in
stellar objects (e.g. Jupiter or high-mass stars, Fig. 1 of
[5])? Moreover, seeds of convection in protostars have
been observed recently in numerical simulations [23, 24].
Performing a linear stability analysis relative to the
background reveals a few unstable radial modes whose
origin have not been discussed thus far (see Fig. 1). Does
topology allows for additional predictions on buoyancy
instabilities in stars, to further characterize the physics
of the birth of convective layers? To address these
questions, we study the non-Hermitian counterpart of
the model derived for stellar pulsations. The search
for topological properties in non-Hermitian systems has
recently stimulated tremendous efforts in condensed
matter [25–27], photonics [28–30], electric circuits [31]
and geofluids [32], by investigating for instance the
existence of topological edge states in non-Hermitian
setups, or the appearance of peculiar degeneracy points
where the wave operator becomes non-diagonalizable,
called exceptional points (EPs). Here, we show that
the linear perturbations of a stellar fluid with N2 < 0
are described by a pseudo-Hermitian and pseudo-chiral
symmetric theory. These symmetries constrain the
eigenfrequencies, and imply the presence of a ring of EPs
of order 4, which is associated with unusual spherically
symmetric unstable modes. Furthermore, we report
the presence of modes transiting between the complex
wavebands of the dispersion relation, one of which is the
Lamb-like wave whose topological origin was revealed in
[4], which we find to be robust to non-Hermitian N2 < 0
regions.

Wave operator, wave symbol
We consider a non-magnetic, non-rotating stellar fluid
at rest in a spherically symmetric steady state. Per-
turbations of this equilibrium involve velocity, pressure,
and density. Perturbations are adiabatic, modeling stars
where the diffusion time is much longer than the dynam-
ical time [1, 34]. Perturbations of the gravitational po-
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FIG. 1. First panel: density fluctuations with respect to azimuthal average, showing convective-like motion. Data from [23]
(2D simulation of an hydrodynamical stellar collapse), zoomed in near the surface of the protostar. Second panel: average
azimuthal profiles of N2 and S, parameters involved in the linear stability analysis Eq.(2). Third and fourth panels: growth
rates of a linear stability analysis of this stratification, and profiles of pressure p and radial velocity w of one unstable mode
(red), computed numerically with an eigenmodes analysis (see [33]). The instability develops both inside and outside the surface
of the protostar. Three modes (black) differ from the others (green): they have non-zero growth rates on radial perturbations
(ℓ = 0).

tential are neglected (Cowling approximation [35]). The
equilibrium is still static: no convection has developed
yet. We discuss the superadiabatic situation at N2 < 0.

We define the perturbation vector X ≡
(
ṽ w̃ Θ̃ p̃

)⊤
based on re-scaled perturbed quantities (respectively hor-
izontal velocity, radial velocity, entropy and pressure),
after projection onto vector spherical harmonics of an-
gular number ℓ (see SM [33]). The set of equations for
perturbations of the form e−iωtX(r) is

ωX = HX , (1)

where the wave operator H is defined as

H ≡ (2)


0 0 0 Lℓ(r)
0 0 i(N2)1/2 −iS + i

2c
′
s + ics∂r

0 −i(N2)1/2 0 0
Lℓ(r) iS + i

2c
′
s + ics∂r 0 0


 .

This model involves three characteristic frequencies: the
squared Brunt-Väisälä frequency

N2 ≡ −gd ln ρ0
dr

− g2

c2s
, (3)

which characterizes buoyancy, the buoyant-acoustic fre-
quency

S ≡ cs
2g

(
N2 − g2

c2s

)
− 1

2

dcs
dr

+
cs
r
, (4)

which gives the rate at which buoyant and acoustic oscil-
lations exchange momentum [5], and the squared Lamb
frequency L2

ℓ ≡ c2s ℓ(ℓ+ 1)/r2, which is the momentum
in the angular directions. ρ0 is the steady background

density, cs is the speed of sound and g is the gravity
field, which are all functions of the radius r. Whenever
N2 is negative, the fluid is unstable, and the operator
H is non-Hermitian with respect to the standard scalar
product.
The spectrum of the model is obtained by solving the

system of ordinary differential Eqs. (1,2), with appro-
priate boundary conditions (see SM [33]). This system
implies parameters varying in space, and an analytical so-
lution is in general out of reach. However, the existence
of eigenmodes of H such as Lamb-like modes, whose fre-
quency transits between other modes when varying a pa-
rameter (here ℓ), can be easily accessed without explicitly
solving the differential system, but through topological
properties of a dual wave symbol, a matrix H with scalar
coefficients obtained by a Wigner transform of the wave
operatorH that maps the differential problem onto phase
space [11], as suggested by [36]. H represents physically
the local action of the medium on a plane wave, with-
out requiring that the medium varies slowly with respect
to the wavelength (see SM [33]). This symbol matrix H
reads

H ≡




0 0 0 Lℓ
0 0 iN Kr − iS
0 −iN 0 0
Lℓ Kr + iS 0 0


 , (5)

and depends on the 3 parameters Kr, Lℓ and S for fixed
N2. Kr = cskr with kr the Wigner symbol of −i∂r
is the radial wavenumber of a wave locally plane. We
denote ω and Ω the eigenvalues of H and H respectively.
When N2 > 0, the matrix H is Hermitian and always
diagonalizable with real eigenvalues. When N2 < 0, N
is purely imaginary and H ̸= H̄⊤.
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Symmetries and Exceptional Points
For a subset of the parameter space (Kr, S, Lℓ), H is non-
diagonalizable. These particular points are EPs. At these
points, the eigenvalues are degenerate and the eigenvec-
tors coalesce, in the sense that the number of independent
eigenvectors is less than the number of eigenvalues that
merge. The occurrence of EPs is constrained by the pres-
ence of certain symmetries. In our case, one notices that
H benefits from a pseudo-Hermitian symmetry

UHU−1 = H̄⊤, (6)

with the unitary transform U = diag(1, 1,−1, 1). Eigen-
values of pseudo-Hermitian matrices are either real or
complex conjugate pairs. Pseudo-Hermiticity also in-
creases the order of EPs in the parameter space [25].
H also has a chiral symmetry ΓHΓ−1 = −H, with the
unitary transform Γ = diag(1, 1,−1,−1), which can be
traced back from the time-reversal symmetry of the fluid
lagrangian. Equivalently, this chiral symmetry combined
with the pseudo-Hermitian symmetry (Eq. 6) can be
taken into account as a pseudo-chiral symmetry

(ΓU)H(ΓU)−1 = −H̄⊤, (7)

that was also shown to constrain the existence of EPs
[25]. We show that the combined effect of both pseudo-
chirality and pseudo-Hermiticity leads to a codimension
2 for 4-fold EPs (see SM [33]). This means that, for
N2 < 0, the 4 complex-valued eigenbands of H are ex-
pected to cross on a curve in the (Kr, S, Lℓ) space. A
direct derivation shows that those EPs satisfy

Lℓ = 0, (8)

K2
r + S2 = −N2, (9)

meaning that they form a circle of radius |N | around the
origin in the (Kr, S) plane at Lℓ = 0. H is diagonalizable
everywhere apart from this circle, where only two eigen-

vectors exist,
(
1 0 0 0

)⊤
and

(
0 0 (iKr + S)/N 1

)⊤
.

This exceptional ring thus consists of 4-fold EPs (alge-
braic multiplicity of 4) with a geometric multiplicity of
2.

This ring where modes degenerate separates radial
modes (ℓ = 0) into two regions of distinct spectral prop-
erties. Figure 2 shows the real and imaginary parts of
the eigenvalues of H. Outside the ring (K2

r +S
2 > |N2|),

the radial modes behave classically [37]: radial pressure
waves have finite real frequencies and radial buoyancy
modes have zero growth rates. Inside (K2

r + S2 < |N2|),
they behave differently: the acoustic bands degenerate at
Ω = 0, and gravity modes have non-zero growth rates, the
maximum value

√
−N2 being reached for Kr = S = 0.

When crossing the ring, two eigenvalues of H transit
from real to pure imaginary values. Since H is pseudo-
Hermitian, this can be interpreted as a Krein collision in
the framework of Krein signature theory [38]. Unstable
(imaginary) eigenvalues with zero Krein signature unfold
from the encounter of stable (real) eigenvalues with op-
posite Krein quantities κ (X) = X̄⊤UX, X being the

Kr

0 0

0

S

Re(Ω)

Kr

0 0

0

S

Im(Ω)

L` = 0

S
0 0

0

L`

Re(Ω)

S
0 0

0

L`

Im(Ω)

Kr = 0

1
FIG. 2. Eigenvalues Ω of H around the EPs. There are
two acoustic bands (orange and blue) with real eigenvalues,
and two gravity bands (green and red) with purely imagi-
nary eigenvalues. The yellow rings and points highlight the
positions of the Exceptional Points. At large wavelengths
Kr ≲ N , pulsations and onset of convection behave very dif-
ferently from what is expected in the short wavelength limit or
in a Boussinesq approximation. Top right: “bubble of insta-
bility” [39]. Bottom left: “double-coffee-filter” [38]. Bottom-
right: “viaduct” [38].

corresponding eigenvector of H, colliding at the EP ring.
A Krein quantity κ̃ =

´

drdΦ (|ṽ|2 + |w̃|2 + |p̃|2 − |Θ̃|2),
with Φ the solid angle, can also be defined for any solu-
tion X(r, t) of Eq.(1) and is a conserved quantity of the
flow. In particular, κ̃ = 0 for an unstable mode (see SM
[33]).

To date, no theorem connects the EPs of the symbol
matrix H to a possible manifestation in the spectrum of
H. If such a connection exists, one expects to find the
footprint of EPs in radial modes (ℓ = 0) as this is where
the EP ring is found in the Wigner matrix, when the
radial wavelength is large enough and the profiles of N2

and S are such that the parameters cross the ring shown
in Fig. 2 as r varies. Furthermore, the above analysis
suggests that the relevant unstable modes are those of
wavelengths typically longer than ∼ cs/|N | (N2 ̸= 0
since convection has not started nor saturated to a
quasi-adiabatic state yet). This condition also requires
S to be smaller than |N |, at least locally. Figure 3 shows
the spectrum of a model where the aforementioned con-
dition is satisfied. The unstable region is wide enough
so that low-order radial modes have a sufficiently large
radial wavelength, enough for the corresponding Kr to
be located inside the ring. The spectrum exhibits three
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FIG. 3. Spectrum of a model with the stratification profile
shown in the top left panel, corresponding to a layer N2 < 0
such that S goes to zero at a given radius r0 and remains
smaller than |N |. Right panels: i) three acoustic modes with
ω(ℓ = 0) = 0 and ii) two gravity modes have non-zero growth
rates in the ℓ = 0 limit. The other modes have a classical
behavior. Bottom left: schematic of the location of the modes
in parameter space: 5 modes behave differently because they
are inside the EP ring. Orange points are acoustic modes,
green points are unstable buoyancy modes, black points are
Exceptional modes. See SM for details on numerics [33].

acoustic waves with zero frequency for ℓ → 0 and two
unstable buoyancy modes with non-zero growth rates
for ℓ → 0. Various profiles of pre-convective unstable
equilibria have been tested (Fig.4 of SM [33]). They all
have such exceptional modes since they are continuous
deformations of the model of Fig. 3. Additional modes
enter the EP ring by pairs when increasing the length of
the layer. These properties are a physical footprint of
the existence of EPs. These results are consistent with
recent reports of experiments on compressible fluids,
in which convection develops via axisymmetric modes
[40–42].

Fundamental mode
In the stably stratified problem (N2 > 0), H has degen-
erated eigenvalues for (Kr, S, Lℓ) = (0, 0,±N) for which
both the gravity and acoustic waves have frequencies N .
Such degeneracies act as monopoles of Berry curvature
in the parameter space (Kr, S, Lℓ), and carry topological
charges given by Chern numbers ±1. Those Chern num-
bers are in direct correspondence with the existence of
the Lamb-like waves in the spectrum of the operator H,
and explain the transit of the fundamental mode between
the bands [4–6].

In the present study, H is no longer Hermitian, and

N2 > 0 N2 < 0

Re(ω)

S = −x

Re(ω) Im(ω)

`

S = +x

` `

FIG. 4. Frequencies of models with S varying linearly in space
(on some appropriately rescaled spatial variable x). Left: Sta-
ble stratification. The transiting mode depends on the sign
of dS/dx. Right: Unstable stratification. Apart from the
buoyancy modes being transposed to imaginary values, the
transiting mode behaves as it does in the stable case. When
S = −x, it arises as a propagating Lamb-like wave. When
S = +x, it is an unstable mode of growth rate |N |, inde-
pendently of ℓ. Only the first 10 modes of each band are
represented.

the correspondence between the Lamb-like wave and the
Chern numbers is not guaranteed. Several approaches
have recently been developed to address the topological
properties of non-Hermitian operators [27, 29–31, 43–50].
In particular, non-Hermitian formulations of the Chern
numbers as monopoles of Berry curvature have been
proposed, and a non-Hermitian generalization of the
correspondence with the transit of the fundamental
mode has been developed [26, 51]. However, such
a generalization cannot apply here, as the Hermitian
degeneracy point is turned into a EP curve when the sign
of N2 is swapped, with zero net Chern number. Other
works have introduced winding numbers associated to
such circles of EPs [29, 30, 51], which we also find to
vanish here. Nevertheless, we confirm below the exis-
tence of the the Lamb-like wave in regions with N2 < 0.
To do so, we study the normal form, setting linear
spatial dependency for S, that is S (r) = α (r − r0),
and N2 < 0, sound speed cs and Lamb frequency Lℓ
constant [5, 52]. The spectral properties of this problem
capture the essential topology that will be reflected in
the spectra of real objects. Within these assumptions,
Eq. (1) is found to admit a fundamental mode with zero
node trapped around the radius r0 where S(r0) = 0.
However, its behaviour depends strongly on the slope
of S at r0, as shown in Fig. 4 (derivation in SM [33]).
For a negative slope (α < 0) this mode verifies ω2 = L2

ℓ

and its eigenfunctions are ṽ, p̃ ∝ exp
(
− α

2cs
(r − r0)

2
)
,

w̃ = Θ̃ = 0, which have the peculiar property of having
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no radial velocity nor entropy perturbation. This is
the Lamb-like wave, and we thus conclude that it still
propagates for N2 < 0. In contrast, for a positive slope
(α > 0), the fundamental mode verifies ω2 = −|N2|
and corresponds to a growing perturbation. Its eigen-

functions are ṽ = p̃ = 0, w̃, Θ̃ ∝ exp
(
− α

2cs
(r − r0)

2
)
,

which have no angular velocity or pressure perturbation.
We verified numerically that this mode is independent
of the boundary conditions (see SM [33]). The impor-
tance of polarization relations is key for wave topology
[36, 53, 54]. Equation (1) admits non-zero solutions
even if some of the component fields are equal to zero.
Preserving the vector structure of the problem prevents
the filtration of such solutions, as it may happen when
decoupling the initial system of equations into a single
high-order ordinary differential equation. The general
problem is expected to have the same properties, since it
is a continuous deformation of this model, as long as no
new location where S goes to zero is introduced (Fig.4
of SM [33]). When N2(r) takes positive and negative
values in different regions of the star, the Lamb wave
still exists and coexists with an unstable buoyancy band.
This is true whether S(r) goes to zero inside the stable
or unstable region. In sharp contrast, when the profile
of S(r) goes to zero with a positive slope in a region
of negative N2, we observe an unstable mode with a
growth rate ∼

√
|N2|, independently of ℓ.

Asteroseismology
The topological study of pulsating modes in stars has so
far been restrained to radiative regions (N2 > 0), the
problem being Hermitian [5]. The question of whether
the Lamb-type topological wave could propagate in
convective regions (small N2 < 0) remained unanswered.
We show in this study that these waves can indeed prop-
agate within them. They are therefore relevant even for
objects such as high mass stars or Jupiter (see Fig. 1 of
[5]). On top of this, convective regions can also generate
multiple exceptional modes that behave like acoustic

waves with zero frequency at ℓ = 0. The existence
or not of such modes in observational data constrains
the internal structure of objects with convective interiors.

Birth of convection in protostars
Unstable exceptional modes of low radial order, low
ℓ and high growth rates develop when the conditions
N2 < 0 and N2 + S2 < 0 are satisfied. These conditions
are met during the formation of a low-mass protostar,
as shown in Fig. 1 from 2D simulations [23] (see SM
[33] for physical interpretation). This clarifies the origin
of radial unstable modes developing around the surface
of the protostar. Hence, topological modes provide a
possible explanation for the long-lasting problem of how
and when convection starts in young stars. Further
high-resolution 3D numerical simulations are however
required to prove that the kinematic signature observed
correspond indeed to convective motion, and to study
how these modes will develop in the non-linear regime
(e.g. convective eddies or fully developed turbulence).

Future studies are needed to quantify the role of
rotation and self-gravity on these modes. Additional
symmetries are expected to be broken in some regions of
the extended parameter space. Exceptional Points and
Krein signature will be key tools to diagnose properties
of global modes in such complex objects. The topological
invariant associated with exceptional modes remains to
be found.
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General conclusion

This thesis is part of the line of research on topological physics, by studying how far it roots in
astrophysical problems. As presented in Chapter II, these ideas spread from the condensed matter
community to many other disciplines of physics in the last two decades, until a recent work brought
them into the realm of waves of geophysical fluids in 2017 [141]. The principal goal of this thesis
has been to bring topological physics ideas and apply them on problems of waves in astrophysical
bodies. Special focus was given to the interior of stars and planets, the most widely studied objects
in the Universe both theoretically and observationally. The first step has been to identify the signa-
tures of the concepts of topological physics on astrophysical waves, in order to assert whether they
were at play or not. Are the conditions fulfilled for stars to have some of their properties related to
topology? Are the predictions of wave topology relevant for realistic and complex stellar interiors?
The interest is that topological modes are known to often come with unique properties, like robust-
ness, unidirectionality, and gap-crossing frequencies. The specific target is large scale waves in stellar
bodies. Those are more difficult to study theoretically, as many theoretical analyses rely on a form
of local approach (local box, wave locally plane, WKB) which benefit from a scale separation. The
reward is that the topological analysis gives complementary information, on wave modes falling out
of the scope of these techniques, as it can constrain such large waves. Moreover, topological physics
demand a special form of wave equation as a Schrödinger equation, uncommon in the stellar wave
community. These two difficulties were the main obstacles to overcome in order to identify the pos-
sible presence and effects of some topology-related phenomena in stellar waves.
Astrophysics is driven by observations and instrumental capacities, either as data needing explana-
tion or confirming theories. This is especially true for asteroseismology, which in collaboration with
exoplanet detection campaigns benefits from instruments with incredibly high precision. And by
the Tychonic principle [106], which may be summarized into "Higher resolution, new phenomena",
any new order of magnitude of precision leads to discoveries and a more complex understanding of
stellar structures. The fact is that today, the high level of precision of observational data causes the
limiting factor to be placed on the theory, especially for helioseismology. For example, the problem
of near-surface effects causes frequency shifts of uncertain origin [347]. In this regard, it is needed to
develop new theoretical techniques who can match this precision level, to explore the physics hap-
pening there. This comes with a series of steps: laying the base of the theory, generalizing until it
becomes relevant, validating it on observations and using it for predictions.

This thesis started with the work presented in Chapter V: could the topological analysis of waves
in plane-parallel, isothermal atmospheres be extended to stellar interiors? It was needed to account
for non-isothermal profiles and spherical geometry, and both were found to affect the results. The
topological mode was then predicted to propagate in stars, at least in radiative zones. At the time,
the prediction was difficult to put in perspective of the results already well-known in asteroseismol-
ogy, especially the relation between this mode and the f -modes, which looked very similar but were
described drastically differently. The interpretation that the topological mode is a part of the branch
of f -modes came later. In order to be observable in stars which have an external convective zone,
like the Sun, it was needed to assess whether this wave propagated through it or not. This motivated
the non-Hermitian analysis performed in Chapter IX, which confirmed that this wave could indeed
propagate in convective zones, comforting the possibility to observe it in most stars. This analysis
unveiled the importance of PT-symmetry in the convective linear instability, a concept which is not
usually used in astrophysical linear instabilities studies. This suggested that other famous instabil-
ities encountered in astrophysical objects could be structured by this symmetry, or one of its cousin
symmetries, which lead to the work presented in Chapter VIII. While the application of Krein theory
lead to interesting formula on the energy repartition of unstable modes, the current state of non-
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IX. Exceptional modes of convective instability

Figure IX.1: Monopoles of Berry curvature in the (kr, S, ℓ) parameter space of waves in stratified
stars generate a net flux of F in the planes of constant ℓ. It explains why, at a given ℓ, the
ray-tracing solutions encircle a non-zero amount of curvature, and thus have a non-zero
Berry phase ϕB =

∫∫
Fr,krdrdkr.

Hermitian topology is not yet ready to establish strong results on topological unstable linear modes.
Thus the following studies turned back to Hermitian topology applied to waves in stable media.
This is when Dr. Rekha Jain gave her presentation at AMS80, Mathematical Aspects of Geophysical
and Astrophysical Fluid Dynamics in Newcastle, January 2024. Her work on inertial waves in con-
vective zones exhibited what appeared to be a spectral flow of +1, hinting to the possible topology
of these waves, which lead to the works of Chapter III. In parallel, it appeared clearly that a topo-
logical analysis of waves in rotating stars, accounting for both acoustic and internal waves, was a
difficult problem, as it combined inhomogeneous parameters in both the radius and latitude. Such a
situation would demand Wigner-Weyl transforms in two curved dimensions simultaneously, which
has never been studied before. This technical lock prevents the prediction and study of topological
waves in rotating and stratified objects, which is the case of many stars and most planets. As a first
step, the effect of spherical geometry with rotation was studied in Chapter IV. The interaction be-
tween monopoles in the latitude and in the radial problems remains to be investigated. After that,
as the topological wave of asteroseismology was found to propagate through convective zone, it was
warranted to study it quantitatively in a hydrodynamical nonlinear simulation, to analyze whether
it is excited and propagates as expected. This lead to the collaborative work with Arthur Le Saux,
when we could not help but notice that the power spectra he obtained in his solar compressible hy-
drodynamics simulations showed peaks of power performing a spectral flow. This work is presented
in Chapter VI, which confirmed the main predictions and lead to the unveiling of mixed f/g modes
in the Sun. It also underscores the importance of full compressibility in hydrodynamical codes, with-
out which numerical experiments on this wave could not be possible. The most recent study is the
one presented in Chapter VII, which illustrates the quantitative direct effect of Berry curvature on
acoustic modes. While these modes are not topological modes, their frequencies have a trace of the
presence of the topological charge through the Berry phase. The manifestation of this trace can be
seen by overlaying the phase space of ray-tracing used in Chapter VII with the parameter space
where the topological analysis of Chapter V, as shown on Figure IX.1. This phase, present in the con-
structive interferences of rays constructing a standing wave, is an effect of the polarization relations
of acoustic waves varying during the propagation between the turning points. This striking effect
asserts that the dispersion relation is not enough to know the phase of the wave.
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Figure IX.2: Left: Two additional cancellations of S(r) are found in a MESA model of White Dwarf,
close to the surface, where a peak of N(r) occurs. These two cancellations may cause the
existence of two additional topological modes, trapped there. Right: A model of double
cancellation of S(r). Two topological modes, with opposite spectral flows, are indeed

found in the spectra. If their trapping lengths
√

|dSdr |/cs become too large, they overlap

and hybridize, leaving a gap in frequency.

One of the main results of this thesis is that the so-called f -mode of asteroseismology is shown to
be a topological wave, as its origins are traced back to a topological charge of Chern number C = 1.
The branch of f -modes is made of topological modes and free surface modes at low and high de-
gree ℓ respectively. The principle of bulk-boundary correspondence, and the concept of spectral flow,
provide the explanation as to why the f -mode frequencies are usually found between p-modes and
g-modes: that is because, as the one mode constituting the spectral flow of ∆N = C = 1 between
the acoustic band and gravity band, its frequency go from g-modes to p-modes as ℓ increases. This
analysis also suggests that the low-ℓ part of the f -modes should be a bulk mode, and not a free sur-
face mode as is the case of high ℓ only. In the case of the Sun, the work presented in Chapter VI
shows that while this is true, the perturbations’ amplitudes do not reflect this fact, because the mode
is not strongly localized in the bulk. One actually expects the f -mode to be trapped where S(r) = 0,

if the length
√
|dSdr |/cs is small compared to R, which is remarkably not found to be the case in the

solar interior. However, this is dependent on the stellar structure, and stars of other classes may trap
the f -mode more strongly. If this happens, this would impact significantly f -mode propagation and
observation, as it would have much more amplitude in the bulk of the star and much less at the sur-
face. This underlines the physical importance of the parameter S, a characteristic frequency of the
star which appears to have relevance. Indeed, the full properties of linear adiabatic stellar modes is
uniquely given by cs, N and S. While this frequency S and its expression came as a by-product of the
topological analysis, it rather appears to be a fundamentally important frequencies for the waves.
Furthermore, the analysis actually states that one topological mode must be expected per region
where S(r) = 0. Interestingly, this may happen more than once in a stellar structure, and can be seen
in the model of White Dwarf shown on Figure IX.2. A peak in the profile of S causes two additional
cancellation. This peak is caused by the associated peak in the profile of N , which probably reflects a
region of strong composition gradient. This sharp transition in the star’s layers may cause strongly
trapped, i.e very localized oscillation modes, if the slope |dSdr | is large enough. This would indicate
waves trapped at this transition region, which would constitute probe of the phase transition oc-
curring there. The topological analysis could thus serve here as a guide to waves trapped in phase
transition regions. A current project with Laura Caravaglios aims at investigating this idea, in the
case of White Dwarfs, as well as Jupiter.
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Figure IX.3: The spectral flow in discs occur between the acoustic modes and the inertial modes.
There are no internal gravity waves. At pressure (or density) maxima, the topological
mode propagates at all frequencies, ω = cskz . At pressure minima, the topological mode
has constant frequency ω = κ ≡

√
2(2− q)Ω0, the epicyclic frequency, where q = d lnΩ

d ln r .

In addition, while this thesis did focus on waves in stellar interior, there is no intrinsic reason why
other astrophysical objects may not host topological waves in their spectra as well. In collabora-
tion with Elliot Lynch, a recent project studied waves in protoplanetary discs, where the medium is
mainly supported by rotation rather than thermal pressure like in stars. New difficulties are encoun-
tered there, for instance instabilities related to the shear of the flow which is fundamentally keplerian.
Discoseismology is less mature than aseroseismology, but will probably develop in the future, in par-
ticular in the fields of black holes and planets formation. In discs are mainly found acoustic waves
and inertial waves, in a different geometric configuration from the ones found in convective zones.
The analysis of these waves in a simple disc model reveals the presence of topological charges of
C = ±1, in direct analogy with Chapter V. Interestingly, the associated topological modes may be
trapped where the density is extremum, i.e in pressure maxima or gaps, as is shown on Figure IX.3.
This particular property suggests possible relevance of these modes with planet formation or planet
presence in discs, which demands further investigation.

Overall, the works presented in this thesis have investigated whether topological modes are present
or not, in stellar spectra of acoustic, internal gravity, or inertial waves. The signature of topological
properties of these waves have been looked for in spectra, meaning in the properties of their fre-
quencies. Indeed, this is what is suggested by the concept of spectral flow: a topological mode have
frequencies transition between two different wavebands. This is also true in the work regarding
ray-tracing and the existence of the Berry phase in solar modes, where topology generates the Berry
curvature which affects the eigenfrequencies of standing waves. However, wave topology is also a
way of investigating the existence of unidirectional waves. Indeed, the equatorial topological waves
of Kelvin and Yanai are purely prograde, and make them able of transporting heat in a preferred di-
rection, here towards the East, while Poincaré and Rossby waves propagate in both directions. This
key property of topological modes inspired many studies in meta-materials, as reviewed in Chap-
ter II, for instance for electromagnetic or acoustic waves. Indeed, topology served as a blueprint to
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design crystals or sonic crystals which would let light or sound propagate in only one way. This
non-reciprocal propagation is particularly efficient, due to its topological origin. While this allows
to find many engineering applications, this suggests similar employment in stellar waves. Indeed,
an analysis of broken symmetries and calculations of Chern numbers would establish whether some
modes propagate in a preferred direction in a given cavity or model. This kind of study could be
of importance in the question of radial transport of angular momentum in stars, which is a current
open field of research. If some stars host a non-reciprocal propagating wave in the radial direction, it
could support a kind of vertical El Niño phenomenon.
A second direction of future research building from the results of this thesis is the general problem of
waves in magnetized stars. Topological waves in plasmas and MHD have already received attention,
mostly in tokamaks and lab experiments contexts. However, the magnetic field in stars is the subject
of many open questions, among which its geometry, configuration and evolution. Thus the spectra of
magnetized stars may host topological waves, which could serve as probes of their internal magnetic
field which is yet to be fully constrained.

The results obtained in this thesis, as well as the growing body of work on wave topology in flu-
ids, open exciting perspectives on the theory of waves. For astrophysics, the aim is to obtain new
results on waves for their seismic probing capabilities or new understanding of their dynamical in-
volvement in transport or instabilities. But conversely, astrophysical fluids are a context of new play-
ground for the development of wave topology in itself, which benefits from this interdisciplinary
meeting. Indeed, many questions remain open regarding the theory of topology, among which the
role of boundaries, the role of curvature of physical space, the effect of non-Hermitian processes, of
nonlinear topology, or the existence of other kinds of topology than with the Chern number – so-
called higher-order topological insulators. Waves in astrophysical fluids propose to investigate these
questions and ideas in situations different from meta-materials, lattices or crystals. For example, the
sphericity of stratification in Chapter V plays a crucial role in the presence and localization of the
Berry-Chern monopole in asteroseismology, through the 1/r term in S(r). In this instance, spherical
geometry helps to manifest the topological degeneracy. But surprisingly, in Chapter IV, it has been
found that the sphericity in the shallow-water wave problem generates additional degeneracy points
with their own Chern numbers, and they may collide with the original equatorial one and cancel its
charge. In that instance, sphericity may instead erase the topological charge of the wave problem.
These results, along with the fact that astrophysical fluids propose a variety of geometries, show
that it is a natural context to investigate further the interplay between topology and geometry of the
physical space.
The results of Chapter IX provide a wave problem in convective zone with modes which were qual-
ified to be exceptional, because of their link to a ring of Exceptional Points. However, no known
topological number would explain or characterize their existence. This study thus submits a prob-
lem to the development of non-Hermitian topology.
Finally, as advocated by [336], wave topology in fluids has an interesting advantage compared to
lattices: the continuous inhomogeneity of the media imposes that the parameter space is a phase
space. Therefore, a 1D fluid is a situation for waves with a two-dimensional parameter space (x, kx).
By extension, a 2D fluid is a four-dimensional parameter space for waves, and a 3D fluid is a six-
dimensional parameter space. It becomes then clear that waves in fluids may explore structures with
high dimensions, which opens the way to investigate higher-order topological physics. For instance,
tensor monopoles, a certain generalization of the Berry-Chern monopole, require a parameter space
of four dimensions [348]. This object leads to new kinds of topological modes, which has been inves-
tigated experimentally very recently in lattices with artificial dimensions [349] or with spin degrees
of freedom [350]. Interestingly, a 2D inhomogeneous fluid is sufficient to explore such exotic struc-
tures. Even higher-dimensional structures in five or six dimensions may also be explored in fluid
wave topology.
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Appendices

A Solving for normal modes with DEDALUS

In order to study and explore the properties of topological Lamb-like waves in stellar interiors, it was
necessary to have a numerical code with sufficient versatility to input either analytical models or 1D
numerical models, change boundary conditions, solve for non-integer values of the harmonic degree
ℓ, etc. For this reason, a new script with a solver based on the EVP class of dedalus [139] proved
to be more appropriate than existing asteroseismic codes like gyre [132]. This appendix gives the
Python script solving for the normal oscillations modes of a 1D solar model in the FGONG format.
The harmonic degrees for which to solve can be chosen arbitrarily, as well as the inner and outer
radii, the outer boundary condition. The equations solved are Eq. (V.31), derived in Chapter V, for
adiabatic perturbations in the Cowling approximation. Variations of this script, solving for eigen-
modes in other situations, as well as other numerical works used to support the works in this thesis,
can be found on my github page https://github.com/ArmandLeclerc?tab=repositories.
A remark is in order. While the non-integer values of ℓ appeared to be non-physical and were used to
obtain continuous branches in the (ν, ℓ) diagram to make spectral flow easily visible, a second useful-
ness was found later on. The "wedge" geometry used in the MUSIC simulations presented in Chap-
ter VI have the poles removed. As such, actual spherical harmonics Y m

ℓ are not the eigenfunctions
of the angular laplacian. Instead, [91] defined wedge-spherical harmonics, which are generalizations
of the spherical harmonics to wedge-shaped domains instead of spheres. In that case, the harmonic

degree
∼
ℓ takes non-integer values, in the eigenvalue equation

−∆Y 0
ℓ̃
(θ) =

∼
ℓ(

∼
ℓ + 1)Y 0

ℓ̃
(θ). (.1)

The azimuthal number is m = 0 as these simulations are axisymmetric.
Interestingly, the vectorial spherical harmonics and the derivations of Equation (V.31) holds in this
generalization, and the linear eigenmodes of such a domain are exactly the solutions of this equation
for the corresponding non-integer values of ℓ̃.

1 from dedalus import public as de
2 from eigentools import Eigenproblem
3 import numpy as np
4 import matplotlib.pyplot as plt
5 from tomso import fgong
6 from scipy import interpolate
7
8 def getEigenMode(nuTarget,ellTarget,ells,nus,etas,modes):
9 idx = ( np.abs(nus - nuTarget)/nuTarget + np.abs(ells-ellTarget)/ellTarget ).argmin()

10 complexFreq = nus[idx]+j*etas[idx]
11 v,w,theta,p = modes[idx]
12
13 return complexFreq,ells[idx],v,w,theta,p
14
15 ### Load 1D solar model
16 Rsun = 69.634e9
17 muHzFromPuls = 1e6/2/np.pi
18
19 model_file = ’profile_1D_sun_r15140_Z0p02.data.FGONG’
20 model = fgong.load_fgong(model_file, G=6.67232e-8)
21
22 print("Radius of the model: ",model.r[0]/Rsun)
23
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24 r_model = np.flip(model.r)
25 N2_model = np.flip(model.N2)
26 g_model = np.flip(model.g)
27 cs_model = np.flip(model.cs)
28 rho_model = np.flip(model.rho)
29
30 dcdr_model = np.gradient(cs_model,r_model)
31 S_model = (cs_model*((N2_model-(g_model/cs_model)**2)/g_model + 2/r_model)-dcdr_model)/2
32 cs_model = cs_model/Rsun #adim of lengths
33 g_model = g_model/Rsun #adim of lengths
34 r_model = r_model/Rsun #adim of lengths
35
36 c = interpolate.interp1d(r_model,cs_model)
37 dcdr = interpolate.interp1d(r_model,dcdr_model)
38 N2 = interpolate.interp1d(r_model,N2_model)
39 S = interpolate.interp1d(r_model,S_model)
40 g = interpolate.interp1d(r_model,g_model)
41 rho = interpolate.interp1d(r_model,rho_model)
42 N = interpolate.interp1d(r_model,np.sqrt( np.maximum(N2_model,0) ))
43
44 ### Parameters
45 Nr = 128
46 spaceElls = np.linspace(0,20,20+1) #angular degrees
47 Rin = 0.15
48 Rout = 0.9
49 outer_BC = "rigid" #"free_surface" or "rigid"
50 driftThresh = 1e4 # threshold of convergence of modes (see Eigentools)
51 ncc_cutoff_waves = 1e-15
52
53 ### Solving for each ell
54 ells, nus, etas, modes = [],[],[],[]
55
56 rbasis = de.Chebyshev(’r’, Nr, interval = (Rin,Rout))
57 domain = de.Domain([rbasis], mesh=[1])
58 r = rbasis.grid(scale=1) #spatial points for plots
59
60 for ell in spaceElls:
61 #setting up EVP problem
62 problem = de.EVP(domain,
63 variables=[’v’,’w’,’T’,’p’],
64 eigenvalue=’om’,
65 ncc_cutoff=ncc_cutoff_waves)
66 problem.meta[:][’r’][’dirichlet’] = True
67
68 # profiles
69 csound = domain.new_field(name=’cs’)
70 csound[’g’] = c(r)
71 dcsdr = domain.new_field(name=’dcdr’)
72 dcsdr[’g’] = dcdr(r)
73 bruntV = domain.new_field(name=’N’)
74 bruntV[’g’] = N(r)
75 strat = domain.new_field(name=’S’)
76 strat[’g’] = S(r)
77 lamb = domain.new_field(name=’Ll’)
78 lamb[’g’] = csound[’g’] * np.sqrt(ell*(ell+1))/(r)
79
80 problem.parameters[’cs’] = csound
81 problem.parameters[’dcdr’] = dcsdr
82 problem.parameters[’N’] = bruntV
83 problem.parameters[’S’] = strat
84 problem.parameters[’Ll’] = lamb
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85 problem.parameters[’cout’] = c([Rout])[0]
86 problem.parameters[’gout’] = g([Rout])[0]
87 problem.parameters[’j’] = complex(0,1)
88
89 # equations
90 problem.add_equation("-om*v + Ll*p = 0")
91 problem.add_equation("-om*w + j*N*T -j*S*p + j*cs*dr(p)+j*dcdr*p/2 = 0")
92 problem.add_equation("-om*T - j*N*w = 0")
93 problem.add_equation("-om*p + Ll*v +j*S*w + j*cs*dr(w)+j*dcdr*w/2 = 0")
94
95 # BCs
96 problem.add_bc("left(w) =0")
97 if outer_BC == "rigid":
98 problem.add_bc("right(w) =0")
99 if outer_BC == "free_surface":

100 problem.add_bc("right(j*om*cout*p - gout*w) =0")
101
102 # solving
103 EP = Eigenproblem(problem,reject=True, drift_threshold=driftThresh, use_ordinal=False)
104 EP.solve(sparse=False)
105 # EP.plot_drift_ratios() #plot selection of "well-converged" modes
106 # plt.show()
107
108 freqs = EP.evalues
109 order = range(len(freqs))
110 print("----- I find {} modes for ell={:.1f}".format(len(freqs),ell))
111
112 # recording results
113 ells +=[ell for i in order]
114 nus +=[np.real(freqs[i])*muHzFromPuls for i in order]
115 etas +=[np.imag(freqs[i])*muHzFromPuls for i in order]
116 modes +=[ [np.copy(EP.eigenmode(i).fields[0][’g’]),
117 np.copy(EP.eigenmode(i).fields[1][’g’]),
118 np.copy(EP.eigenmode(i).fields[2][’g’]),
119 np.copy(EP.eigenmode(i).fields[3][’g’])] for i in order]
120
121 nus,etas,modes,ells = np.array(nus),np.array(etas),np.array(modes),np.array(ells)
122 print("----------------")
123
124 ### Plot 1: frequencies against harmonic degree
125 nuMaxPlot = 4000
126
127 fig,ax = plt.subplots(1,1)
128 img = ax.scatter(ells,nus)
129 ax.set_xlabel(r"$\ell$")
130 ax.set_ylabel(r"$\omega/2\pi[\mu\mathrm{Hz}]$")
131 ax.set_ylim((0,nuMaxPlot))
132
133 plt.grid()
134 plt.tight_layout()
135 plt.show()
136
137 ### Plot 2: displacement perturbations profiles
138 ### Aim for a target mode in the dispersion relation, located at (ellTarget,nuTarget)
139 ### Function getEigenMode shows the eigenfunctions of the closest one
140 ellTarget = 5
141 nuTarget = 400
142
143 complexFreqFound,ellFound,vh,vr,T,p = getEigenMode(nuTarget,ellTarget,ells,nus,etas,modes)
144 nuFound = complexFreqFound.real
145 print("Frequency = ",np.round(complexFreqFound,3),r", ell = ",round(ellFound,3))
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146 phi0 = np.angle(vh[0])
147 vh,vr,T,p = vh*np.exp(-j*phi0),vr*np.exp(-j*phi0),T*np.exp(-j*phi0),p*np.exp(-j*phi0)
148
149 fig,axs = plt.subplots(1,2,figsize=(8,4))
150 axs[0].set_xlabel(r"$\ell$")
151 axs[0].set_ylabel(r"$\omega/2\pi[\mu\mathrm{Hz}]$")
152 img = axs[0].scatter(ells,nus)
153 axs[0].scatter([ellFound],[nuFound],s=100,c=’red’,marker=’1’)
154 axs[0].set_ylim((0,nuMaxPlot))
155
156 axs[1].set_xlabel(r"$r/R$")
157 axs[1].set_yticks(())
158 axs[1].plot(r,vh.real/r/np.sqrt(rho(r)),c="tab:blue",label=r"$\xi_h.r$")
159 axs[1].plot(r,vr.real/r/np.sqrt(rho(r)),c="tab:green",label=r"$\xi_r.r$")
160 axs[1].plot(r,vh.imag/r/np.sqrt(rho(r)),c="tab:blue",label=r"$\xi_h.i$",linestyle=’:’)
161 axs[1].plot(r,vr.imag/r/np.sqrt(rho(r)),c="tab:green",label=r"$\xi_r.i$",linestyle=’:’)
162
163 plt.legend(ncol=2)
164 plt.tight_layout()
165 # plt.savefig("fig.pdf")
166 plt.show()

As a simple benchmark, two tests proposed recently by Townsend et al. [351] have been performed
to estimate the convergence of the calculations. In our variables, their two functions Pn,n′,ℓ and Wn,n′,ℓ
read

Pn,n′,ℓ =

∫
ρr2dr (ξ∗r,nξr,n′ + ℓ(ℓ+ 1)ξ∗h,nξh,n′) = ω∗

nωn′

∫
dr (ṽ∗r,nṽr,n′ + ṽ∗h,nṽh,n′), (.2)

Wn,n′,ℓ =

∫
ρr2dr (

1

ρ2c2s
P ∗
nPn′ +N2ξ∗r,nξr,n′) =

∫
dr (p̃∗np̃n′ + Θ̃∗

nΘ̃n′). (.3)

The exact solutions of oscillation modes would satisfy ω2
n,ℓPn,n,ℓ = Wn,n,ℓ and Pn,n′,ℓ = 0 for n ̸= n′,

and would only be satisfied up two the numerical code’s accuracy.
As such, the quantities Eωn,ℓ ≡ (ω2

n,ℓ−Pn,n,ℓ/Wn,n,ℓ)/ω
2
n,ℓ and EPp1,p2,ℓ=0 = Pp1,p2,ℓ=0/

√
Pp1,p1,ℓ=0Pp2,p2,ℓ=0

should converge to zero. The results of these two tests, for resolutions Nr = 16, 32, 64, 128, 256, 512
are shown on Figure A.1.

B Berry curvature expression for asteroseismology

The presence of Berry curvature and Berry-Chern monopoles for waves in stratified-compressible
fluids was first unveiled by [199]. The problem is a 4× 4 matrix, and there is not generic formula for
the Berry curvature in such dimension, and direct calculation was untractable. They bypassed the
issue by squaring the eigenvalue equation as ω2X = H2X , which reduced the problem to a 2 × 2
equation for which calculations are well-known in condensed matter. However, the full expression
of the Berry curvature was lacking. We show here how to establish its exact expression.

The expression of Berry curvature in the (kr, S, Lℓ) space is found by writing ωX =

(
0 h
h† 0

)
X ,

andX =

(
ϕ
ψ

)
. One has FX = i∇(X† ·∇X) = i∇(ψ† ·∇ψ) + i∇(ϕ† ·∇ϕ) = Fϕ+Fψ. Demanding

X† ·X = ϕ† · ϕ + ψ† · ψ = 1, and noticing that ωψ = h†ϕ and ω2ϕ = hh†ϕ and ω2ψ = h†hψ, one
has ϕ† · ϕ = 1/2 = ψ† · ψ. From that, ϕ and ψ are determined, and Fϕ and Fψ are easily calculated
by MATHEMATICA.
One obtains the expression for the Berry curvature for the acoustic waves, which reads

Fsound =
1

((k2x +N2 + (Lℓ +N)2)(k2x +N2 + (Lℓ −N)2))3/2




kxLℓ(k
2
x + L2

ℓ + S2 + 3N2)
LℓS(k

2
x + L2

ℓ + S2 + 3N2)
(L2

ℓ −N2)(k2x + L2
ℓ + S2 +N2)


 .

(.4)
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Figure A.1: Convergence of the numerical code, using Dedalus and our set of variables to solve for
the oscillation modes of a 1D solar model. ⟨Eω⟩ is the average of Eω over acoustic modes
for ℓ = 0, 1, 2. The errors seem to decrease as N−4

r .

By symmetry, one has for internal gravity waves

Figw =
−1

((k2x +N2 + (Lℓ +N)2)(k2x +N2 + (Lℓ −N)2))3/2




kxLℓ(k
2
x + L2

ℓ + S2 + 3N2)
LℓS(k

2
x + L2

ℓ + S2 + 3N2)
(L2

ℓ −N2)(k2x + L2
ℓ + S2 +N2)


 . (.5)

The denominators show the singularities at the monopoles, located at kr = S = 0, Lℓ = ±N .
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